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Preface

As the theory of dynamical systems and chaos develops, more and more
recent results are filtering through to undergraduate courses. The aim
of this book is to provide a coherent account of the qualitative theory of
ordinary differential equations which deals in an even handed and con-
sistent way with both the ‘classical’ results of Poincaré and Liapounov
and the more recent advances in bifurcation theory and chaos. The book
covers two undergraduate courses: a first course in nonlinear differential
equations and an introduction to bifurcation theory.

Throughout, the emphasis is on understanding and the ability to apply
theory to examples rather than on rigorous mathematical developments.
Although there are theorems, the level of rigour is not that of a pure
mathematical text. None the less, it is vital to appreciate the restrictions
and limitations of any method and so wherever possible I have stated
results in a precise form. The choice of topics has also been influenced
by a desire to cover material which can be examined sensibly.

This book has developed out of courses given to third year undergrad-
uates at the University of Warwick and the University of Cambridge. In
both places I have been fortunate to inherit the notes of previous lec-
turers: Tony Pritchard at Warwick, Peter Swinnerton-Dyer, John Hinch
and others at Cambridge. The first seven chapters owe an enormous
debt to these people and in some places it is hard for me to see where
they end and I begin (although I retain full responsibility for any errors).
There are a number of exercises, some in the main text and some at the
end of chapters. Those in the main text are intended to help the reader
follow some argument. There is some repetition of important exercises
and some exercises are answered later in the text. Many of the exercises
at the end of the chapters are taken from example sheets and exami-
nation questions from the third year courses on Nonlinear Differential
Equations and Dynamical Systems at the University of Cambridge.



James Glover, Alistair Mees and a class at the University of Western
Australia in Perth acted as guinea pigs for an early version of the book.
Their comments and corrections were immensely useful. An anonymous
reader for CUP also made a number of good suggestions, and I would
like to thank Alan Harvey, Roger Astley and David Tranah at CUP for
their support. The diagrams were expertly produced by Margaret Down-
ing (by hand) and Alastair Rucklidge (by computer). I have received
help and encouragement from many people whilst writing this book. In
particular, Bob Devaney, Toby Hall, Guilermo Procida, Mike Proctor,
Colin Sparrow, Ian Stewart, Sebastian van Strien and Nigel Weiss all
made helpful remarks or pointed out painful mistakes, and Fiona Rus-
sell helped me keep a sense of perspective and focus throughout the
period of writing.

Paul Glendinning
Cambridge, January 1994.



Notation

Most of the notation used in this book is standard and either does not
need explanation or is explained in the text. Vectors and vector valued
functions (vector fields) are neither underlined nor in bold. Derivatives
with respect to time, ¢, which is generally the independent variable, are
denoted by dots (as in &) whilst derivatives of real valued functions of
a single variable which is not time are denoted by primes (as in f'(z)).
Partial derivatives are sometimes indicated by subscripts, so f,, would

“denote 53523%. Derivatives of vector fields are viewed as matrices, so if
f :R™ — R" is a smooth vector field which is a function of z € R™, then
the derivative (or Jacobian matrix) is the n x n matrix D f(x) defined in
Cartesian coordinates, f(z) = (f,(z),..., f,(z)), £ = (z,,...,2,), by

IDf(@)];; = i (@),

Oz
0 <14, <n. If Ais an open set then the closure of A is denoted by
cl(A), whilst if B is a closed set then the interior of B is denoted by
int(B). The function sign(z) is simply the sign of z, i.e. +1 if z is
positive, —1 if z is negative and 0 if z equals zero.
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Introduction

Differential equations are used throughout the sciences to model dy-
namic processes. They provide the most simple models of any phe-
‘|nomenon in which one or more variables depend continuously on time

without any random influences. | They are also fascinating mathemati-
cal objects in their own right. If a differential equation is derived from
some physical situation it is clearly desirable to know something about
solutions to the equation. Indeed, there is little point deriving a model
if it is then impossible to gain any information from it! This poses a
big problem. Whilst most differential equations in university courses
have closed form solutions, typical nonlinear differential equations do
not have solutions which can be written down in terms of familiar spe-
cial functions such as sines and cosines. This means that when faced
with general (nonlinear) differential equations we need to change our

_approach. lWe will rarely solve differential equations, instead we will try
to obtain qualitative information about the long term, or asymptotic,
behaviour of solutions: are they periodic? eventually periodic? attract-

ing? and so on. lThis shift from the quantitative to the qualitative is

reflected in a shift in the mathematical techniques which are used to
analyse equations: much of the analysis will be geometric rather than

analytic.

~ Initially we will concentrate on]hyperbolic solutions.] Roughly speak-
ing a solution is hyperbolic if all sufficiently small perturbations of the
defining differential equation have similar behaviour close to that solu-

;

tion (this is not simply a statement about continuity).] This leads on
to the idea of differential equations which depend on a parameter. For
example, if the differential equation models some physical situation then
a coefficient in the equation may depend upon temperature. In such a
case it may be useful to know the dependence of solutions on the am-
bient temperature, i.e. to analyse the differential equation for several
~different values of the coefficient. If at some value of this coefficient a
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solution is hyperbolic, then a small change in the coefficient, and hence a
small change in the ambient temperature, does not alter the qualitative
behaviour of the system near that solution. The second half of this book
introduces ideas from}bifurcation theoryJwhich describes the qualitative
changes that can occur near non-hyperbolic solutions. This corresponds
to situations in which small changes in the coefficients of the definin
equations can lead to qualitatively different behaviour of solutions. ‘_i

Before these terms are given more precise definitions it is worth think-
ing about the possible behaviour we might expect to meet. A standard
introductory example in physics is the model of the ideal pendulum (Fig.
1.1). A simple application of Newton’s laws of motion shows that the
angle 0 of the pendulum changes with time satisfying an equation of the

form

2

% +sinfd =0 (1.1)

after rescaling time so as to make the various physical constants that
appear equal to unity.

If we consider only small amplitude oscillations then sin 6 =~ 6 and so
we obtain the simplified equation

d*e ’

p75) +6=0 (1.2)
which has solutions @ = Asint + B cost, where A and B are constants
determined by the initial position and angular velocity of the pendulum.
If A= B =0 then # =0 is a solution. This solution corresponds to the

Ceci m est Ras

un pendude

Fig. 1.1 The ideal pendulum (with apologies to Magritte).
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stationary pendulum, where it simply hangs directly downwards with no
oscillation. There is no motion. So, the first sort of dynamics that we
can identify is trivial: no motion. However, for more general choices of
initial conditions the solution Asint + B cost is periodic: the position
and angular velocity of the solution is the same at time ¢ and time
t+ 2. This is called periodic motion with period 27 and corresponds to
the simple periodic oscillations of the pendulum. By complicating the
equation a little we can get examples of more complicated dynamics.
For example, if

&0 +6 = a(1 — w?) coswt (1.3)

gz "~ ’ :

with w # =£1, then solutions are '
0(t) = Asint + B cost + a coswt. (1.4)

Is this solution periodic? The first two terms are periodic with period 27
and the third term is periodic with period "Z' The solution is periodic
if there exists a time T such that both 8(0) = 6(T") and %(0) = %(T),
ie. if T is a multiple of both 2r and 2%.[So solutions are per;gg;g if
there exist integers p and ¢ such that 2mq = 2—"2 or w = E a rational
number. lIf w is irrational then we say that the solutlon is guasz-gemodzc
with two independent frequencies. Although the solution is not periodic
it does have a regular structure (see Fig. 1.2).]

One of the most exciting developments in the recent theory of differen-
tial equations is the discovery that relatively simple differential equations
can have solutions which are much more complicated than these peri-
odic and quasi-periodic solutions. IVery roughly, a differential equation
is said to be|chaoticlif there are bounded solutions which are neither
periodic nor quasi-periodic and which diverge from each other locally.
The existence of chaotic solutions has had a profound effect on thinking
in many disciplines. One immediate corollary of the local divergence
of nearby solutions is that one loses predictive power in practical situ-

ations. lThe solutions of differential equations are deterministic in the
sense that if the initial conditions are precisely specified then the solu-
tion is completely determined and so, in principle, we should be able
to predict the value of the solution at some later time. | Of course, in
practice the initial condition can only be known to some finite precision
and so if the equation is chaotic we rapidly lose information about the
system since our solution through the approximate initial condition does
not stay close to the desired solution.|In experiments this can manifest
itself in an apparent unrepeatability of the results:r many physicists have |
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(a) x

> t

T A

(c) xJ T
t

(d)

Fig. 1.2 Time series for differential equations. (a) No motion; (b) periodic
motion; (¢) quasi-periodic motion; (d) possibly chaotic motion.

%ﬁ%ogag?f experiments which were rejected in the 1960s on the grounds [
Lthat results were not repeatable.] At the time it was assumed that there
was some sort of background noise or random fluctuation which had
not been eliminated, but these are now recognised as being examples
of chaotic behaviour. | The results are repeatable, but only if looked at]

| from the right point of view.|A useful example is the pinball machine:
imagine trying to reproduce a sequence of scores! Yet there is no ran-
dom element, it is all just Newton’s laws in action (assuming that the
table is not being jiggled overvigorously). The source of this complexity
lies in the rounded buffers: small differences in the trajectory of the
ball are magnified each time the ball strikes a buffer. Another, more
mathematical, example is the difference equation

T,y = 10z, (mod 1). (1.5)

Given an initial number, z,, with decimal expansion 0.aya,a,..., this
difference equation generates a new number z; = 0.a,a,a3 ... which gen-
erates a new number z, and so on. Now consider the sequence (z;);>¢-
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We say the sequence is eventually periodic of period p if z,, = z,, +p
for all n > N. Since z,, is obtained from z,,_, by simply deleting the

first term in the decimal expansion of the number we can see that|every
rational number is eventually periodic, since the decimal expansion of a
rational number is eventually periodic, and every irrational number is

aperiodic.l Furthermore, suppose you wanted to predict the motion of a
given point on the interval but the number is only known to a finite pre-
cision (7 decimal places, say). Then you would know z; to six decimal
places, x, to five decimal places, x5 to four decimal places, z, to three
decimal places ...and z, could be anywhere! This illustrates the loss in
predictive power which also seems to be at work in weather forecasting
and many other situations.

We will now begin to describe the framework which will be the basis
of this book. A differential equation is an equation of the form

drzx dz d"lz
W:F(t’x’d_t""’dt"——l) (16)

and (modulo some technical assumptions described in Section 1.2) these
equations have solutions given some set of initial conditions at ¢ = ¢,
: dz d" iz
(to) =1, (o) =2y -5 oy (o) = Cn- (L.7)
Throughout this book we shall choose to consider differential equations
in the form

v=f(y,t), yeR", f:R" xR — R", (1.8)

where the dot denotes differentiation with respect to time. We shall
not be overly concerned about optimal smoothness conditions on f for

results to hold, but willlassume that f is sufficiently smooth for the

| Taylor expansions and other techniques used to be valid.] Note that any
equation of the form (1.6) can be rewritten as (1.8) by setting

dkz
Tk = Ykt (1.9)
for 0 < kK <n —1, in which case
Up =Ypyrr 1Sk<n—1 (1.10a)
gn = F(t’ y17 s ayn) (110b)

ie ify=(y1,93--.,9,) and
.f(yat) = (y27'"’yn1F(t7y1,"-ayn))
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then ¥ = f(y,t).| The number n is called the|order]of the differential

equation, and an nt* order differential equation needs n initial conditions

to specify a solution.|These can be thought of as the n constants which

arise in the n integrations required to solve the equation.
A particularly simple example, which can be solved in general, is the
linear differential equation

y=Ay (1.11)

where A is an n X n matrix with constant coefficients. If the initial
condition at t = 0 is y, then this equation has solutions

y = ety,. (1.12)

So provided we understand the exponential of a matrix we can solve
this differential equation exactly. Unfortunately, these are about the
only equations which can be solved exactly, and bitter experience has
taught scientists that the world is not linear. Hence, to understand more
complicated (nonlinear) models we must learn how to treat nonlinear
equations which we are unable to solve. Before doing this we should
think a little harder about what it means to solve a differential equation.

1.1 | Solving differential equations

Let’s start with a simple example and see how some of the standard
techniques for solving differential equations work. Consider the equation

i+z=0 (1.13)

with initial conditions £(0) = a and £(0) = b. This equation should
be familiar; it is the equation for simple harmonic motion, (1.2), with
solution

z(t) = acost + bsint. (1.14)

This solution is meaningless unless the properties of the functions sine
and cosine of ¢ are well known, which, of course, they are. So, how did
we solve this equation? We shall sketch three different methods, at least
one of which is, I hope, familiar to you.
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Method 1

Note that if we set y = & then (1.13) becomes

t\ (0 1 x
()-(%9)G)
with initial conditions £(0) = a and y(0) = b. In matrix notation with
w = (z,y)T and the matrix on the righthand side of this equation de-
noted by A, this becomes 1w = Aw, with w(0) = (a,b)T. As pointed out
in the preamble to this chapter, in equation (1.12), this has solutions

exp(tA)w(0) and so we need to calculate the matrix exp(tA), which we
do by means of the series definition

2 tn A"
nl

exp(t4) =
k=0

It is a simple exercise to show that

420 ((—3)” (——(i)") and A20+1 — ((_1(;7&1 (—;)“)

and so

_(_ ThErEDr/en) L, (-1 (2n 4 1)
e"p‘“"(zntzn“(—l)n“/(znﬂ)! St (-1)"/(2n)! )

which we recognise as being series solutions for sine and cosine of ¢ to
give

exp(tA) = ( cost smt) '

—sint cost

Hence z(t) = acost + bsint and y(t) = —asint + bcost.

Method 2

Try a trial solution of the form x = e® and solve for c. Then note that
since (1.13) is linear, if ; and z, are independent solutions then the
general solution is a sum of z; and z,. Substituting z = e into the
differential equation gives (¢ + 1)e®® = 0 so ¢ = +i. The solution is
therefore z(t) = c,e + c,e~* where the complex coefficients ¢, and c,
are determined from the initial conditions.
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Method 3

Note that the differential equation can be written as

Set 'v(t)=(%—i).’r S0
d .\, _ —it @ ity
(dt+z)v—00re dt(ve)—O.

Hence vei* = ¢,, or v = ¢c,e~*. Now replace v by the definition of v in
terms of z and solve another linear first order differential equation to
obtain z as a sum of e** as in method 2.

In all three methods we have assumed and used properties of the
exponential function and of sine and cosine in order to solve integrals or
guess solutions. But what happens if the differential equation is more
complicated and, in particular, if it is nonlinear? As an example consider

i+z—23=0. (1.15)

It does not take much effort to see that none of the methods described
above can be applied to this equation; in all cases we are either unable
to start or end up with integrals that we cannot solve. Nonetheless
these equations do have solutions (snoidal functions, which are defined
in terms of elliptic integrals). So, if you knew about elliptic functions
you could solve the differential equation (i.e. write down the solution in
terms of these functions). To what extent is this useful? Old fashioned
books of mathematical functions will often have elliptic functions in
tabulated form, so in principle it would be possible to find the solution
at a given time approximately using these. There are also formulae for
these functions which are valid in particular regimes. However, because
we are not familiar with these functions the closed form solution is not,
on its own, very helpful.
As a further example consider

i+z+2z>+z =0 (1.16)

Once again, these have solutions given initial values of  and & although
to the best of my knowledge they are not tabulated anywhere. So,
instead of writing this book I could define the solutions of these equations
to be the functions GI(t) (Gl for Glendinning, perhaps) and write a
book exploring the properties of these functions and giving tabulated
approximations. I fear that such a book would bring me neither fame nor
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fortune. The problem is that the functions would not have sufficiently
wide application to be interesting and, as we shall see, many properties
of solutions can be deduced without resorting to the tiresome exercise
of solving the differential equation either numerically or in certain limits
to obtain approximations to exact solutions.

Let us pause to take stock for a minute. I hope that these examples

illustrate the point that iclosed form solutions are not always possible to

find, and that even when they can be found they may not be particularly

useful. lThis suggests that we need an alternative way of looking at the
solutions of differential equations. To develop this possibility we need
to be clear about what we consider to be the truly important feature of
solutions. Perhaps the most important feature of the linear differential
equation Z + x = 0 is that all solutions are periodic; that is, they repeat
themselves after each period of 27 (we can see this from the 27 peri-
odicity of the functions sine and cosine). There is one special case. If
the initial condition is (a,b) = (0,0) then z = 0 for all time. Hence the
qualitatively useful information which we deduce from the exact solu-
tions is that if z and & are initially both zero then they remain zero for
all time (this is called a stationary point) whilst otherwise the solutions
are periodic. Since we don’t know enough about elliptic functions or
Glendinning functions we cannot say what we might consider to be im-

portant for the other two examples.| It may seem reasonable to look at
the asymptotic behaviour, i.e. what happens as t — co and see whether

we can understand that motion in some way.|For example, if a solution

to some equation gives z(t) = 3/(2 + zy,e™?) then, as t — oo, z tends to
the constant value 3/2, and the way in which it approaches this constant
value is, for many purposes, less important than the fact that for large
enough values of ¢ the solution is arbitrarily close to 3/2. Thus we might
transfer attention from the exact solution to having a general picture of
the type of behaviour observed after some time has elapsed.

Another way of looking at the equations described above is to multiply
through by # and note that (by the chain rule)

d
dt
Hence for the linear equation of simple harmonic motion we find

(3¢%) = &i and (—%(%x”) = gz" L,

d
H(E+2)=0=— 132 + 12%). (1.17)

Therefore we can integrate once to obtain

13?2+ 122 =C (1.18)
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for some positive constant C which depends upon the initial conditions.
This implies that solutions plotted in the (z,z) plane lie on concentric
circles centred at the origin as shown in Figure 1.3a, which is called a
phase portrait or phase space diagram of the system. These concentric
circles represent the periodic solutions, and the arrows on the curves
indicate the direction of time. The arrows of time can easily be deduced
by noting that the equation can be written as £ = y, § = —z and so
£>0iny >0and £ < 0in y < 0. Hence the z coordinate increases on
solutions when y > 0, and = decreases when y < 0. In this description
then, we have lost the precise parametrization by time, but we retain
the important geometric information that solutions lie on closed curves
(periodic orbits) unless C = 0, which gives the single point at the origin.
Note that we could go on (Method 4) to solve for the solution explicitly
by solving

%:\/2C—x2, C >0,

that is,
z(t) dz t
——— dT, 1.19

which can be solved without a great deal of sophistication. However, this
final step is, at least to some extent, unnecessary, since we have already
been able to deduce the important features of the solutions from the
structure of solution curves in the (x, %) plane.

| The function 222 + 122 is called a first integral of the problem }and
it is (again, unfortunately) rare to be able to obtain first integrals with
such ease. However, both the nonlinear examples of this section can be
approached in this way. Multiplying # + z — 23 = 0 by Z gives

d
(F+zr—-2%)=0= Ei(%izz + 1z% — 1)
and-so solutions lie on the curves
li2 4122 Lt = ¢C (1.20)

in the (z, £) plane. These are sketched in Figure 1.3b, from which we see
immediately that there is a bounded family of periodic solutions about
the origin, and a family of unbounded solutions. We shall describe the
limiting solutions which separate these two families of solutions later on.
If we wanted to give the complete solution of these equations we would
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Xe
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Fig. 1.3 Phase portraits for (a) & +z = 0; (b) & + z — 2° = 0; and (c)
i+z+z+z =0

(b)

need to be able to solve the integral

/ dz
v VAC — 222 + 2%
which is an elliptic integral and has solution in terms of special functions
(the cnoidal and snoidal functions referred to earlier).

Similarly, the differential equation # + z + z2 + 27 = 0 has the first
integral

I+l +fat+ LB =C (1.21)

The solutions therefore lie on concentric closed curves in the (z, ) plane,
looking like a squeezed version of the simple harmonic oscillator (Fig.
1.3c). We can therefore deduce immediately that all solutions of the
differential equation are periodic except for the stationary point at the
origin. The analysis of the Glendinning integral

/ € dz
Jzo V8C — 422 — 224 — 28
is clearly as redundant as it is horrible. These three examples are special,

in that they all have particularly simple first integrals, but the general
message is clea.r:l rather than worry about obtaining exact solutions a|
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great deal of information can be deduced from the geometry of solu—’
tion curves in some appropriate space.|We shall generalise this idea to
‘higher dimensions and more general second order systems in Section 3 of
this chapter, but first we should make sure that solutions to differential
equations really do exist! ’

1.2 Existence and uniqueness theorems

Most existence and uniqueness theorems for solutions of differential
equations are obtained by simple applications of the contraction map-
ping theorem. We shall not give proofs here (see Hartman, 1964 for
details) but we shall give statements of the relevant results and some
examples of what can go wrong.

(1.1) THEOREM (LOCAL EXISTENCE AND UNIQUENESS)

Suppose = = f(z,t) and f : R* xR — R" is continuously differentiable.
Then there exists mazimal t; > 0 and t, > 0 such that a solution xz(t)
with z(ty) = x, exists and is unique for all t € (ty —t;,ty + t5)-

As an example which shows the non-uniqueness of solutions if the
continuously differentiable property is relaxed consider x € R with £ =
f(z), z(0) = 0, where

_[Vz if >0
fW)_{o if z<0

It is a straightforward exercise to verify that

. 0 if t<7r
xA)"{ia—ﬂ2 if t>7

is a solution for all 7 > 0.

An example which shows that ¢, is not necessarily infinity, however
smooth the function f may be, is

which has solutions with z(0) = z, given by

1

z(t) = .
() xal—t




1.8 Phase space and flows

This blows up in finite time if x; > 0 and in finite negative time if
zy < 0. However, the solutions that do exist are unique for the given
initial conditions.

(1.2) THEOREM (CONTINUITY OF SOLUTIONS)

Suppose that f is C" (r times continuously differentiable) andr > 1, in
some neighbourhood of (xy,t,). Then there exists € > 0 and 6 > 0 such
that if |2’ — 4| < € there is a unique solution z(t) defined on [ty—8,ty+6]
with z(ty) = 2’. Solutions depend continuously on =’ and on t.

This theorem might appear to contradict the possibility of chaotic
motion on the grounds of loss of continuity. The point is that although
solutions are continuous in space and in time, this does not imply that
solutions are uniformly continuous in both variables together: double
limits can be tricky. |

1.3 Phase space and flows

In Section 1.1 we saw that solutions to differential equations could be
represented as curves in some appropriate space. This is an extremely
important idea and we want to formalise it with greater precision in this
section. Suppose that

&= f(z), z € R" (1.22)

&)jtime does not appear explicitly on the right hand side of the equation. |
ISuch equations are called[autonomous differential equations,|whilst if
time does appear explicitly they will be called non-autonomous. The
solution to the differential equation with z(0) = x, can be thought of as
a continuous curve in R™ parametrized by time. R" is called the phase
space of the differential equation and the continuous curve is called an
integral curve, orbit or trajectory through ;. Since time only appears
as a parametrization of the curve it is less important than the curve itself
and so we simply indicate the direction of time by putting an arrow on

the curve in the direction of positive time. If z = (z,,...,z,) then the
differential equation can be written component by component as
i‘i=fi(1‘l,...,m‘n), i=1,...,’n. (1.23)

The integral curves can then be found by dividing through this set of .
equations by any single one of them. So, assume that f,(z,,...,2,) #0.
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Then we find

d.'L'k _ fk(:rl,. .. ,:z:n)
dz;  fi(zy,...,z,)

(1.24)

for k = 2,3,...,n. lIn this way we have reduced the dimension of the

[ problem by one at the expense of losing the explicit time dependence.

Of course, if f,(z,...,2,) = 0 at some value of  we have to change
the ‘independent’ variable to one of the other components and work with
a different set of equations. However, provided f;(z,,...,z,) # 0 for
some ¢ we can do this trick. In the case that f;(z,,...,z,) =0 for all

we see that £; = 0 and the motion is trivial anyway.

Ezxample 1.1
Consider simple harmonic motion again:
T = y,‘ Yy = —z.
There are a number of equivalent ways of approaching this.

(i) Consider the function E(z,y) = 22 + y2. Then

ﬁ—:ba—E+'a—E—2m - 29z =0
dt  Tog Yy T TAATE

so E(z,y) is constant along solutions giving integral curves that are

concentric circles.
(ii) On integral curves,

y_z

dr ~ y
provided y # 0 and

dz _ —y

dy—f T

provided z # 0. In both cases we obtain ydy + zdx =0, i.e.

z? + y2 = constant

as the equation for the integral curves except at the point (z,y) = (0,0),

which is stationary.

Before giving the final approach we give the formal definition of an

integral curve.
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(1.3) DEFINITION

The curve (z,(t),...,z,(t)) in R™ is anlintegml cur'velof equation (1.22)
if

(&1(8), -+ » 8, (2)) = f(21(2), ... 2, (1))
for all t. Thus the tangent to the integral curve at (z,(ty),...,Z,(ty))

is f(xl(to)a v 1xn(t0))'|

It is easy to see that if (z,(t),...,z, (¢)) is an integral curve, then it
is a solution of the differential equation £ = f(z). Let us return to the
example.

Example 1.1 continued
(iii) Integral curves are everywhere tangential to f(z,y) = (¥, —z)7,
i.e. they are perpendicular to the radius vector (x,y)T. Hence they are

circles centred at the origin.

This discussion should now give the intuitive picture of solutions of
differential equations as parametrized curves in phase space. We can see
this as a flow on phase space in the following way.

(1.4) DEFINITION
Suppose that & = f(z). The solutions of this differential equation define
a flow, o(z, t)l such that o(x,t) is the solution of the differential equation
at time t with initial value (at t =0) . Hence

d

7@ t) = flp(z,1)) (1.25)

for allt such that the solution through x exists and ¢(x,0) = z. In terms
of the previous notation, the solution z(t) with (0) = z, is ¢(x,,t).

The flow can be thought of as the motion of a fluid in phase space,
(1.25) giving the equation of motion of a particle at  suspended in the
fluid. By Theorem 1.2 the flow is a continuous function of x and ¢. Some
properties of the flow ¢ : R® x R — R" are simple consequences of this
definition.
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(1.5) LEMMA (PROPERTIES OF THE FLOW)

i) ¢(z,0)==z;
i) o(z,t+3) = p(p(z,t), ) = p(p(, 8),t) = p(z,s +1).

In terms of the flow we can now define some simple objects in phase
space.

(1.6) DEFINITION

|A point x is alstationary pointlof the flow iff p(z,t) = x for all t. ]

Thus,l at a stationary point f (m) = 0fand so they are relatively easy
to find.

Exzample 1.2

In the introduction the idea of hyperbolicity was introduced as a sort
of robustness property of solutions. The examples we have met so far
all have nested sequences of closed curves and some function E(z,y)
which is conserved (rather like an energy function). To show that this
structure is not hyperbolic consider

E+2i+z=0 (1.26)
or
T=y, Y=-2ey—zx (1.27)

for some small ¢ > 0. Since (1.26) is hnear it is easy to write down the
solution:

z(t) = e"*(Acos(1 — 62)%t + Bsin(1 — 62)%t) (1.28)

and so we see that all solutions tend to zero as t — oo;'the infinite
collection of closed curves which exist for ¢ = 0 is destroyed by an
arbitrarily small perturbation of the defining differential equations.r‘:I‘E
can be seen in another way: let E(z,y) = 3(z® + y?), the first integral
of (1.26) when € = 0. Then, differentiating as in Example 1.1(i),

dE _ 6E +y OF PN
dt = Tor TV TTETW
Substituting for £ and g from (1.27) we find
dE
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and so the function E decreases along trajectories. Therefore it seems
reasonable to expect that all trajectories tend to minima of F and since
the only minimum is (z,y) = (0, 0) trajectories tend to this point. This
idea will be justified in Chapter 2, but note once again that we have
been able to deduce features of the flow without solving any differential
equations.

Ezample 1.8
Consider the differential equation
&=x(l—z). (1.29)

This has two stationary points, one at £ = 0 and the other at x = 1. The
flow can be deduced without solving the differential equation by looking
at the graph of & against z (Fig. 1.4). This shows that £ > 0 (and
hence x increases with time) if z € (0,1), and 2 < 0if z <O or z > 1.
Hence solutions with initial conditions in z > 0 tend to the stationary
point z = 1 whilst solutions with initial conditions in z < 0 diverge to
—00. Note once again that this information has been obtained without
solving the differential equation, although in this case it is easy to verify
these statements by integrating the equations explicitly.

(1.7) DEFINITION

A point z is| Qem'odiclof (minimal) period T iff p(z,t +T) = ¢(z,t)
for all t, and @(z,t + s) # (z,t) for all 0 < s < T. The curve
' = {yly = ¢(z,t),0 <t < T} is called a[pem'odic orbit of the differ-

ential equation and is a closed curve in phase space. |

e

X
- \4_

Fig. 1.4 A plot of = against & showing the direction of motion. This is not a
phase portrait, simply the graph of the function z(1 — z).
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Periodic orbits are significantly more difficult to find and some sections
of this book are devoted to proving that periodic orbits do exist for
certain differential equations.

Ezxample 1.4
Consider the differential equation
F=r(l-r), =1 (1.30)

where (1, 6) are polar coordinates, 0 < r < oo and 0 < 8 < 2w. The only
stationary point is the origin, 7 = 0, and when r = 1 there is a periodic
orbit with period 2.

Stationary points and periodic orbits are examples of invariant sets.
These are, as the name suggests, sets which do not change with time.

(1.8) DEFINITION

A set M islinvam’antliﬁ’ forallz € M, p(z,t) € M for allt. A set is
forward (resp. backward) invariant if for all x € M, p(x,t) € M for all

t >0 (resp. t <0)|

One can also ask what other types of invariant sets exist (we have
already defined periodic orbits and stationary points), and what the
corresponding geometric objects in phase space look like. The two ex-
amples described above have very simple geometric structures, but this
is by no means the case in general as we shall see in Chapter 12, where
some so-called strange attractors are described, but there is one further
definition which can be given here.

(1.9) DEFINITION

A solution isjguasi-periodicjwith n independent frequencies if it can be
written as @(x,t) = g(wt,...,w,t) where g is periodic of period 1 in
each of its arguments and the set of frequencies (w,;) are rationally in-

dependent. These solutions define an n-torus in phase space. |




1.4 Limit sets and trajectories 19
1.4 Limit sets and trajectories

In this section we shall fix some of the terminology used throughout this
book and derive some properties of invariant sets associated with integral
curves (or trajectories). Suppose we are given the differential equation
i = f(z) with the flow ¢(z,t). We shall assume that the flow is defined
for all z € R™ and t € R; if this is not the case then the definitions
carry over after suitable restrictions are made on the domains of x and
t.

(1.10) DEFINITION

The trajectory through x is the set

v(z) = | e(x,t)

teER

and the positive semi-trajectory, v+ (z), and negative semi-trajectory,

v~ (z) are defined as

v (@) = | ¢(x,t) and v~ (z) = | ¢(z, 1),

t>0 <0

The trajectory through z is precisely the integral curve through z, and
from now on we shall use the term trajectory instead of integral curve.
Note that there is a slight difference in that we defined the integral
curve (Definition 1.1) in terms of the parametrization by time, whereas
the trajectory is just a set of points. So the trajectory through = and the
integral curve through x are the same when seen as sets in phase space.
In Section 1.1 we suggested that it might be sensible to concentrate upon
the long term behaviour of solutions. In order to define these sets we
need a couple of consequences of the property of invariance.

(1.11) LEMMA

i) M is invariant iff v(x) C M for allz € M;
ii) M is invariant iff R*\M is invariant;
iii) Let (M;) be a countable collection of invariant subsets of R™. Then
U, M, and N;M; are also invariant.

We leave the proof of these results as an exercise. We can now define
two invariant sets from the trajectory of z, the w-limit set, A(x), which
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is the set of points which z tends to (i.e. the limit points of v ()

and the o-limit set, A(z), which is the set of points that the trajector
through z tends to in backward time.

(1.12) DEFINITION

e

Thejw-limit set of :z,lA(a:), and theja-limit set of x § A(x), are the sets

A(z) ={y € R"| 3 (¢t,)) with t, — oo and ¢(z,t,) — y as n — oo}
and

A(z) = {y e R"| 3 (s,) with s,, = —oc0 and p(z,§,) — y as n — oo}

Example 1.5
Consider the differential equation on R? in polar coordinates
F=r(l1-r%), §=1 (1.31

1
Since » > 0 if r € (0,¢) and * < 0 if r >L¢ trajectories which start il
r > D tend to r = 1 and since § # 0 this solution is a periodic orbit
The origin (r = 0) is a stationary point and so the a-limit set and th
w-limit set of the origin is the origin itself. If r # 0

A(r,0) = {(r,0)|r =1}
and
A(r,6) = {{(r,0)|r =0} ifr<1 .
: undefined ifr>1
The phase portrait of this system is sketched in Figure 1.5.

Finally, we want to establish two properties of the w-limit set of x
These properties are important, but the proofs are somewhat differen
in style to most of the mathematics in this book and can be omitted.

(1.13) LEMMA

Alz)= () d(v*®))

y€v(z)
where cl(X) denotes the closure of the set X.
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—_

Fig. 1.5 Phase portrait for Example 1.5.

Proof: We begin by claiming that

c(v*(z)) = v*(z) UA(z).

This can be proved in two steps.

(a) It is obvious that vt (z) C cl(y*(z)). Furthermore, from the def-
inition of A(z) and the closure of a set, A(z) C cl(y*(z)). Hence
7 (z) UA(z) C d(v* ().

(b) To complete the proof of the claim we need to show that cl(y*+(z)) C
vt(z) U A(z). Let z* € cl(y*(z)). Then by the definition of the clo-
sure of a set there exist ¢;,t,,... with ¢; > 0 such that ¢(z,t;,) — z*
as i — oo. Ift; —» oo as i — oo then z* € A(z) and we are done. If
not then the sequence (t,) is bounded above and so it has a convergent
subsequence (t;) with t; — T, say, as i — oco. But since (t}) is a subse-
quence of (¢;) we have that ¢(z,t;) — z* as i — oo, and hence, by the
continuity of ¢(z,t) in t,

o(z,t)) = p(z,T) = z* as i — oo.

Since, by assumption, 7' < co this implies that z* € v+ (z). This com-
pletes the proof of the claim.
We now use this claim to write

N d0t@) = () @ UA®E)

y€v(z) y€v(x)
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But A(y) = A(z) for all y € y(z) and so

N a0t ={ ) 7@ | vA®E).
y€v(x) yEv(z)
Now, the intersection in square brackets is empty unless y(z) is a closed
curve, in which case y(z) = A(z). In either case we obtain the desired
result. :

The last result shows that A(z) is invariant, and that if y*(z) is
bounded then A(z) is non-empty and compact (i.e. closed and bounded).
This will be important in subsequent chapters.

(1.14) THEOREM

The set A(z) is invariant, and if y*(x) is bounded then A(x) is non-
empty and compact.

Proof: We begin with the invariance property. Choose y € A(z). Then
we need to show that ¢(y,t) € A(zx) for all t. By the definition of
A(x) there exists a sequence (t;), with t; — oo as.i — oo such that
o(z,t;) — y as i — oo. Now fix t and choose ¢; sufficiently large so that
t+t; >0, then

ez, t +t;) = p(p(z,t;),t) = o(y,t) s i — o0
and so ¢(y,t) € A(z). Hence A(z) is invariant.

Now suppose that 7 (z) is bounded, so cl(y*(z)) is compact (closed
and bounded). Now choose an increasing sequence (t;) with ¢, — oo as
i — oo and let z; = ¢(z,t;). Then

N = () diyt®) =) dlr* ()
y€v(x) i20

and cl(y*(x;)) C cl(y*(z;), for all ¢ > j. Hence by Lemma 1.11 A(x)
is non-empty and compact since it is the countable intersection of a
decreasing sequence of non-empty compact sets.



Exzercises 1 23

Exercises 1

1. By solving the differential equation
F=r(l-1r%), §=1
explicitly find the a- and w-limit sets of all points in the plane.

2. For autonomous differential equations show that if y(z) Ny(y) # 0
then v(x) = v(y). (This has the important consequence that trajectories
cannot Cross.)

3. Sketch the phase portrait of the differential equation
T = -z, y =Y.

Show that both the z-axis and the y-axis are invariant and that the
union of these axes is the union of five disjoint trajectories.

4. Classify all possible flows on the line given by
& = ag+ a;z + ayx® + 2.

[Hint: do not solve any equations, but consider how many stationary
points may exist and the behaviour of the system by plotting a graph of
the right hand side of the equation.]

5. Show that the solutions of
. 0 fz<0
= 1/n
T ifz>0

with z(0) = 0 are not unique for n = 2,3,4,....
6. Find a first integral for the equation
Z+sinz=0
and hence sketch the form of trajectories in phase space.
7. Sketch the phase space of
i = azx + bx®

in the (z,%) plane for (a,b) = (1,1),(-1,1),(1,-1) and (-1,-1). In
each case determine the stationary points and mark these clearly on your
sketch.
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8. Burger’s equation for wave formation is

o _ou  eu

ot  Ox? o’
Travelling waves are solutions U(z,t) = u(z — ct). By setting £ = = — ct
show that u(£) satisfies

where the subscripts denote differentiation. Hence find a first integral
and sketch the phase portrait of this system. Interpret the effect of
different values of c.

9. Sketch the phase portrait of # +x = az? fora =1 and a = —1.

10. Find the stationary points of & = y, ¥ = (y + 1)(1 — z2). By
considering % on trajectories find the equation of the trajectories.

11. The ideal pendulum equation is
L +sinz =0.

Sketch the phase portraits of v

. ; 224 1 N
% (#12)0 v ”[" Ty Xt
i

DT 1 eeer ATl L Ly
x[l*.«t’fé‘lﬁﬂ“ o‘-‘w’(g*%\‘g/{ +3 % 4/‘/1

Py R P
i) £4+2x=0;

il) 24— %x’s =0;

i) &4+z— 423+ 52° =0;

iv) & +sinz = 0;

describe, without further justification, the differences in the phase por-

traits you would expect to find for

£+Z——-—————(—1)”" =0

in the case of N odd and N even.



Stability

The stability of solutions of differential equations can be a very difficult
property to pin down. Rigorous mathematical definitions are often too
prescriptive and it is not always clear which properties of solutions or
equations are most important in the context of any particular problem.
In practice, different definitions are used (or defined) according to the
problem being considered. The effect of this confusion is that there are
more than 57 varieties of stability to choose from! We will concentrate on
three of the most commonly used definitions. Before going into any detail
consider a simple example which demonstrates the problems involved.

Ezxample 2.1
The linear differential equation
T=-y, y==z (2.1)
can be solved exactly:
z =rgcos(t + ), y=rysin(t+ ). (2.2)

Closed form solutions are not always especially useful (although this one
is so simple that it would be enough for our purposes) and the geometric
information that we really want is that solutions lie on concentric circles.
This has already been illustrated in the previous chapter, but let us
go through the calculation in a slightly more general way. Set z(t) =
r(t) cos 6(t) and y(t) = r(t)siné(t), the usual transformation for polar
coordinates. Then z2? + y? = r? and so, differentiating through with
respect to time,

2zt + 2yy = 2rr
or

- %(m + ). (2.3)
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Also, differentiating the definitions of z(t) and y(t) we get

I =7rcosf —rfsiné

3 = 7sinf + 76 cos 6.
Multiplying the first equation by — sin 6, the second by cos # and adding
gives
—&sinf + g cosf = 6.

Dividing through by r and using sinf = y/r, cos§ = z/r we obtain

; _ LY~y |
Equations (2.3) and (2.4) for  and @ are important, since they allow us
to work in either Cartesian or polar coordinates, choosing whichever is

easiest for the calculations. Substituting £ = —y and y = = we find that
the differential equation in polar coordinates is
F=0, =1 (2.5)

with solution
r(t) =71y, 6(t) =t+, (2.6)

where r(0) = ry, and 6(0) = ¢. This shows immediately that solutions
are circles on which the motion has constant angular velocity, 1. The
origin, r = 0, is a stationary point. To talk about its stability we need
to know the context of the problem: what sort of stability are we after?

Suppose that the equation represents the motion of a particle which we
want to position at the origin. If it is not in the correct position, then it
will not get any better over time (since it remains the same distance from
the origin). Hence if we want to say that a stationary point is stable if
all nearby initial conditions tend to it, the origin is not stable. However,
if we know that we can put the particle reasonably close to the origin
and that a small error will not affect the outcome of the experiment
too much, then the system is stable, since if the particle starts near
the origin then it stays near the origin. On the other hand, if we only
know that. the differential equations are an approximation to the true
equations of motion, we may be more interested in discovering whether
the solutions of slightly different equations give the same basic solution
structure (concentric circles in this case). Thus we could investigate the
effect of adding small nonlinear terms to the equations.



2.1 Definitions of stability 27

Ezxample 2.2

Consider th‘e small perturbation of Example 2.1 defined by

o F=er?, 6=1, 2.7)
where € is a small positive constant. In this case, ¥ > 0 for all » > 0
and so small errors are amplified in time. Indeed, the r equation can be
integrated explicitly, and if (0) # O solutions tend to infinity in finite
time. Hence in terms of this idea of stability the system is certainly
unstable, not because solutions diverge, but because the solutions of the
original equations are different in character from those of the perturbed
equations.

In these two examples we have identified three types of stability. For
stationary points we have two ideas: it could be stable either because
nearby solutions tend to it, or because nearby solutions remain nearby
for all (positive) time. The third idea was for perturbations of the defin-
ing equations; systems which are close behave in a similar manner. This
third idea, called structural stability, is left to Chapter 4; in this chapter
we concentrate upon ideas of stability which do not involve changing the
defining differential equation.

2.1 Definitions of stability

The two types of stability described above for stationary points have
names: a point is Liapounov stable if points which start nearby stay
nearby, and it is quasi-asymptotically stable if nearby points tend to it.
If a point is both Liapounov stable and quasi-asymptotically stable then
it is said to be asymptotically stable. Although we have motivated the
definitions in terms of stationary points, there is no reason to restrict the
definitions in this way. The proper mathematical definitions are given
below. Consider the differential equation

&= f(z,t), z€R 2.8)

(2.1) DEFINITION

A point x z’leiaeounov stable I( ‘start near stay near’) iff for alle > 0

there exists 6 > 0 such that if |z — y| < § then

|Q0(£L‘, t) - ‘P(yat), <e€
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for allt > 0.

This is illustrated (in the case where z is a stationary point) in Fig-
ure 2.1a.

(2.2) DEFINITION

A point = isjquasi-asymptotically stable}(‘tends to eventually’) iff there
exists § > 0 such that if |x—y| < 6 then |p(x,t) —¢(y,t)| = 0 ast — oo.

Note that this definition only states what happens in the limit as ¢
tends to infinity. The solution can go all over the place before tending
to the point.

(2.3) DEFINITION

A point x islasymetoticallg stable I( ‘tends to directly’) iff it is both Lia—]

pounov stable and quasi-asymptotically stable. |

Quasi-asymptotic stability and asymptotic stability are illustrated in
Figure 2.1b, c. These definitions are particularly useful when z is a sta-
tionary point, so ¢(z,t) = z. The problem with more general solutions
(periodic orbits for example) is that the simple definitions are uniform in
t, so phase information can make a difference to one’s naive impression
of what should be meant by stability.

Ezample 2.8
Consider the system
F=0, §=1+r (2.9)
with solutions
r(t) =71y, 6() =1 +ry)t+6,. (2.10)

Arguments similar to those for Example 2.1 show that the origin, r = 0,
is Liapounov stable but not quasi-asymptotically stable and that solu-
tions are concentric circles about the origin. In some sense, one might
like to say that these circles are also stable in that if one starts near a
given circle (with radius ;) the solution will stay near that circle. Un-
fortunately, there is a phase lag on each circle that means that no points
on the circle are stable in either a Liapounov or a quasi-asymptotic
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(a) : B(0,€)
(b) B(0,d)
T\

(c)

Fig. 2.1 (a) Liapounov stability; (b) quasi-asymptotic stability; (c) asymp-
totic stability.

sense. To see this consider two nearby initial conditions, (r,,0) and
(ro +6,0). After a time ¢ the difference in angle (or phase) between the
two solutions is Af where

AG=(1+ry)t — (14 7y +0)t =6t (2.11)

So when t = (2n + 1)7/é, the two solutions are diametrically opposite
and the distance between the solutions is 27y 4+ 6. Hence there is always
a time at which the two solutions are further away from each other than
any given e sufficiently small and the solution is neither Liapounov nor
quasi-asymptotically stable.

(2.4) EXERCISE

Show that all poihts are Liapounov stable for Example 2.1, but none are
quasi-asymptotically stable.

(2.5) EXERCISE
Consider Example 2.3. Show that in new coordinates (R, ©) defined by
R=r, ©=0-rt (2.12)
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all points are Liapounov stable.

As remarked earlier these definitions are particularly useful when ap-
plied to stationary points. ,If a stationary point is asymptotically stable

then there must exist a neighbourhood of the point such that all points
in this neighbourhood tend to the stationary point.| The largest neighj

bourhood for which this is true is called the domain of (asymptotic)
stability (orﬁ)asin of attraction' of this point.}

(2.6) DEFINITION

Let x be an asymptotically stable stationary point of the equation = =
f(z), so
for all € > 0 there exists 6§ > 0 such that
ly—z| <6 = |p(y,t) —z[ <e V>0

and
36 >0 such that |y —z| <6 = |o(y,t) —z]| = 0 as t — o0,
then
__ n| y; el —
D, = {y € R”| lim |p(y,t) — o] = 0}

is called the domain of asymptotic stability of z. If D, = R" then x is
globally asymptotically stable.

Usually it is very hard to determine the domain of stability of a sta-
tionary point, and we will refer to any subset of the domain of stability
as a domain of stability. The next few sections are devoted to tech-
niques for determining whether a stationary point is Liapounov stable
or quasi-asymptotically stable, but we end this section with an example
which shows that a stationary point can be quasi-asymptotically stable
but not Liapounov stable. Example 2.1 shows that a stationary point
can be Liapounov stable but not quasi-asymptotically stable.

Ezample 2.4

Consider the equation
zy
2

V7P

t=z-y—z(x>+9%)+ (2.13a)
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\ 2
z
j=z+y—-y@®+9%) - —— 2.13b
] y—y(z®+y°) popr (2.13b)
or, using (2.3) and (2.4) to rewrite (2.13) in polar coordinates
#=r(l-r%), 6=2sin?(16). (2.14)

To analyse the behaviour of this system first note that # = 0 when r =0
orr=1and § =0 when 6 =0. Also, § > 0 for all 6 # 0. Thus § =0 is
an invariant half-line and trajectories move around to approach this half-
line from below. The 7 equation is familiar from the previous chapter: in
the r direction trajectories tend to r = 1 (unless r = 0 initially). Hence
the system has two stationary points, the origin (r = 0) and the point
(r,0) = (1,0), and two invariant curves, § = 0 and r» = 1, and almost
all trajectories eventually tend to the stationary point (1,0) as shown
in Figure 2.2. Now consider a small neighbourhood of (1,0). Points in
6 < 0 will tend to (1,0) without leaving this neighbourhood, but points
in @ > 0 will make a circuit around the invariant curve r = 1 before
tending to (1,0) from 6 < 0. In particular, a trajectory starting close to
(1,0) on r = 1 with 8 > 0 will pass through the diametrically opposite
point of the circle, (1,7), before tending to (1,0) from 6 < 0. Hence,
although (1,0) is quasi-asymptotically stable it is not Liapounov stable.

Fig. 2.2 The phase portrait for Example 2.4.
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2.2 Liapounov functions

Liapounov functions can be thought of as modified energy functions.
They are used to prove that a stationary point is Liapounov stable and
(with extra conditions) that a stationary point is asymptotically stable.
The theory of Liapounov functions is elegant and simple, but proving
that a Liapounov function exists or explicitly finding one for a given
problem is another question!

(2.7) DEFINITION

Suppose that the origin, x = 0, is a stationary point for the differential
equation £ = f(z), z € R™. Let G be an open neighbourhood of 0 and
V : d(G) —» R a continuously differentiable function. Then we can
define the derivative of V along trajectories by differentiating V with
respect to time using the chain rule, so

. dv ov
V=—r=8VV=fV > fi@) o
where the subscripts denote the components of f and . Then V is a
Liapounov function on G iff V is continuously differentiable on cl(G)

and

i) V(0) =0 and V(z) > 0 for all z € cl(G) \ {0};
ii) V<0 forallz €G.

(2.15)

The reason that Liapounov functions are so nice (when they can be
found) is sketched in Figure 2.3. The idea is that if V is a Liapounov
function then V decreases along trajectories, and hence (since V is
strictly positive except at 0) trajectories tend to zero, which is a min-
imum value of V. Of course, life is never quite that simple (although
V is decreasing it is not necessarily strictly decreasing), so let us see
precisely what the existence of a Liapounov function implies. The first
step is to show that at least some trajectories stay in G for all time if a
Liapounov function exists on G.

(2.8) LEMMA (BOUNDING LEMMA)

Suppose that G is some open bounded domain in R™ with boundary 0G,
and that V : cl(G) — R is a Liapounov function. If there exists xy € G
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s

Fig. 2.3 V(x) decreases along trajectories.

such that V(z) > V(z,) for all z € OG then
S(zo) = {z € cl(G)| V(2) < V(zo)}

is a bounded set in G and o(xg,t) € S(xy) for allt > 0.

Proof: Since V is continuous in G and V' (z) > V(z,) on 0G it is obvious
that S(z,) is in G and z, € S(z;), so S(z,) is non-empty. By the
existence results of the previous chapter, (1.2), we see that there are
three possible fates for a trajectory through z,. Either

—

B) there exists ¢’ \>”(l) such that ¢(z,,t’) € 0G; or
C) ¢(zq,t) € G forall t > 0.

Now, V is a continuous function on ¢l(G) and ¢(z,,t) is a continuous
function of ¢ on [0,¢’). This, together with the non-increasing property
of V, implies that

Vip(ao ) = lim Vig(ze,t)) < V(o).

Hence (B) gives a contradiction as V(x) > V(x,) on G and (A) gives
a contradiction as G is bounded and ¢(z,t) is continuous for ¢ < t’ (so
if (zq,t) tends to infinity ther must exist t” such that ¢(zy,t") € 0G).
This leaves (C) as the only possibility and V(¢(zy,t)) < V(z,) for all
t > 0 so the trajectory through z, stays in S(z).
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This proof is unnecessarily long. Really, all that the proof requires is
that we note that if S(z,) is bounded and in G then since V(z) decreases
on trajectories, the trajectory through z, stays in S(z,) (otherwise V'
would have to increase). This is obvious, but from time to time it is
worth spelling things out in detail.

To prove that a stationary point is Liapounov stable given the exis-
tence of a Liapounov function we need to show that given any ¢ > 0
there is some region B(0, ), where B(y,r) denotes the open ball of ra-
dius 7 centred at y, such that if a trajectory starts in B(0,9) it stays
in B(0,€). In terms of the Bounding Lemma this means that we must
find B(0, 6) such that for all z, in B(0,6), S(z,) is contained in B(0,¢).
This will give us Liapounov’s First Stability Theorem.

(2.9) THEOREM (LIAPOUNOV’S FIRST STABILITY THEOREM)

Suppose that a Liapounov function can be defined on a neighbourhood of
the origin, x = 0, which is a stationary point of the differential equation
= f(z). Then the origin is Liapounov stable.

Proof: Choose ¢ > 0 sufficiently small so that B(0,¢) C G. Then we
need to find § > 0 such that if z € B(0,6) then ¢(x,t) € B(0,¢) for all
t>0. .

Let p = min{V(x)|z € 0B(0,€)}. Since V is a Liapounov function
on G, and € has been chosen small enough, B(0,¢) is contained in G
and p > 0. Also, since dB(0,¢€) is compact and V is continuous there
exists y € 0B(0,¢€) such that V(y) = p (see Fig. 2.4). Now let C =
B(0,e)n{z|V(z) < p}. Since u > 0and V(0) = 0, the origin is contained
in C. Now choose § > 0 such that B(0,6) C C and apply the Bounding
Lemma with z, € B(0,6). Then S(x,) must lie inside C, which lies
inside B(0, €) and the result is proved.

Example 2.5
Consider the nonlinear oscillator
f+ct+ar+bxd=0 (2.16)

where a, b and ¢ are positive constants. This can be rewritten as a
differential equation in two variables by setting y = %, so ¥y = & giving

T=y (2.17a)
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Fig. 2.4 C is the shaded region.

y = —cy — ax — bx?. (2.17b)

Since @ and b are positive constants, the only stationary point of this
system is (z,y) = (0,0) so we now want to find a Liapounov function
for the origin. This is very much a matter of luck or judgement, hard
work or a stroke of genius. Let us try a function of the form

V(z,y) = az? + Bzt + vy? (2.18)

for positive constants a, # and 7. It is obvious that V(z,y) > 0 for
(z,y) # (0,0) and V(0,0) = 0. We shall now try to choose the con-
stants o, 8 and «y so that V(z,y) is non-positive on some (as yet to be
determined) neighbourhood of (0,0). Differentiating V' with respect to
time gives

V(z,y) = 20z + 4682)% + 2vyy (2.19)
and replacing & and y by (2.17) we find
| V(x,y) = (2az + 4823)y + 2vy(—cy — az — ba®)
or "
V(z,y) = (2a — 2va)zy + (48 — 27b)z3y — 2ycy?. (2.20)

Since v and c are both positive the last term is certainly non-positive,
but the first two terms are more difficult. However, we are free to choose
a, B and « provided they are positive, so setting
ab

- (2.21)

_@ _b
'y—a and 8= 7 =
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the problem terms disappear leaving
V(z,y) = —2ycy® < 0. (2.22)

Hence V(z,y) is a Liapounov function on any open bounded subset of
R? which contains (0, 0), and (0, 0) is Liapounov stable.

It is rare in examples to find Liapounov functions on the whole space;
usually it is only possible to show that a function is a Liapounov function
on some small and often unspecified neighbourhood of the stationary
point. This is illustrated in the following example.

Ezxample 2.6
Consider the differential equation
i&=—-z+z%—-2ry (2.23a)
y = —2y — 5zy + y°. (2.23b)

The origin (0, 0) is clearly a stationary point, but is it Liapounov stable?
A trial Liapounov function V(z,y) = (2% +y?) (a standard guess) gives

V(z,y) =22 + yy = x(— + 22 — 22y) + y(—2y — Szy + ?)
or
V(z,y) = —22(1 — z + 2y) — y*(2 + 5z — v). (2.24)

Hence V(z,y) is a Liapounov function provided both (1 — z + 2y) and
(2 + 5z — y) are positive on some neighbourhood of (z,y) = (0,0). This
is obviously the case and we can set G to be any open bounded subset
containing (0,0) which lies in the wedge-shaped region

{(w,y)lx -2y<l, 5z-y> '—2}
as shown in Figure 2.5. Thus (0,0) is Liapounov stable.

The next question which comes to mind is whether a Liapounov func-
tion can help in proving that a stationary point is quasi-asymptotically
stable (and hence asymptotically stable, since it must be Liapounov
stable if a Liapounov function exists). Looking at the previous results
it should be fairly obvious that the main obstacle to proving quasi-
asymptotic Sta.bility is the fact that V can be zero. We might hope,
therefore, that if V < 0 except at z = 0 then there are no other places
to which trajectories might tend: they must all tend to the stationary
point at the origin where V(0) = 0. We shall return to this point in a
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Fig. 2.5 V is a Liapounov function in the wedge-shaped region. The shaded
region is that largest set V(z) = k entirely in this region and is therefore a
domain of stability.

short while, but having realized that the set of points at which V van-
ishes is potentially interesting we shall see what can be said in general

about such a set. [ It turns out that the zeros of V provide a way of

identifying the largest invariant set to which trajectories tend without

calculating trajectories. |Since we are often only concerned with asymp-

totic behaviour (i.e. what trajectories are attracted to) it is a huge ad-
vantage to be able to identify these sets without solving the differential
equations explicitly. Specifically, we are interested in the set

E= {m €GV(z) = o} . (2.25)

(2.10) THEOREM (LA SALLE’S INVARIANCE PRINCIPLE)

Suppose that x = 0 is a stationary point of & = f(z) and V is a Lia-
pounov function on some neighbourhood G of x = 0. If xy € G has its
forward trajectory, v+ (z,), bounded with limit points in G and M is the
largest invariant subset of E, then

o(zg,t) = M as t— oo.

Proof: By assumption on v+ (zg), the w-limit set of z,y, A(z,), is non-
empty and is contained in G for each z, in G satisfying the conditions of
the theorem (cf. Theorem 1.14). Furthermore, since V is a Liapounov
function V' (p(zy,t)) is a non-increasing function of ¢ which is bounded
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below by zero. Hence there exists ¢ (which depends upon z;) such that
lim Vi(p(a,t) =c.

Now take y € A(z,). Then there exists an increasing sequence (t;) with
t, — 00 as k — oo such that p(z,,t;) tends to y as k tends to oo (this
is the definition of a limit point). So by the continuity of V, V(y) = ¢
for all y € A(zy).

Now, A(z,) is invariant, and so if y € A(z,) then ¢(y,t) € A(z,) for
all t and hence V(p(y,t)) = cfor allt > 0 and all y € A(z,). Hence

V(y) =0 for all y € A(z,)
and so
A(zy) C M CE.

But ¢(zy,t) — A(zy) as t — 00, 50 p(2,t) > M ast —» oo forall z€ G
such that y*(2) C G.

In the statement of La Salle’s Invariance Principle we have referred to
the set of points in G for which the forward trajectory lies in G. To find
out what this set looks like (and hence what subset of G tends to M)
we simply look back to the Bounding Lemma (Lemma 2.8): this shows
that the set of points with forward trajectories in G includes sets of the
form

Vi ={z | V(@) < k}

which lie entirely inside G. It is easy to see that for Example 2.6, E =
{(z,y)|ly = 0} and that the only invariant set in E is the point (0,0), so
(0,0) is (globally) asymptotically stable. La Salle’s Invariance Principle
also allows us to prove a further result about asymptotic stability as
suggested earlier. The only thing which gets in the way of proving
asymptotic stability is the possibility that V may be zero at places other
than the stationary point. The solution is simple: remove this possibility.

(2.11) THEOREM (LIAPOUNOV’S SECOND STABILITY THEOREM)

Suppose x = 0 is a stationary point for £ = f(z) and let V be a Lia-
pounov function on a neighbourhood G of x = 0. If V(z) < 0 for all

z € G\ {0}, then z = 0 is asymptotically stable. |
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Proof: By Liapounov’s First Stability Theorem (2.9) the origin is Lia-
pounov stable, i.e. for all € > 0 there exists § > 0 such that if z € B(0, §)
then ¢(z,t) € B(0,¢) for all t > 0.

By La Salle’s Invariance Principle with G = B(0,¢), ¢(z4,t) — M as
t — oo, where M is the largest invariant subset of

E= {:1: € B(0,¢)|V(z) = o} ,

for all z, with y*(z,) C B(0,€) and hence, in particular, for all z, €
B(0,6).

But V(z) = 0 for z € B(0,¢) iff z = 0 (by assumption) so E = M =
{0}. Thus for all z € B(0,6), ¢(z,t) — {0} as t — oo, and so z = 0 is
quasi-asymptotically stable. We already know that x = 0 is Liapounov
stable, so = 0 is asymptotically stable.

Ezxample 2.7
Consider the nonlinear differential equation
i—az(z2-1)+2=0. (2.26)

We could convert this to a pair of first order equations as in Example
2.5 by setting y = 2, but this is an example where it is easier to work
in Liénard coordinates. This choice of coordinates is applicable to any
equation of the form

Z+ f(x)z+g(z) =0 (2.27)
(here f(z) = —a(z? — 1) and g(z) = ). The trick with Liénard coordi-
nates is to define

-/ " feyde (2.28)

and note that & dt = g4E dz = f(z)Z. Hence if we define y = & + F(x),
then § = & + f(z)& = —g(z). The differential equation can therefore be
written as '

t=y- F(z) (2.29a)

¥ = —g(x). (2.29b)
For the particular example considered here this becomes

t=y+a(3 z3 — 1) (2.30a)

= —z. (2.30Db)
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Now use the trial Liapounov function V(z,y) = (22 + y?) to get
V(z,y) = zd + yy = az?(12® - 1) (2.31)

so V <0 for 22 < 3. The largest domam Vk = {z|V(z) < k} which lies
entirely in this region is given by 2% + 32 < 3, i.e. Va, and V =0 on
z=0. On z =0, £ = y and so trajectories which 1ntersect thelinex =0
remain on this line if y = 0. Hence the largest invariant subset on z =0
is the stationary point (z,y) = (0,0) and so (by La Salle’s Invariance
Principle, Theorem 2.10) this stationary point is asymptotically stable
and attracts all points in V% .

(2.12) EXERCISE

Find a domain of stability of (0,0) for Example 2.6; see Figure 2.5.

Finally, we give a brief outline of the type of approach this section
suggests. Suppose that we are given a system ¢ = f(z) and told to
show (or try to show) that a stationary point x = a is asymptotically
stable. First, change coordinates so that this stationary point is at the
origin, i.e. set y =z — a, so ¥ = g(y) with g(0) = 0. Then find an open
neighbourhood G of y = 0 and a continuously differentiable function V'
such that

i) V(y) >0 on G and V(y) = 0 if and only if y = 0; and
ii) V<0onG.

Next, find k such that Vi, C G and so ¢(z,t) — M for all x € V, where
M is the largest invariant subset of the set of points in G for which 1%4
vanishes. Finally, adjust V' and G so that M = {0} so V}, is a domain
of asymptotic stability for the origin and try different choices of V' to
maximize the size of V..

This sequence of operations is sometimes relatively straightforward
but, in general, the construction of Liapounov functions is an art. Mas-
tering this art requires a mixture of experience, patience and good luck.

2.3 Strong linear stability
Having said that the construction of Liapounov function is often a tricky

business, there is one situation in which it is really quite simple to find
them. Suppose that £ = f(z) and z = a is a stationary point, so
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f(a) = 0. Then we can expand f locally as a Taylor series about z = a
to get, in component form with £ = z — a,

9% (a)e, +o(l€]). (2.32)
J

gi = fi(a‘) + oz
Since f(a) = 0 by assumption this can be written as

€ = At +o(j€]) (2.33)

where A is the matrix of partial derivatives of f (the Jacobian matrix)
evaluated at z = a,
of;

A= %(a). (2.34)
The linear system & = A¢ is called the linearization of & = f(z) at
x = a. The next two chapters deal with the extent to which the lin-
earized system can give information about the original system, but we
can preempt some of these results by explicitly constructing a Liapounov
function for x = a when A has n distinct eigenvalues, all of which have
strictly negative real parts. To this extent, then, any stationary point
whose linearization has this spectral property is asymptotically stable.

Ezample 2.8
Consider the differential equation

z=z(y—-1) (2.35a)

¥ =3z — 2y + 2% — 2% (2.35b)
Looking for stationary points with £ = 0 and ¢ = 0 we see from (2.35a)
that either £ = 0 or y = 1. Substituting £ = 0 into (2.35b) with y =0
gives y = 0 or y = —1 and similarly, y = 1leads tox = -4 or z = 1.
Hence there are four stationary points: (z,y) = (0,0), (0,-1), (—4,1)
and (1,1). The Jacobian matrix is

y—1 T
(3 +2r -2- 4y> ‘ (2.36)

and so we need to find the eigenvalues of this matrix at the four station-
ary points. At (0,0) the matrix becomes

(_31 _02) (2.37)
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with eigenvalues —1 and —2, both of which are strictly negative. Hence
we expect the origin to be asymptotically stable. At the other three
stationary points one eigenvalue is positive and the other is negative so
we cannot expect these points to be asymptotically stable. A more pre-
cise description of the flow near these points will be given in Chapters 4
and 5. The last exercise in this chapter describes how to show that such
points cannot be Liapounov stable.

(2.13) THEOREM

Suppose £ = f(x) has linearization £ = Az at = 0. If A has n distinct
eigenvalues, each of which has strictly negative real part, then x = 0 is
asymptotically stable.

In fact, the theorem remains true even if the eigenvalues of A are not
distinct; it is sufficient that A has eigenvalues with strictly negative real
parts. However, the proof of the theorem depends upon a little linear
algebra which is considerably more straightforward when the eigenvalues
of A are distinct (cf. Section 4.5).

A little linear algebra

We need a few results from linear algebra about the orthogonality of
eigenvectors in order to prove this result. Since we are only concerned
with real matrices, eigenvalues and eigenvectors are either real or they
come in complex conjugate pairs. Now, given two (possibly complex)
vectors, z and y, we define an inner product < y,z >= y*Tz, where the
* denotes complex conjugation and the T denotes the transpose. Then,
given a (real, n X n) matrix A we define the adjoint of A, B, to be the
n X n matrix such that

<y,Az >=< By,z > ie. v T Az = yTB* Ty, (2.38)

Hence A = B*T or equivalently B = A*T. Since A is real this gives
B = AT, Now, the eigenvalues of A and AT are the same, so assume
that they are all distinct, (A;), ¢ = 1,...,n. Then there are unique
eigenvectors (e;) and (f;) such that
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The eigenvectors of B = A*T are usually referred to as the adjoint
eigenvectors of A. Hence

< fjAe; >= A < f;, e, >

and similarly < Bf;,e; >=< Ajf;,e; >= A; < f;,; >. But by defini-
tion < y, Az >=< By,x > and so

A < fie>=X; < fj,e,>.
If i # j then A; # A; so this implies that
< fj’e‘i >= 0, for ] 7é j.

This is the really important result we need, since after normalizing the
eigenvectors it implies that (e;) and (f;) can be chosen so that

< f]’ ei >= 6,”- (2.40)

Now, suppose that we write any vector z in the basis of eigenvectors of
A, so

n
T = E z;e;.
i=1

Then taking the inner product of z with f; gives

n

=1
and so
n
i=1
This is all we need to prove the theorem.
Proof of Theorem 2.13: Let A be the Jacobian matrix of f at x =0

and let \;, e; and f;, i = 1,...,n be the eigenvalues, eigenvectors and
adjoint eigenvectors as defined above. Then we can write

n n
a:=§ xiei=§ < fox>e
-oi=1 i=1

using (2.41). Hence

dr <~ dz; “ d
E—_ Eei—;gt—<fi,m>ei.

1=



44 2 Stability

But
dx
= = Az +o(lz))
and
n n
i=1 i=1
SO
g-t- < fpx>=X < fi,x >+ o(|z]). (2.42)

This puts us in a position to define a Liapounov function: let (v;),
i =1,...,n be a set of strictly positive real numbers and let

n
V(z) =) v, < fi,z>"< f,z>. (2.43)
i=1
Then V is clearly differentiable (as it is a quadratic function) and positive
definite. Furthermore, differentiating (2.43) with respect to time we find
that V(x) equals

= d " . [ d
(2.44)
which, using (2.42), can be rewritten as

n
V(z) =Y v(\f + ) < fi,z >*< fi,z > + o(zl?). (2.45)
i=1
Now since (A} + A;) < 0, ¢ = 1,...,n, there is a small neighbourhood,
G, of = 0 in which the sum dominates the o(|z|?) terms and hence V
is strictly less than zero on G\ {0}. Hence, by Theorem 2.11, x = 0 is
asymptotically stable.

Having constructed a Liapounov function in this way it is possible to
vary the coefficients (v;) in order to maximize the domain of stability
which can be deduced from the Liapounov function.

Example 2.9
Consider Example 2.7 again:

t=y+a(iz®-2) (2.46a)

y=—g (2.46b)
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where a > 0. The Jacobian matrix evaluated at £ = 0 is

A= (:‘1‘ ;) (2.47)

with characteristic equation s? + as + 1 = 0. Hence the eigenvalues of
A are s, = (—a =+ va? — 4)/2, both of which have strictly negative real
part for all @ > 0, and which are distinct provided a? # 4. Hence z = 0
is asymptotically stable (by Theorem 2.11) for all a > 0, a # 2. In fact,
the stationary point is also asymptotically stable in the case of repeated
roots, a = 2. This is proved in Section 4.5.

Ezample 2.10
Consider the stationary point (z,y) = (0,0) for the differential equation
& =2r—5y+x? -4y (2.48a)

Y =2z — 4y + 222 — 3zy + 8y°. (2.48b)

The Jacobian matrix evaluated at (z,y) = (0,0) is

A= (g :i) (2.49)

with characteristic equation s2 + 2s + 2 = 0. Solving this quadratic we
find that the eigenvalues of A are —1 & ¢ and so the origin is asymptoti-
cally stable. However, we would like to construct a Liapounov function
for this system: to do this we need the eigenvectors and adjoint eigen-
vectors of A. Set A\; = —1+ 14 and A\, = —1 — ¢ (so that the labelling
of the eigenvectors will be clear). Then it is easy to show that the

(unnormalized) pair
5
e = (3_2.) (2.50)

. 5
62=61= (3+’i) (2.51)

are eigenvectors of A with eigenvalues —1 + 4 and —1 — i respectively.
Now, remembering that the labelling of the adjoint eigenvectors f; and
f> are such that AT f; = A} f;, we obtain

f; = (_32_ z) (2.52)

and
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and f, = f;. The Liapounov function given by (2.43) is independent of
the (e;) so the calculation of e, and e, is unnecessary in the construction
of the function; however, it is instructive to check that < f;,e, > and
< f3,€; > both vanish. ’

From the construction of the proof of Theorem 2.11,

V(w) =v; < fi,w>*< fi,w > 4y < fo,w >*< fo,w >

where v, and v, are strictly positive constants and w is the position
vector in R?, i.e. w = (z,y)T. From the definitions of f; and f, we
have f} = f, and hence < f;,w >*=< f,,w >, so in fact the two terms
making up V'(z,y) are the same and setting v = v; + v, we have that

V(x,y)=v<f1,w>*<f1,'w>=v|<f1,w>|2, (253)

so the positive constant, v is simply a scale factor of no importance in
this case. Now < f;,w >= 2r+ (-3 + i)y and so | < f,w > |? =
4x2 — 12zy + 10y? giving the Liapounov function

V(z,y) = 222 — 6zy + 5y° (2.54)

(where the constant v has been chosen to equal 1/2).

(2.14) EXERCISE

Check that the Liapounov function constructed in the previous example
is a Liapounov function.

2.4 Orbital stability

Example 2.2 shows that the definitions of stability introduced so far are
not necessarily the most useful if one is interested in an attracting set
such as a periodic orbit: two nearby points may move apart due to phase
lagging, where the ‘angular velocity’ varies with the distance from the
periodic orbit. Thus the periodic orbit, thought of as a set, may attract
nearby points although individual trajectories do not stay close to each
other. For this reason it is necessary to define stability in terms of the
set of points on the periodic orbit (a closed curve in phase space).

Suppose z, € R" is on a periodic orbit of period T for the system
& = f(x), so p(zy, T) = ;. Let

I'={z € R"|z = p(x,t) for some 0 <t < T}.
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Then we can definela neighbourhood N(T,€) of I'lin the obvious way:
IN(P, €) = {x € R"| there exists y € I s.t. |z — y| < €}|(see Fig. 2.6).

(2.15) DEFINITION

A periodic orbit, T, ileiaQounov orbitally stableliﬁ for all € > 0 there

exists 6 > 0 such that if x € N(T',8) then ¢(z,t) € N(T',€) for allt > 0.

It is also possible to define orbital quasi-asymptotic stability and or-
bital asymptotic stability in similar ways. We shall return to questions
about the stability of periodic orbits in later chapters.

2.5 Bounding functions

The first lemma of this chapter (Lemma (2.8), the Bounding Lemma)
gives a simple argument which shows that the existence of a Liapounov
function on some open domain G implies that at least some trajectories
remain in G for all ¢ > 0. In many examples there is no stable stationary
point and yet all trajectories tend to some bounded region of phase space.
What happens in this region can be very complicated (e.g. chaotic) or
relatively simple (e.g. periodic) but it is clearly important to identify
such regions if possible. It is possible to modify the arguments used in
the previous sections to prove this type of result: the function that takes
the place of the Liapounov function is called a bounding function.

Fig. 2.6 Orbital stability.
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Our first result is based on a simple geometric fact: given a function
g : R™ — R, the gradient of g is normal to surfaces of constant g(x).

(2.16) THEOREM

Suppose & = f(z), x € R™, and there is a continuously differentiable
function g : R™ — R such that the set D = {z € R"|g(z) <0} is a
simply connected bounded domain with smooth boundary 0D. If

(Vg).f <0 on 0D

then for all x € D, p(x,t) € D for allt > 0.

We leave the proof of this theorem as an exercise: the idea is that
in order to leave D the trajectory must cross 0D. In order to do this
its velocity must have some component in the same direction as (or, at
worst, tangential to) Vg. But by assumption f points in the opposite
direction to Vg on 9D so no trajectories can cross 0D outwards (see
Fig. 2.7).

The final result in this section is stronger and can be used to prove
that all trajectories are eventually in some bounded region of phase space
(but only when this statement is true, of course!).

Fig. 2.7 The geometry of bounding functions.
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(2.17) THEOREM

Let D C R™ be a simply connected, compact domain and V : R® — R
a continuously differentiable function. Suppose that for each k > 0,
Vi = {z e R"|V(z) < k} is a simply connected, bounded domain with
Vi C Vi if k < K'. If there exists K > 0 such that D C V,_ and § > 0
such that V(z) < —6 < 0 for all z € R™\D then for all  there exists
t(z) > 0 such that ¢(z,t) € V,, for all t > t(z).

Proof: If x € V,_ then p(z,t) € V, for all t > 0 by Theorem 2.16 (set
g(z) = V(z) —  and note that f.Vg=V < —6 < 0).

Suppose that y € R™\V,.. Since V is continuous, there exists m < &
such that D C V,, C V., and so V(z) < —6 for all z € R*\V, . Hence

V(e(,t) - V(y) = /0 V dt < —6t

for all t such that ¢(y,t) € R"\V,,. Since V(y) > m this implies that
there exists t(y) < (V(y) — m)/é such that ¢(y,t(y)) € 9V,, (and is
therefore also in V). Hence ¢(y,t) € V, for all t > t(y).

Example 2.11

The Lorenz equations,

t=o0(-z+y) (2.55a)
Y=rr—y—1x2 (2.55b)
z2=-bz+uzy (2.55c¢)

will be discussed in more detail in Chapters 11 and 12. The constants
o, r and b are all positive. We aim to show that all solutions of this
equation tend to some bounded ellipsoid in R3. Consider the functions
V(z,y, z) given by

2V(z,y,2) = rz® + oy + o(z — 2r)2. (2.56)
Surfaces V(z,y,2) = k are bounded ellipsoids for all finite £ > 0 and
Vi C Vi, if 0 < k < k'. Differentiating we find that
V(z,y,2) = roz(—z + y) + oy(rz — y — zz) + o(=bz + zy)(z — 2r)
= —o(rz® + y® + b2® — 2br2)
= —o(rz® +y® + b(z — )% — br?). (2.57)
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Now let D be the bounded ellipsoid
D ={(z,y,2)lrz? + y®* + b(z = 1)? < brz} .

Then for sufficiently large k, D C V}, and V(z,y,2) < 0 for (z,y,2) €
R3\D. Choosing & large enough we can arrange for V(z,y,z) < —1 for
(z,y,2) € R®\V, and D C V_. Hence all trajectories eventually enter
and never leave the bounded ellipsoid V,, by Theorem 2.17. With a little
more work it is possible to estimate the size of x with more care, and
choose a smaller value of § (6 = 1 in this example) to get a smaller
region which all trajectories enter.

2.6 Non-autonomous equations

Suppose £ = f(z,t), z € R", and f(0,t) =0 forallt >0,s0z =0
is a stationary point of the flow. The definitions of Liapounov stability,
quasi-asymptotic stability and asymptotic stability apply equally well
in this non-autonomous case so we should be able to define Liapounov
functions as before. The problem is that if V' depends on both z and ¢
then the region V(z,t) < u may become unbounded as time increases.
We prevent this possibility by underpinning V' with a positive definite
function U(x).

(2.18) DEFINITION

Suppose & = f(z,t), z € R", and f(0,t) =0 for allt > 0. Then V(z,t)
is a Liapounov function on some neighbourhood G of x = 0 iff

i) V is continuously differentiable in both x and t for (z,t) € GXR;
ii) V(0, t)—-O andV(m t) > U(z) >0 forz #0;
iii) V(ar:t)—- Y + fVV <0 forz € G andt > 0.

(2.19) THEOREM

Suppose £ = f(z,t) and f(0,t) = 0 for allt € R. If a Liapounov
function V(z,t) exists on some neighbourhood G of x = 0 then x =0 is
Liapounov stable.
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Proof: Given € > 0 and t, we need to find § > 0 such that if z € B(0,6)
when t = ¢, then ¢(z,t) € B(0,¢) for all t > ¢,

Choose € sufficiently small so that B(0,e) C G and let p =
min {U(z)|z € 0B(0,€)}. Since 0B(0,¢€) is compact there exists y €
0B(0,¢) with U(y) = p and p > 0 as y # 0. Now, V is continuous in z
so for 1 > 0 we can find § > 0 such that if z € B(0, ) then V(z,t,) < p.
Furthermore, V' is non-increasing along trajectories, so for x € B(0, §)

V(p(z,t),t) < p and hence U(p(z,t)) < p
for all t > t,. But this implies that ¢(z,t) € B(0,¢) for all t > ¢, and

the result is proved.

Similarly, Liapounov’s second stability theorem needs to be strength-
ened since V < 0 is no longer enough to prove asymptotic stability, as
the next example shows.

Example 2.12

Take the trivial example & = 0, so the origin is Liapounov stable but -
not asymptotically stable. Then the function

1
V(CL‘,t) = I.’L‘I2 (1 + 1_+t)

is a Liapounov function and V = —|z|2(1 +t)~2 < 0 for all t > 0,

(2.20) THEOREM

Suppose © = f(z,t) and x = 0 is a stationary point. If a Liapounov
function V(z,t) can be defined on a neighbourhood G of x =0 and

—V(x,t) > W(z) >0

for x # 0 then x = 0 is asymptotically stable.

Exercises 2

1. Show that the origin is asymptotically stable for
& =zP(z,y), §=yQ(z,y)
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if P,@ < 0 in a neighbourhood of the origin.
2. Show that every solution of
T = —tzm, y=—ty
is asymptotically stable.

3. By using the Liapounov function V(z,y, 2) = 2% + 0y? + 022, show
that the origin is globally asymptotically stable for the Lorenz equations
(Example 2.11) if 0 < 7 < 1.

4. By considering V(z,y) = z? + y?, show that solutions of
i=—-z(x?+9y%-2), 9=—-y@x®+y>-3z+1)

tend to some bounded region R, and determine the smallest region R
which can be found using this function.

5. Show that for
t=x(x®+20°-1), y=y(® +22° - 1), = 2(z* +22° - 1)

the sphere z% +y® + 22 = 1 is the union of complete trajectories. Deduce
that the maximal domain of stability for the origin is z2 + y2 + 22 < 1.
What happens to trajectories with 2 +y2 + 22 > 1 at t = 07

6. Find a Liapounov function for the system

3 5

T=—-y—2z°, Y=<
and hence show that the origin is asymptotically stable.

7. Determine the values of k for which 22+ ky? is a Liapounov function
for the system

t=-z+y—-2’ -y’ +zy®, y=-y+ay—y® -2y

What information about the domain of stability of the origin can be
deduced in the special case k = 17

8. (a) By finding the adjoint eigenvectors of the linearized system at
the origin, construct a Liapounov function for.

f=-x—9y+3x> 249> + 225 Y=zx—-y+2%-Tay

and hence show that the origin is asymptotically stable.
(b) Use the same method to find Liapounov functions for the points
(0,0) and (—4,1) of

t=z(y-1), y=3z—2y+z2-2y>2
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(cf. Example 2.8).

9. Show that the origin is a stationary point of

1
i =z(1-42% -y - Ey(l +z), 9=y -4z%-y?) +2z(1 +z).
By considering the function V' (z,y) = (1—4z2—y?)? show that the origin
is unstable and that all trajectories tend to the ellipse 422 + y? =1 as

t — oo.

10. Let f(z,y) be a continuous, non-negative function of z and y such
that f(0,0) = 0 and f(z,y) — oo as 2 + y2 — oco. Prove that the
trajectories of

t=z+y— flx,y)z, y=—-c+y-— f(z,v)y

are eventually bounded. Show that the origin is the only stationary
point of this system and, assuming that f can be expanded as a Tay-
lor series about (0,0), that the origin is completely unstable (i.e. it is
asymptotically stable in reverse time). Hence show that all trajectories
other than (0,0) eventually lie in an annular region

{(z.9)| B <2®+¢* <R3},

11. A stationary point is unstable if it is not Liapounov stable. Con-
sider the equation

= Az + g(x)

where A is a constant n x n matrix, g(0) = 0 and EI%TM — 0 as |z| — 0.
Suppose further that the eigenvalues, (};), of A are distinct and satisfy

Rel; <...< Redp, <0< Relp; <...< Rel,.

Let (f;) be the normalised adjoint eigenvectors of A (cf. (2.40)) and
define

n
W)= Y <foz>'<fl,z>.
i=k+1

Show that in a small neighbourhood of the origin, |z| < €, there exists
8 > 0 such that if W(0) = a > 0 then W > §W. Hence show that |z|?
grows exponentially with time and hence that some trajectories must
leave the region |z| < e. This proves that the origin is unstable.

[You may assume that there exists M > 0 such that W (z) < M|z|2]
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Linear differential equations

Linear differential equations are nice because we can write down solu-
tions in terms of the exponential function, which is both well-behaved
and familiar. For example, given the autonomous differential equation

t=Az, z€R" (3.1)

where A is a constant n X n matrix, and the initial condition z(0) = z,,
the solution is

z(t) = e*x,. (3.2)

Hence if we are able to exponentiate constant matrices the solution is
simple. This solution also enables us to solve equations such as
T = Az +g(t) (3.3)
since if we set y = e~*4z we have that y(0) = z(0) = z, and, differenti-
ating y with respect to ¢
y=e i — Ae Az = e7tg(t).

Hence

t
A -
0

or
¢

z(t) = ey + etA/ e~ *4g(s)ds. (3.4)
0

All these results depend upon standard properties of the exponential of
a matrix. Equation (3.1) is a particular case of the more general linear
differential equation

z = A(t)z, z€R" (3.5)

A simple property of linear equations is that if =, () and z,(¢) are solu-
tions, then Az, (t)+uz4(t) is also a solution. This superposition principle
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no longer holds in general for nonlinear systems but has an important
consequence for linear systems. If we can find n independent solutions
to a linear differential equation in R™ then any other solution can be

written as a sum of these solutions. In other words, if z,(¢),...,z,(t)
are independent solutions the general solution can be written as
z(t) = ®(t)c (3.6)

where ¢ € R is constant and ®(t) is an n x n matrix whose columns
are the solutions z;(t), i.e. ®(t) = [z,(t), ... ,z,(t)]. ®(t) is called a
fundamental matrix for the problem, and e*4 is simply a natural choice
of fundamental matrix for the problem # = Ax. From the solution in
terms of a fundamental matrix, z(0) = z, = ®(0)c, and so ¢ = ®(0) "'z,
and z(t) = ®(t)®(0)~'z,. Comparing this with (3.2) we see that if ®(t)
is any fundamental matrix of the autonomous problem, (3.1), then

et = o(t)®(0) 1. (3.7)

The idea of a fundamental matrix will be particularly useful when we
come to consider problems with periodic coefficients, £ = A(t)z with
A() = A(t + T) for some T > 0. In turn, these equations will be
useful when we consider the stability of periodic orbits in later chapters.
Indeed, one of the main reasons for studying linear systems is that we
will be able to use some of the results in later sections on nonlinear
systems.

3.1 Autonomous linear differential equations
In this section we will verify that the exponential e*4 is a fundamental
matrix for the differential equation £ = Ax where x € R™ and A is a
linear map of R™ to itself (so A can be thought of as an n xn matrix with
constant coefficients). To begin with we need to define the exponential
of a matrix and establish some of its properties.

(3.1) DEFINITION

lLet A be an n x n matriz with constant coefficients, thenfthe exponential

of A,leA, is defined by the power series
A=Ak

e’ = —_—.
!
= k!
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The exponential of a matrix has very similar properties to the expo-
nential of a real number. The following exercises establish some of these
properties.

(3.2) EXERCISE

(For the pure minded.) Given a matriz A (i.e. a linear map of R™ to
itself) define the norm of A, ||A|| by

Av
4= sup 2%
vER"™, v#£0 |v]
Show that

i) 0 < ||A|] < oo [Hint: note that A(Av) = AAv for all A € R and so
|A(A)|/|\v| = |Av|/|v|, which implies that we can take v to be on
the unit ball in R™, which is compact.]

i)

[IMA]l = |ALl|A]], for Ae R

lIA+ Bl < ||All +1|B]
IABI| < || All.|| Bl
1A% < ||l

Let (A;) be a set of linear maps of R™. Then a series Y o Ay is
absolutely convergent if 3 o ||Ail| is absolutely convergent. If 3 A,
is absolutely convergent then the sum exists and addition, multiplication
and differentiation can be done term by term. Show that e? is absolutely
convergent and e(sT)4 = e34¢t4 for all real numbers s and t. If A and
B commute (i.e. AB = BA) show that eAt8 = eAeB. What is eA*B
in terms of e4 and e® if A and B do not commute? [Hint: define
C=AB-BA]

With these basic properties of the exponential we can prove the ex-
istence and uniqueness of solutions to autonomous linear differential
equations.

(3.3) THEOREM]

Let A be an n x n matriz with constant coefficients and x € R™. Then

the unigue solution z(t) of ¢ = Az with z(0) = z, is z(t) = e4x,.
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Proof: First note that

o k Ak © s ik—1 4k
=2 () =2 (o) -4
k=0 k=1
where we have used the result quoted in the second exercise above to
differentiate the sum term by term. Hence

dt:c(t) = i1—(3 tz, = Aethzy = Az(t)

and so etz is a solution of the equation & = Az with z(0) = z,. To

prove uniqueness, suppose that y(¢) is another solution to the differential
equation with the same initial value, y(0) = z,. Set z(t) = e *4y(t),
then

= —Ae tMy(t) + e My = —Ae My(t) + Ae~ty(t) = 0

i.e. z(t) is constant. But 2(0) = y(0) = z, and so z(t) = z,. Now, from
the definition of 2(t), this implies that y(t) = et“z, = z(t), and hence
solutions are unique.

This result shows that we can find the solutions of linear differential
equations by exponentiating matrices; but it does not tell us how to
calculate with exponentials of matrices. If we want to be able to write
down solutions explicitly we must learn how to take the exponential
of a matrix. If A is diagonal, A = diag(a,,...,a,), then it should be
obvious that e*4 = diag(e®?,...,e%?) and solutions in component form
are z,(t) = %'z, but for more general matrices the solutions are not so
obvious. To deal with this problem we need a little more linear algebra
and the idea of a Jordan normal form.

3.2 Normal forms

Consider a simple change of coordinates where Pisan n xn
invertible matrix (det P # 0). Then & = Az implies that
y=P 'i=P Az
=P lAPy=AMAy (3.8)
where A = P7'AP and the initial value z(0) = z, is transformed to

y(0) = P!z, = y,. In these new coordinates the solution is y(t) =
etAyO, and so transforming back to the z coordinates

z(t) = Py(t) = Pe'ty, = Pe'* P!z, (3.9)
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A

Comparing this with the known solution e*“z, we see that

et = petApL. (3.10)

“The strategy in this section is to choose P in such a way that A takes a
particularly simple form which will allow us to calculate e** and hence
et4 with a minimum of fuss.

We have already seen that it is easy to exponentiate diagonal matrices.
So suppose that A has n distinct real eigenvalues, Ay, ..., A,, with asso-
ciated eigenvectors e;, so Ae;, = \je;, 1 <i<n. Let P=e,, ... ,e,],
the matrix with the eigenvectors of A as columns. Then, since the eigen-
vectors of distinct real eigenvalues are real and independent, det P # 0
and

AP = [Aey, ... ,Ae,] =[Meq, ... , A e,)
= [eg, ... ,e,ldiag(A, ..., A,)

and so if A = diag();,...,\,) we have AP = PA or A = P71AP.
Hence, with this choice of P we can bring the differential equation into

the form

y = diag(Ag, ..., An)Y, (3.11)
which is, of course, particularly easy to solve. Note in particular that
if y, = (0,0,...,0,1,0,...,0)T, then y(t) = (0,0,...,0,e*¢0,...,0).
Thus each coordinate axis is invariant under the flow: solutions starting
on a coordinate axis remain on that coordinate axis for all time. Trans-

lating back to the x coordinates the coordinate axis corresponds to the
eigenvector e;, so each eigendirection is invariant.

Ezxample 3.1

a=(33)

The éigenvalue equation is (s +2)(s —2) = 0 and so the eigenvalues are
A1 = —2 and A, = 2. Solving for the eigenvectors we find

o= (2) = ()
(3 2)

Consider the matrix

and so
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Now, for a general invertible 2 x 2 matrix
a B\7' 1 d -b
c d T ad-bc\-c a
1 /4 -1
-1 - =
P 4 (0 1 )

We leave it as an exercise to verify that P! AP = diag(—2,2) and hence
2t 0 _ e2 (&2 —e~2)/4
etA=P<0 eZt)P1=( 0 o2t )
Hence the solution t6 & = Az with z(0) = (a,b)T is

(a,,e"Zt + b(e?t — 6‘2‘)/4>

be2t

and so

Now suppose that A is a 2 X 2 matrix with a pair of complex conjugate
eigenvalues, p+iw. Then we claim that there is a real invertible matrix,
P, such that

PlAP=A= (Z ‘p“’) . (3.12)

This is a convenient form since A-= D + C where

_(p O o _ (€ 0
D-(O p) and so e —(0 ot

and C = (0 —w),so
w 0

w2n 0 0 _w2n+l
0211. = ( 0 w2n) and 02n+1 = (w2n+l 0 ) )

which gives, using the series definitions of sine and cosine,

«C coswt —sinwt
= . 3.13
¢ ( sinwt coswt ) (3.13)

A tD ,tC

Since D and C commute, et* = etPet®, and so

oth — oot c?swt —sinwt ' (3.14)
sinwt coswt

We now have to prove this claim, i.e. define a matrix P such that A =

P~1AP given a matrix A with a complex conjugate pair of eigenvalues

p tiw. As in the previous case we will define P using the eigenvectors
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of A. Suppose that A is a (real) 2 x 2 matrix with a pair of complex
conjugate eigenvalues p + iw. Then there is a (complex) eigenvector
'z = (2,27 such that Az = (p +iw)z. Consider the real matrix whose
columns are made up of the imaginary and real parts of z; then, since
A is real,

Allm(z), Re(2)] = [Im((p +iw)z), Re((p+ iw)z)]
= [pIm(z) + wRe(z), pRe(z) — wlm(z)].

It is now easy to verify that this equals

[Im(z), Re(2)] ( 5 ‘p“’) : (3.15)

and hence A = P~1AP where P = [Im(z), Re(z)].
Example 3.2

A=(_22 é)

The eigenvalue equation is s> —2s+2 = 0 and so the eigenvalues are 1+3.
An eigenvector corresponding to the eigenvalue 1+ is z = (1, -1 +14)T

and so
0 1 1 (11
P_<1 —1>’P _(1 0>'
Once again we leave it as an exercise to verify that P~ AP = A where
1 -1 cost —sint
A= tA _ ot .
(1 1 )’ € © \sint cost
Hence et4 = PetAP1 ) je.
A — of 0 1 cost —sint 11
- 1 —-1) \sint cost 10
ot cost +sint sint
—2sint  cost —sint /°

Consider the matrix

Thus the solution of £ = Az with z(0) = (a,b)7 is
aet(cost +sint) + be’ sint
—2aet sint + bet(cost —sint) )

This argument generalizes to higher dimension in the obvious way
(described below), which enables us to use a change of coordinate to
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bring any differential equation £ = Az, where A has distinct eigenvalues

into normal form y = Ay where A = diag(B,,...,B,,). The blocks (B;)
are given by B; = ), if the i** eigenvalue is real and the 2 x 2 matrix

=0 %)
w o p

if the corresponding eigenvalues are a complex conjugate pair, p & iw.

(3.4) THEOREM

Let A be a real n x n matriz with k distinct real eigenvalues Ay, ..., A,
and m = %(n — k) pairs of distinct complex conjugate eigenvalues p, +
Wy, ..y P T w,,. Then there exists an invertible matriz P such that

P~1AP = A =diag(\;,.-., A\, Byy- -+, By)

where the B;, 1 <i < m, are 2 x 2 blocks, B; = (Z’ —w’). Further-

A Py
more, et4 = PetAP~! and

A1t

ed = diag(e??, ..., et

t tB tB
L0 L et

where

otBi — ghit cosw;t —sinw,t
sinw;t  cosw;t

Proof: Let (e;), 1 < i <k, be the real eigenvectors associated with the
real eigenvalues \; and (2;), 1 < j < m, be the (complex) eigenvectors
associated with the eigenvalues p; + iw;. Set P to be the matrix whose
first k columns are the eigenvectors ey, ...,e; and the remaining n — k
columns are the imaginary and real parts of the eigenvectors z;, L.e.

P=le, ... ,e, Im(z), Re(zy), ... ,Im(z,,), Re(z,,)].

Since the eigenvalues are distinct the eigenvectors are independent and
so det P # 0 and by the arguments rehearsed above

AP = PA.

The rest of the theorem is just a restatement of results which have
already been proved above.
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If we are prepared to work with complex eigenvectors and matrices
it is possible to diagonalize any matrix with distinct eigenvalues. To
illustrate this suppose that A is a matrix which satisfies the conditions of
Theorem 3.4 above, and let p,;+iw; = ;, 1 < j < m. Then each complex
eigenvalue 7; has a complex eigenvector €;, and €] is an eigenvector of the
complex conjugate eigenvalue ;. In this case the matrix of eigenvectors
(with e; real and €; complex)

P=ley, ... €, € ,€, coo €, €]
diagonalizes A. So if A = diag(Ay, ..., Ay Y, Y-+ Yoo Vo) then
AP = PA. (3.16)

In this case the differential equation £ = Az must be interpreted with
T = (Tqy... Tk 21y 211+ - -+ Zmy Z,) Where the z; are real variables and
the z; are complex variables. The differential equation for z; is then
z; = v;2;. We can regain the real form of this equation by setting
z; = X+iY and v; = p;+iw; in which case (equating real and imaginary
parts)

In some sections of this book it will be more convenient to work in
complex notation.

Theorem 3.4 deals with the cases when A has distinct roots, so we
should now consider the possibility of multiple roots. Suppose that A

is a real n x n matrix with eigenvalues A,,... ,/\p, p < n. Then the
characteristic polynomial of A is
p
[T =x0m (3.18)
k=1

where n,, > 1 and ), n, = n. If A has distinct eigenvalues then p=n
and ny, = 1,1 < k < n, but if p < n then at least one of the n;, must
be greater than 1 and the characteristic polynomial has repeated roots.
The number n,, is called the multiplicity of the eigenvalue A, and the
generalized eigenspace of A, is

E, = {z € R"|(A — A\ I)™z = 0}. (3.19)

The dimension of E;, is n; and so we can choose a set of basis vectors
(€k,...,ep*) of E, which we will refer to as generalized eigenvectors of
A. To go through all the possible cases of repeated roots would take
several chapters of linear algebra (see, for example, Hirsch and Smale
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(1976) or Arnold (1973)); here we shall stick to the possibilities which
arise for differential equations in R? and R3.

Consider first the case where A is a 2 x 2 matrix with a repeated real
eigenvalue ), so the characteristic polynomial of A4 is (s — )2 = 0. Since
A satisfies its own characteristic equation this implies that

(A= XD)z =0 (3.20)

for all z € R%. Now, either (A — AI)z = 0 for all z or there exists e,
such that (A — Al)e, # 0 and e, # 0. In the first case A = diag(), A)
for any choice of basis vectors e; and e,, since Az = Az for all z € R2.
In the second case define

e; = (A—Ale,. (3.21)
Then (A — M)2%e, = 0 = (4 — M)e, and so Ae, = )e;, whilst Ae2 =
e; + Ae, from the definition of e,, (3.21). Hence

Aleq,e5] = [Aeg, Aey +€4] = [eq, €4) (i)‘ ;\) . (3.22)

In other words, if X is a double eigenvalue of A then there is a change of
coordinates which brings A into one of the two cases

(3 g) or (6\ i) (3.23)

In both cases it is easy to solve the differential equation & = Az in this
choice of coordinate system and then translate back to find the solutions
in the original coordinate system.

(3.5) EXERCISE
Show that the solution to

T=Ar, y=Ay
with ((0),4(0)) = (2, Yo) is

z(t) = zoet

, yit) = yoeM
and that the solution to

g=Ar+y, 9=
subject to the same initial condition is

z(t) = e*(zg + yot), Y(t) = yoe



64 8 Linear differential equations

0 A

A e)\t te)\t
[ = 0 e'\t .

Show from first principles that if A = ( A 1) then

Ezample 3.3

a=(3 )

with characteristic polynomial s> —4s+4=(s—2)>=0. SoA=2isa
double eigenvalue. It is easy to see that e, = (1,—1)T does not satisfy
the equation (A — 2I)e, = 0 and that e; = (A — 2I)e, = (6,6)7. Hence

set
_ 6 1 . -1 _ 1 /-1 -1
P—(6 _1) with P7° = 12(——6 6)

2t 2t
P‘IAP=A=(2 1) and etA=(e te )

Consider the matrix

SO

0 2 0 e

To find !4 note that
2t 2t
¢ =PetPT = ( 3te?  e2t(1—3t)
which allows us to write down the solution to the differential equation
& = Az with initial condition z(0) = (z,,y,)T as

Toe?t(1 + 3t) — 3yytet
3zgte?® + y,e?t(1-3t) ) -

The case of three repeated real eigenvalues in R? is similar, but there
are three cases. First note that the characteristic polynomial is (s—)3 =
0 and so

(A=XD3z =0 (3.24)
for all z € R™. The three cases we need to consider are
i) there exists e; # 0 such that (A — A\I)2%e; # 0;
ii) (A—XI)2z = 0 for all z but there exists e, # 0 such that (A—\I)e, #

0; and
iii) (A — AI)z =0 for all .
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These three cases give rise (respectively) to the normal forms

A1 0 A1 0 A 00
0 X 1}, 0 A 0OJ,and {O X O].
0 0 A 0 0 A 0 0 A

The last of these three possibilities is as straightforward as the diagonal
case in R? and so we will not dwell on it. In case (i) define

e; = (A—XI)%e,, and e, = (A — A)es.

Clearly Ae;, = Xe; (as (A — MI)3z = 0 for all z) and Ae; = de; + e,
(from the definition of e,). Furthermore, the definition of e; can be
rewritten as e; = (A— Al)e, and so Ae, = e, +e,. Putting these three
relationships together and forming the matrix [e,, e,, e3] as before gives

Aley, eq,e5] = [Aey, ey + Aey, €9 + Aeg)

A1 0
0 0 A

and so the matrix P = [e,, e,, 3] gives the transformation for the matrix
A to have the required form. '

The second case is the most difficult to establish. We have that (4 —
AM)2z = 0 and there exists e, such that (A — AI)e, # 0. As in the two-
dimensional case define e; = (A — Al)e,, so Ae; = Ae; and Ae, = ey +
e;. We now claim that there is another vector, e;, which is independent
of e; and e, and which also satisfies Ae; = Aeg (wWe shall not prove this
claim, but it is easy to verify in examples). The matrix P = [e;, €5, 5]
then produces the desired form.

(3.6) EXERCISE

Show that if

then
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In the case of complex repeated eigenvectors similar manipulations
yield normal forms

p —w 1 0
w p 0 1
0 0 p —-w]’
0 0 w »p

or the standard block on the diagonal with the unit matrix on the off-
diagonal. In general (for matrices in R™) there is always a coordinate
transformation to bring into normal forms which are blocks of the kind
found above.

3.3 | Invariant manifolds

The manipulations of the previous section show that given the system
Z = Az we can do a simple change of coordinates to bring the equation
into the normal form ¢ = Ay. In the simplest case, where A has distinct
eigenvalues, the matrix A is

A:diag()\l,--.,Ak,Bl,..-,Bm) (3.25)

where ();) are the real eigenvalues and B, are the matrices

(% %)
“i P
associated with the complex conjugate pairs of eigenvalues p; £ iw;. In

component form, with y = (y;,..., Y, Wy, . .- Wy,,) the equation y = Ay
is therefore

gi=My, 1<i<k (3.26)

(“’?J‘—l) = <”ﬂ' _"”’> (“’21-1), 1<j<m, (3.27)
Wa; Wi P Waj

and since they are uncoupled each of these k+m equations can be solved
separately. It follows immediately that the real eigenspaces of A are in-
variant, since if y, = (0,...,Y,...,0) then y(t) = (0,...,Yye*t,...,0),
and similarly the two-dimensional eigenspaces corresponding to the com-
plex conjugate pair of eigenvalues p; +iw; are also invariant. Returning
to the original equation £ = Ax this implies that the corresponding
eigenspaces of A are invariant. Since all the eigenvalues of A are dis-
tinct, these eigenspaces are either one-dimensional or two-dimensional

and
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depending on whether the corresponding eigenvalue is real or not. This
proves the following theorem.

(3.7) THEOREM

If the eigenvalues of the n x n real matriz A are distinct then R™ decom-
poses into a direct sum of one-dimensional spaces and two-dimensional
spaces. Each of these eigenspaces is invariant under the flow defined by

T =A:v.|

If the eigenvalues of A are not distinct then the normal form of A will
contain blocks of matrices with 1s down the off-diagonal as described in
the previous section. The corresponding generalized eigenspaces are, of
course, also invariant but they may be of dimension greater than two.

Ezample 3.4

Consider the matrix

2 0 0 0 O
0 -3 1 0 O

A=}10 0 -3 0 O
0

-0 0 -2 -1
0 00 1 -2
A has 3 blocks: a one-dimensional eigenspace corresponding to the eigen-
value 2, a two-dimensional eigenspace corresponding to the multiple
eigenvalue —3 and a two-dimensional eigenspace corresponding to the
complex conjugate pair of eigenvalues —2 + 4. To solve the differential
equation £ = Az with 2(0) = (y;,¥s, Y3, Y4, ¥5) We can work indepen-
dently in these three eigenspaces. In the first,
&y =2z, 1,(0)=y,
and so
T, (t) = zoe®.

In the degenerate eigenspace
(2)-(0 @) Go)-G)
Zq 0 -3/)\z3/)’ \z3(0) Ys

() = ().

and so
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()= 2) () Go)=(2)

with solution
z4(t)\ _ [ e *(y,cost — ygsint)
z5(t) ] \ e %(yysint + y5 cost) )

Finally

(3.8) EXERCISE

Find the general form of those points which tend to zero as t — 0o and
the points which tend to zero ast — —oo. '

Since each generalized eigenspace of A is invariant under the flow
# = Az, the spaces spanned by several generalized eigenspaces are also
invariant. There are three dynamically important sets of eigenspaces.
Let (u;), 1 < i < n;, denote the generalized eigenvectors associated with
eigenvalues of A with strictly positive real parts, (c;), 1 < j < n,, de-
note the generalized eigenvectors associated with eigenvalues of A with
zero real parts and (s;), 1 < k < n,, denote the generalized eigenvec-
tors associated with eigenvalues of A which have strictly negative real
parts. Then every generalized eigenvector is in one of these sets and
so n, + n, +n, = n. The origin x = 0 is a stationary point of the
flow, andlwe define thelunstable manifold Iof z = 0, E*(0), to be the
invariant space spanned by the eigenvectors (ui),
E°(0), to be the invariant manifold spanned by the eigenvectors (c,) and
the|stable manifold] F(0), to be the invariant manifold spanned by the
eigenvectors (s;).

(3.9) THEOREM

Suppose & = Az, where A is a constant n X n matriz. If n, =0 then

E*(0) = {z € R"|e"*z —» 0 as t — —o0}

E*(0) = {z € R"|e"z > 0 ast — oo} .

The proof of this theorem in the case that A has distinct eigenvalues
is straightforward (see Exercise 3.5), but it needs a little more work, and
linear algebra, to prove in the general case (see Section 4.5). Much of the



8.4 Geometry of phase space 69

effort in the next chapter will be devoted to proving that [the stable and
unstable manifolds of a stationary point persist when nonlinear terms

are added.l

3.4 Geometry of phase space

The invariant manifolds corresponding to generalized eigenspaces are
simply surfaces in R", and the motion on each of these surfaces can be
obtained by solving one of a set of simple differential equations. IThe

general solution or flow is found by superposing the solutions w1th1n

each invariant subspace.|Consider, for example, the equation

T=pr—wy, Y=wr+py (3.28)

with initial condition (2(0),y(0)) = (zg,y,) (cf. (3.17) and (3.27)). In
polar coordinates this equation becomes

F=pr, 6=w (3.29)

and so the motion is a uniform rotation about the origin together with
exponential growth (if p > 0) or decay (if p < 0) of the radial component.
Trajectories of this two-dimensional system are therefore logarithmic
spirals if p # 0 since

% = 57‘ (3.30)
and so
r(6) = r(0)exp {p—g}
w
or

0+¢= % logr (3.31)

provided p # 0; ¢ is just a constant. If p = 0 then trajectories are con-
centric circles. Solutions on the one-dimensional eigenspaces correspond-
ing to real distinct non-zero eigenvalues are unambiguously towards or
away from the origin and so it is easy to superpose the various motions.

Ezample 8.5

Consider the flow £ = Az for x € R3 where A has a pair of complex con-
jugate eigenvalues with negative real parts and a positive real eigenvalue.
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In normal form this equation becomes y = Ay where

p —w 0
A=|lw p 0
0 0 A

where p < 0, A > 0 and w # 0. In component form thi\s becomes

(2 p —w 0 Y1
Yg | =|w p O Yo
Us 0 0 A Y3

and we see immediately that the unstable manifold of the origin is the
y3-axis and the stable manifold of the origin is the two-dimensional plane
defined by y3 = 0. On this plane the motion is given by logarithmic spi-
rals into the origin and on the y;-axis the motion is away from the origin.
So, putting these two motions together we obtain the phase space dia-
gram depicted in Figure 3.1a. The general motion of the original system
# = Az can be obtained from this by applying a linear transformation
to the whole picture, giving a phase portrait like the one sketched in
Figure 3.1b. We shall return to a more detailed description of the phase
portraits for linear systems in two dimensions in Chapter 5.

3.5] Floquet Theory

In this section we want to develop a treatment of non-autonomous linear
differential equations with periodic coefficients, i.e.

&= A(t)z, A(t)=A(lt+T). (3.32)

‘The treatment in this section follows the book by Iooss and Joseph
(1980), and the interested reader is referred to this book for a more
complete and technical discussion of the subject. Let us begin with the
easiest case, when z € R. Then

T =a(t)z, a(t)=a(t+7T) (3.33)

and we can integrate immediately to find

z(t) = zoexp {/Ot a(s)ds} . (3.34)
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(a) TX

(b) /\/J/
] @7

Fig. 3.1 Phase portraits for Example 3.5: (a) in normal form coordinates;
(b) in general coordinates.

Hence ¢(t) = exp { fot a(s)ds} is a fundamental matrix for the problem
with z(t) = ¢(t)z,. Now, since

/0t+T a(s)ds = /OT‘a(s)ds + /t+T a(s)ds

T
and, using the periodicity of a(s), a(s) = a(s + T),

t+T ¢
/ a(s)ds=/ a(s)ds,
T 0
we have

T t+T
et+T)= (exp {/0 a(s)ds}) (exp {/T a(s)ds})

= @(T)e(t) (3.35)

and in particular

l, o(nT) = p(T)™. I (3.36)
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The number o(T) = e°7T is called thelFloquet multiglierll whilst o isl

called aJFloquet exponent.] Note that o is only determined up to a

constant:
2kmi

1
o=% log p(T') + T (3.37)
for any integer k. To determine the stability of the origin (which is a
stationary point) define v(t) =.¢(t)e~%. Then
vt +T) = ot +T)e D) = (1)

since ¢(t + T)e™°T = (t). Hence v(t) = v(t + T), i.e. v(t) is periodic
and bounded. Now, :

z(t) = p(t)zy = v(t)e’ 'z, (3.38)

so if Reoc < 0 solutions tend to zero, whilst if Rec > 0 solutions are
unbounded as t — oo.

Example 3.6

Consider the differential equation £ = (6§ +cost)z. Then a(t) = § +cost,
which is periodic with period 27. Furthermore

27 27
/ a(s)ds = / (6 + cos s)ds = 2mb
0 0

and so the Floquet exponent is ¢ = § and the origin is stable if § < 0
and unstable if 6 > 0.

To generalize the idea of Floquet exponents to R™ we go through a

similar procedure, but]jthe Floquet multipliersjbecome the eigenvalues
of the matrix ®(T) I So, in general, consider the equation
. i=A(t)z, zeR", Alt) = Alt+T). (3.39)
Let ®(t) be the fundamental matrix which satisfies ®(0) = I. So, since
®(t) is a fundamental matrix, ®(t) = A(t)®(t). Hence
St+T)=At+T)®(t+T)=A@t)®(t+T) (3.40)

and so ®(t + T) is a fundamental matrix and (from the discussion of
fundamental matrices at the beginning of the chapter)

Bt +T) = &(t)C (3.41)

where C is a constant matrix. Setting ¢t = 0 we see that i.e.

B(t +T) = B(t)®(T), (3.42)



FEzercises 8 73

and, in particular (by induction on m)
o(mT) = ®(T)™. (3.43)

Now let A; be the eigenvalues of ®(T") and e; the corresponding eigen-
vectors (we will assume that the eigenvalues are distinct). The (A;) are
called the Floquet multipliers and if A; = e%*T then o, is a Floquet expo-
nent. As in the one-dimensional case, o, is only defined up to multiples
of 2%, Now, let z, = Y, a;e; and remember that z(t) = &(t)x, for the
particular choice of fundamental matrix made above. Hence

zt+T)=0(t+T)xy,=2(t)(T {Za e¢}

=@@{z}ﬂﬂ%é. (3.44)
k G(147) 8z BTN e,
Let z,(t) = ®(t)aie,, 1 < k < n, 50 z,(t + T) = ®(t)a,e” e, and, by
analogy with the one-dimensional case, define v (t) = e~°**z,(t). Then
Vet +T) = e 7Dy (t 4 T) = e~ %tz (t) = v, (1)
so each of the components v, (t) is periodic with period T'. Furthermore,
z(t) = Y, 2,(t) = Yr e7*v,(t), and so we conclude, as in the one-
dimensional case, that if Iall the Floquet exponents have strictly negative

real parts then the origin is asymptotically stable, whilst if any of the
Floquet exponents has positive real parts then some solutions diverge to |

infinity. |

Exercises 3

1. Suppose that & = Az where A = diag(), A,...,A). Show that for any
linear change of coordinates, y = Pz, det P # 0, the equation remains
unchanged.

2. By solving the equation for _u or d0 on trajectories, as appropriate,
sketch the phase portrait of

1) T=z, Y=2y;
i) # = -3z, §=—2y;
i) =-z+y, y=-z-y;
iv) £ =3y, y=-3z;
V) £ =2z, y=2y.
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3. Given the differential equation & = Az for € R2, find the eigen-
value equation of A in terms of TrA and detA. Hence find the regions in
the (TrA, detA) plane in which A has two negative real eigenvalues, two
positive real eigenvalues, a pair of complex conjugate eigenvalues with
negative real part, and so on. Find the curve on which A has multiple

eigenvalues. If
4 1
)

find the two values of d for which A has repeated eigenvalues. How does
the behaviour of the differential equation differ at these two values?

4. By setting y = xz show that the differential equation
dy Cz+ Dy

dr ~ Az + By
can be rewritten in the form
x_(i_z=_Bz2+(A-—D)z—C'
dz A+ Bz '
Describe how you would solve this equation and how the solutions are

different for different combinations of the constants A, B,C and D. Re-
late these comments to solutions of the differential equation

= Az + By, y=Cx+ Dy.

5. Suppose & = Az and A has distinct eigenvalues.i Let E*(0) be the
space spanned by the eigenvectors of A corresponding to those eigenval-
ues with negative real part. Show that

E*(0) = {z|p(z,t) » 0 ast — oo}.

6. By transforming the matrices into normal form, solve the differen-
tial equation £ = Az for the following choices of A:

27%) (w) (5%)

7. Consider the differential equation = Az for € R3 and

17 0 41
A= 0 3 0
-5 0 -13

Find a linear transformation which will bring A into normal form and
hence solve the differential equation.
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8. Consider the differential equation © = Az for z € R” and

1 0 0o 0 0 0 O
(—3 -10 0 O O0 O
0 0 0 -2 0 0 O
A= 0 0 2 0 0 0 O
0 0 0 0 -3 -10
0o 0 0 0 1 =30
0 0 0 0O o0 O 1)

Find, in coordinate form, the following sets:

i) E(0);
i) E°(0);
iii) E*(0); and
iv) the invariant manifold associated with the eigenvalue 1.

9. Suppose £ = a(t)z with z € R and a(t) a smooth T-periodic
function of time. Find the equation satisfied by y = p(t)z. For the choice
p(t) = c(t)p(t), where o(t) is a fundamental matrix for the problem,
show that ¢(t) can be chosen such that y = ky for any constant k. If
k = o, the Floquet exponent, show that p(t) is periodic with period T

10. Consider the differential equation # = A(t)z for z € R? and
where A(t) is smooth and T-periodic. Let ®(t) be a fundamental matrix
with ®,,(0) = §;;. By writing the equations out in component form or
otherwise, show that

idet@ = TrA.det®.
dt

Hence show that the modulus of the product of the Floquet multipliers

of A equals
T
exp (/ TrA(t)dt) .
0

11. Suppose u(t) is a periodic solution of the autonomous differen-
tial equation £ = f(z) with least period T > 0. By considering small
perturbations of this solution, z = u(t) + ev(t), € < 1, show that the
evolution of perturbations to lowest order is

o= A(t), A(t)=A{t+T)

where A(t) = Df(u(t)). Show that u(t) is a solution of this equation
and hence deduce that one Floquet multiplier is always equal to unity in
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such situations. Use this result together with question 10 to show that
the Floquet multipliers of a periodic orbit in the plane are non-negative.
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Lineam’zatz’on and hyperbolicity

We have just spent a whole chapter describing linear differential equa-
tions. Why? First, they are one of the few classes of systems which
can be treated in complete generality. More importantly though, we can
hope that|the results obtained for linear systems can be used (at least |
locally) in the study of nonlinear systems.| In this chapter we want to
investigate the extent to which this hope is justified. Suppose that the
nonlinear differential equation

i=f(z), ze€R" | (4.1)

has a stationary point, z,. After a simple shift in the coordinate system
we can arrange for this stationary point to be at the origin, so without
loss of generality we assume that f(0) = 0. Assuming f is smooth, we
can expand f about the origin as a Taylor series to obtain

& = Df(0)x + O(|z|?) (4.2)

where Df(0) is the Jacobian matrix of f evaluated at the origin:
Df(0),; = %(0). Thus if we ignore the terms of order |z|? and higher
we have the linear differential equation

& = Df(0)z. (4.3)

It would be very nice if there were a local change of coordinates,
z = h(y), which brings the nonlinear equation, (4.2), into the linear
equation, (4.3), in some neighbourhood of the origin. This turns out
to be a little too much to hope for, but in Section 4.1 we show that
this can be done in some cases. Another possibility would be that the
local structure in terms of the stable, unstable and centre manifolds is
preserved (with some perturbation), and this
important result of this chapter: jthe stable manifold theorem.] This
states that provided Df(0) has no zero or purely imaginary eigenvalues
(so the linear system does not have a centre manifold) then there are
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stable and unstable manifolds for the nonlinear system which are tan-
gent to the stable and unstable manifolds of the linear system at the
stationary point.|To this extent, then, the local structure of the linear

system is preserved. lIn the remainder of this chapter we look at the

properties of flows which are preserved under perturbation. lThis is im- |
portant because it is rare in physical and chemical contexts to be certain
that the model being studied is precisely correct, and so it is important
to know which properties of solutions remain true for ‘nearby’ models.

4.1 jPoincaré’s Linearization Theorem

Suppose that £ = f(z), f(0) = 0, and f is analytic on R™. What
conditions need to be satisfied for there to exist a change of coordinates
in some neighbourhood of the origin such that the differential equation
in these new coordinates is the linear system y = Df(0)y? The answer
to this question depends upon the eigenvalues of the matrix D f(0); there
are problems if the eigenvalues are resonant. Arnold (1983) provides a
particularly readable account of this problem, and we follow his method
here. For more details and a general exposition of other situations in
which these resonances arise the reader should consult this book.

(4.1) DEFINITION

Suppose that the eigenvalues of Df(0) are (Ay, Ay,...,A,). Then Df(0)
18 if there exist non-negative integers (mq,my,...,m,) with

>k My > 2 such that

n
(mX) =3 mhy = A,
k=1

for some s € {1,2,...,n}. [The quantity m| = Y7 my, is called|the order

of the resonance.}

The problem associated with resonance is one of the convergence of
the power series expansion of the new coordinates in terms of the old
coordinates. l We shall try to find the new coordinate system. Rather

than solving for the new coordinate system in one go, we shall construct
a series of coordinate changes which kill terms of order j = 2,3,4,...
in turn. I At each stage the coefficients of the coordinate change will
have denominators of the form A, — (m,A) with |m| = j and so if this
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Iexpression vanishes we will be unable to make the coordinate change.l
This is an example of what is known as a small divisor problem. The
technique of using successive coordinate changes of order 2,3,4,... to
simplify the differential equation is one which will recur throughout this
book, most notably in Chapters 8 and 9 (and also at the end of this
chapter), so it is worth going through the argument below quite carefully.

It is always easiest to work initially in coordinates for which D f(0)
is in Jordan normal form. So assume that this linear coordinate change
has already been made; so if D f(0) has distinct eigenvalues (which may
be complex) then the coordinate system (z,,z,,...,%,) is such that

Z; = A;x; + higher order terms.

Now group together the higher oyder, terms by order, so
, Vr ) Vin 1\)
x=Df(O)x+(1yz,(:f5+vr I

where VJ contains terms only of order j and r > 2. Thus, if we let
M, ={meZ"m,; >0,> m, =r}, we can write

Y@= a,zm (4.5)

meM,

(4.4)

m m. .
where m = (my,...,m,), ™ = z7"'z3" ...z’ (called a monomial of

degree |m|) and a,, is an n dimensional vector. For example, if n = 2 and
r = 2 then M, = {(0,2),(1,1),(2,0)} and, in coordinates z = (z,,z,),
vy(z) = a(z,o)xf +a(1,1)T1T2 + a(o,z)x§~

We shall try to construct a near identity change of coordinates y = z+. ..
such that

y=Df0)y+V,41(y) +... (4.6)

If we can do this, and then repeat the argument for the terms of order
r+1 and so on we will have a formal power series for y such that, having
killed terms of order r, r 41, ... successively, §y = Df(0)y. So, we have

T, = \x; + Z AT+ Vg 4(Z) + - (4.7)
me M,
and we will try a coordinate change

Y, =x; + Z b ™ (4.8)
‘ meM,
with inverse
Ti=y— ) buy™+0(y™") (4.9)
meM,
’U\" \ (2)
Ve, 2(x)

Vr (x) = :

AN
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and choose the coefficients b,,,; such that
i = At + Voyi(@) + ... (4.10)

To do this we need to differentiate y, with respect to time, and so we
must differentiate ™ with respect to time. Now,

n

d m j“k m
i =Zx—kmkx

k=1
n
= Z mkAkmm + O(ler+l) (4.11)
k=1
so, differentiating the expression for y in terms of x and writing (m,A) =
21 MAps
g =%+ Y bpni(m,A)a™+ O(lz[™H). (4.12)

meEM,.
Substituting for &, from (4.7) gives
v = Az, + Z @™ + Z b (M, )™ + O(|z|™+1)
meM, meM,
and finally, substituting z in terms of y using (4.9)
Ui = Ay — Z briy™) + Z Oy
meM, meM,.
+ D byi(m, Ny™ + O(y™). (4.13)
meM,
Putting the first and third sums into a single sum we find that

P
9 = Ayt Y by (=N + (m, )‘)@
mEMr

+ 3 apny™+0(yI™Y) (4.14)
mGMr

and hence if we choose the coefficients b,,; such that
a

— mi
all the terms of order r disappear and we are left with
Ui = A\y; + O(Iy!rﬂ) (4.16)

or

U = At + Vi) + . (4.17)
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But of course, we can only choose this value of b,,,; provided
A —(myA) #0 (4.18)

i.e. if A is not resonant of order r. So provided that ) is not resonant of
order r, we can use a near identity change of coordinates with terms of
order r such that all the terms of order r are killed. We can now repeat
this argument with the terms of order r + 1 and so on. This proves the
following theorem.

(4.2) THEOREM

Suppose that & = f(z), f(0) = 0 and Df(0) is not resonant. Then if
Df(0) is diagonal there exists a formal near identity change of coordi-
nates y =z + ... for which y = Df(0)y.]

(4.3) EXERCISE

Consider the case of systems in R? and suppose that Df(0) has eigen-
values A\; and Ay. Then if A\{ = 6 and A\, = —2, the system is resonant
of order 5 since Ay = 2X\; + 3\ (or Ay = A\; +4X;). Are the follow-
ing choices of A\; and A\, resonant, and if so, what is the order of the
resonance?

i) M =1, Ay =—1; >\\ = 1>\\ +>‘1— ofr >\7- = )\'+2)‘2~« ocder 3

i) A, =10, A =5 N\ = Xy ovdsr %

i) A =10, ==5 3 = 2%, +2x eor Az= Mt 3N prdec
iv) \i=T7,2=9 ave mot vesevianl !

V) A1=3, A2=-—18 A( = :}-)l‘f‘)\z onr )1 = 2)7\.}6), or\&“ra

In fact, the restriction that D f(0) should be diagonal is not necessary;
the argument works perfectly well in the case of degenerate eigenvalues,
but the calculations are a little more complicated and we leave this as
an exercise for the interested reader.

__I The change of coordinate is given, implicitly, by a formal power series.
This only gives a true change of coordinate if the power series converges
in some neighbourhood of the origin.| Proving the convergence of this

power series is a subtle piece of analysis which we will not go into, but
some results are easily stated.
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__l Poincaré was able to prove that the power series of Theorem 4.2 con-
verges if the eigenvalues ();) are non-resonant and either Re A > 0 for
t=1,.,nor Rel, <0fori=1,..n. |If some eigenvalues have nega-
tive real parts and others positive real parts then the statement is more
complicated. This convergence result is due to Siegel. |

(4.4) DEFINITION

The n-tuple A = (A, ..., A,,) satisfies the Siegel condition if there exists
C > 0 and v such that for alli=1,...,n

C

Im[”
for all m = (my,...,m,), where (m;) are non-negative integers with
Im| = Etm; > 2.

]’\z' - (m7 ’\)I 2

Thus the eigenvalue satisifies Siegel’s condition (sometimes called a
diophantine condition) if |\; — (m, A\)| is sufficiently far from zero. The
results of Poincaré and Siegel can be summarized in the following theo-
rem.

(4.5) THEROEM (POINCARE’S LINEARIZATION THEOREM)

If the eigenvalues ();), = 1, ...,n, of the linear part of an analytic vector
field at a stationary point are non-resonant and either Re A, > 0, i =
1,..,m, or ReX;, < 0, ¢ = 1,..,n, or (A;) satisfies a Siegel condition,
then the power series of Theorem 4.2 converges on some neighbourhood
of the stationary point.

If the conditions of Theorem 4.5 hold, then there is an analytic change
of coordinates in a neighbourhood of the stationary point which brings
the differential equation into linear form. Note that provided the eigen-
values are non-resonant, it is always possible to make local polynomial
changes of coordinate which will kill nonlinear terms to arbitrarily high
order.

The next example shows the extent to which a resonant vector field is
different from its linearization. We shall see that the difference is really
not that great, indeed, there is no difference topologically. This will
motivate the next section, in which we concentrate on those topological
features of the local flow which are preserved when going from a vector
field to its linearization.
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Ezxample 4.1
Consider
t=x, y=2y+2°
with linearization at the origin given by
T=z, y=24.

The eigenvalues of the linearization are (A;,A;) = (1,2) and this is
resonant of order two since 2A; = A,. Solution curves of the linearized
equation lie on solutions of

dy _ 2y
dr  z’
which we can easily solve to obtain a family of parabolae,

y = kz®. (4.19)
Similarly, the full problem has solutions which lie on curves defined by
dy _ 2
dr  z +

which gives, multiplying through by the integrating factor z~2,

ody d, _ 2y 2y _
20y _ @, -2 2y _ 4y 1
T dz d:n(m y)+x3 x3+x
Hence the solution curves are of the form
y = z%(log |z| + k). (4.20)

4.2 Hyperbolic stationary points
and the stable manifold theorem

If we are only interested in topological properties of the flows the non-
resonance conditions of Theorem 4.5 can be replaced by much weaker
conditions.

(4.6) DEFINITION

A stationary point x is hyperbolicliﬁ Df(z) has no zero or purely imag- |
inary eigenvalues. |
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There are two important theorems for hyperbolic stationary points,
the stable manifold theorem and Hartman’s theorem. The first shows
that the local structure of hyperbolic stationary points of nonlinear flows,
in terms of the existence and transversality of local stable and unstable
manifolds, is the same as the linearized flow, and the second asserts that
there is a continuous invertible map in some neighbourhood of the sta-
tionary point which takes the nonlinear flow to the linear flow preserving
the sense of time.

Let U be some neighbourhood of a stationary point, x. Then, by
analogy with the definition of the invariant manifolds for linear systems
we can define the local stable manifold of z, W (z), and the local
unstable manifold of z, W} (z), by "

We (z) ={y € Ulp(y,t) = x ast — o0, p(y,t) € U for all t > 0}

and

We.(z) ={y € Ulp(y,t) >z ast — —o0, p(y,t) €U for all t <0}

The stable manifold theorem states that these manifolds exist and are of
the same dimension as the stable and unstable manifolds of the linearized
equation §y = D f(z)y if z is hyperbolic, and that they are tangential to
the linearized manifolds at x.

F»
(4.7) THEOREM (STABLE MANIFOLD THEOREM) I

Suppose that the origin is a hyperbolic stationary point for & = f(x) and
E? and E" are the stable and unstable manifolds of the linear system & =
Df(0)x. Then there exist local stable and unstable manifolds W} (0)
and W (0) of the same dimension as E* and E* respectively. These
manifolds are (respectively) tangential to E° and E* at the origin and

as smooth as the original function f.|

'Note that in Chapter 3 the centre manifold of a stationary point was
also defined, but that for a hyperbolic stationary point the centre man-
ifold is empty. We shall return to the problems of finding nonlinear
centre manifolds in Chapters 7 and 8, where the basic ideas of bifurca-
tion theory are introduced. The content of this theorem is illustrated in
Fig. 4.1. The proof is, unfortunately, long and technical and we leave
this to the end of this chapter, since we will be much more concerned
with the use of this theorem.
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One further point can be made without difficulty: suppose that z,
is a hyperbolic stationary point, then there are three possibilities. Ei-
ther Wi, (zo) = 0, or W (x,) = 0, or both manifolds are non-empty.
These three possibilities are given names: z; is called a source, sink or
saddle respectively. From the definition of the linear stable and unsta-
ble manifolds and the stable manifold theorem it should be obvious that
these definitions can be made in terms of the eigenvalues of the Jacobain
matrix at x, in the following way.

(4.8) DEFINITION

Suppose that z, is a hyperbolic stationary point of £ = f(z) and let
Df(z,) denote the Jacobian matriz of f evaluated at x,. Then x, is a
sinklif all the eigenvalues of Df(x,) have strictly negative real parts and

alsourcelif all the eigenvalues of Df(x,) have strictly positive real parts.

Otherwise Ty S alsaddle.l

We shall see in Sections 4.3 and 4.5 that|for small perturbations of
the defining equations, a source remains a source, a sink remains a sink

and a saddle remains a saddle.| Furthermore, as one would expect, if Ty
is a sink then it is asymptotically stable.

If we choose a coordinate system for which the linear part of the dif-
ferential equation at the origin is in normal form we can always arrange

S
)

W, (0)
,\v\ /v/ cu

Fig. 4.1 Stable and unstable manifolds.
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for the differential equation to be of the form
& =Az+g,(z,y) y=-By+g,(zy) (4.21)

where z € R"™, y € R™ (where n,, is the dimension of the local unstable
manifold and n, is the dimension of the local stable manifold, n,, +n, =
n) and both the square matrices A and B have eigenvalues with positive
real parts. The functions g;(z,y), ¢ = 1,2, contain the nonlinear parts
of the equation, so they vanish, together with their first derivatives at
the origin, (z,y) = (0,0). Hence

E?(0,0) = {(z,y)|lz = 0} and E*(0,0) = {(z,y)ly = 0}.

Since the stable and unstable manifolds are smooth and are tangential
to these manifolds at the origin they can be described as the graphs of
functions, so the stable manifold is given by

z,=8;(y), i=1,...,n (4.22)

u

where

851(0)=0, 1<i<n,,1<j<n, (4.23)
0y;
since the manifold is tangential to E*® at 0. Similarly we can write the

unstable manifold (again locally) as

oU; ) .

This observation allows us to approximate the stable and unstable man-
ifolds by expanding the functions S; and U; as power series. Consider
U; (the argument is the same for S;). We begin by expanding U; as a
power series in z, so

Uj) =Y Y upz™ (4.25)
r>2meM, ;
where the notation is as in the previous section. If B is diagonal then
with eigenvalues (A;), ¢ =1,2,...,n, then
" Y, = —/\jyj + gzj(a:,y) (4.26)
and on the unstable manifold y = U(z) so
=\;U;(2) + g95(, U(x)). (4.27)

On the other hand

. d s, 0
g; = dtUj(x)—;wka—%Uj(x). (4.28)
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Comparing the right hand sides of (4.27) and (4.28) we find that
U;(z) + g95(z,U(z)) = Zxka U;(z) (4.29)

and we can now substitute the series expansion for the functions U ; into
these equations and equate coefficients of powers of z in order to get
a set of simultaneous equations for the coefficients u,,; which can be
solved to arbitrary order. An example may make this clearer.

Example 4.2
Consider the equations
=z, Y= —y+:1:2.
This has a unique stationary point at (z,y) = (0,0) and the equation
is already in normal form near the stationary point. The linearized
equation is
T=z, y=-yY,
giving a saddle at the origin with invariant linear subspaces

E°(0,0) = {(z,y)|lz = 0} and E*(0,0) = {(z,y)|y = 0}.

By the stable manifold theorem we know that the nonlinear system has
a local unstable manifold of the form

oUu
and so we try a series expansion for U,
U(z) = Z ui_x*f
k>2
Now,
y=-y+ai=-) ugz'+a?
k>2

on the unstable manifold and also

:z:) Z ku,zF.

k>2
Equating terms of order z2, z2 and so on gives

—uy + 1 =2u,, and —u, = kuy, k> 3.
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Hence u, = %, uj, = 0 for k > 3 and so

Wiee(0,0) = {(z,y)ly = 32°}.
A similar exercise shows that W} (0,0) = E*(0,0).

Later in this book (Chapter 12) we will see that a great deal of inter-
esting dynamics is controlled by the behaviour of the stable and unstable
manifolds of stationary points; for this we need to extend the local man-
ifolds to obtain global stable and unstable manifolds defined by

W*(0) = |J p(Wik.(0),) and W*(0) = | J o(W,.(0),1).

t<0 >0

The second result of this section is associated with a weakening of
the requirements of Poincaré’s Linearization Theorem. In the previous
section we looked for a change of variable such that the equation in
the new variable is locally just the linear flow. This turned out to be
quite a tough condition to meet, but in Example 4.1 we saw that even
when the linearization has resonant eigenvalues the flow was remarkably
similar to the linear flow (at least for the hyperbolic stationary point
considered). This suggests that an alternative strategy might be to look
for a map from the nonlinear flow to the linear flow in a neighbourhood
of the stationary point, which takes trajectories of the nonlinear flow to
trajectories of the linear flow.

(4.9) THEOREM (HARTMAN’S THEOREM)

If z = 0 is a hyperbolic stationary point of & = f(z) then there is a
continuous invertible map, h, defined on some neighbourhood of x =
0 which takes orbits of the nonlinear flow to those of the linear flow
exp(tDf(0)). This map can be chosen so that the parametrization of

orbits by time is preserved.|

Note that the map is only continuous (not necessarily differentiable)
and so it does not distinguish between, for example, a logarithmic spiral
(cf. (3.31)) and the phase portrait obtained when the Jacobian at the
stationary point has real eigenvalues. If we want greater smoothness we
find ourselves involved once again in problems of resonance.
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4.3 Persistence of hyperbolic stationary points

Another important feature of hyperbolic stationary points is the fact
that they persist under small perturbations of the defining differential

equations. Henccﬂif the origin is a hyperbolic stationary point of £ =

f(z) and v is any smooth vector field on R™ then for sufficiently small
€ the equation

z = f(z) + ev(x) (4.30)

has a hyperbolic stationary point near the origin of the same type as the

hyperbolic point of the unperturbed equation.|This robustness, together

with the results of the previous section, shows that|the dynamics in a

neighbourhood of a hyperbolic stationary point is not radically altered

by small perturbations.|This will be of crucial importance when we come

to consider bifurcation theory in Chapters 7 and 8. To see this, suppose
that f(0) = 0 and look for stationary points of the perturbed system.
They satisfy

f(z) + ev(z) = 0. (4.31)

Expanding this equation about z = 0 (or using the implicit function
theorem) gives

[Df(0) + eDv(0)]z + ev(0) + O(|z|?) = 0 (4.32)
with solutions
z = —€[Df(0) + eDv(0)]*v(0) + O(€?) (4.33)

provided [Df(0) + eDv(0)] is invertible. Now, if z = 0 is a hyperbolic
stationary point, the eigenvalues of D f(0) are bounded away from zero
and hence the eigenvalues of [Df(0) + eDv(0)] are bounded away from
zero for sufficiently small e. So det[Df(0) + eDv(0)] # O for sufficiently
small € and hence this matrix is invertible. We now want to show that
the stationary point of the perturbed equation is also hyperbolic. By
continuity in €, there is a neighbourhood of € = 0 for which the real parts
of the eigenvalues of [Df(z) + eDv(x)] are all non-zero for sufficiently
small z. In particular, no eigenvalue can cross the imaginary axis and so
the number of eigenvalues on the right of the imaginary axis and on the
left of the imaginary axis is the same for all z sufficiently small in this
neighbourhood of € = 0. Now simply choose € small enough so that it is
in this neighbourhood of € = 0 and the stationary point of the perturbed
equation has sufficiently small |z|. Then for all values of € sufficiently
small the stationary point of the perturbed equation is hyperbolic.
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For the application of these results to bifurcation theory later it is
worth pointing out the different roles of zero and purely imaginary eigen-

values in the non-hyperbolicity conditions.|To ensure the existence of a

stationary point for small enough perturbations of the original equations

it is enough that no eigenvalue of D f(0) is zero.] However, to ensure that

no eigenvalue passes through the imaginary axis (so stability properties
of the perturbed stationary point are the same as those for the origi-
‘nal stationary point) we need the unperturbed stationary point to be
hyperbolic, i.e. no eigenvalues of the linearized flow are zero or purely

 imaginary. |

4.4 Structural stability

In the previous section we established that sufficiently small perturba-
tions of a flow with a hyperbolic stationary point have a hyperbolic
stationary point of the same type. One could ask a deeper question:
when are all sufficiently small perturbations of a differential equation
equivalent to the original or unperturbed equation? Of course, this in-
volves global rather than local perturbations and also depends upon how
the notion of equivalence is defined and how wide a class of perturba-
tions is allowed. We shall not go into these questions in any great depth,
but sketch some of the ideas and major results which arise. The idea
of equivalence for flows is basically the same as for Hartman’s theorem,
except that the parametrization of solutions by time is not necessarily
preserved although the sense of time is preserved.

(4.10) DEFINITION woil) e als \

Two smooth vector fields f and g arelﬂow equivalent lijf there ezxists a
homeomorphism, h, (so both h and its inverse exist and are continuous)

which takes trajectories under f, p;(z,t) to trajectories of g, wg(%, t),
and which preserves the sense of parametrization by time.

Y - b(x)
A simple consequence of this definition is that for any  and t; there
exists t, such that

h(eg(2,t1)) = g (h(), ta).

The fact that time parametrization is not necessarily preserved reflects
the fact that we are more interested in the geometry of solutions than
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the amount of time along trajectories, so we want periodic orbits of
different periods to be (at least potentially) flow equivalent. We now
restrict the class of perturbations allowed with the aim of retaining as
much generality as possible whilst being able to prove interesting results.

(4.11) DEFINITION

A vector field f : R® - R" islstructumlly stablelz’f for all twice differ-

entiable vector fields v : R™ — R™ there exists ¢, > 0 such that f is flow

equivalent to f + ev for all € € (0, ¢y).}

The idea of structural stability was introduced and refined in the
1960s and 1970s. The hope was that the space of differential equations
would split into regions where the flow is structurally stable, bounded
by codimension one surfaces which would form the boundary between
different structurally stable classes of vector fields. In this way ‘typical’
behaviour of systems could be classified (the structurally stable ones).
The major triumph of this programme was the complete description of
structurally stable flows on compact manifolds of dimension two. To
state this result we need a definition of hyperbolicity for periodic orbits.
This will be described in more detail in Chapter 6, but for the moment,
from question 11 of the exercises to Chapter 3, we shall use the following
definition.

(4.12) DEFINITION

Suppose u(t) is a periodic orbit of the system & = f(x) with least period
T. Thenfu(t) is hyperbolickif all the Floguet multipliers of the T-periodic
equation

o = Df(u(t))v

lie off the unit circle except one, which must equal unity.

In other words, the multipliers play a similar role to the eigenvalues of
the Jacobian matrix of a stationary point, but the condition Re();) # 0
for stationary points is replaced by |A;| # 1 for the Floquet multipliers
of the periodic orbit. A consequence of this definition (which will be
elaborated in Chapter 6) is that for z € R? if ' denotes the periodic
orbit in phase space then there is a tubular neighbourhood N of I" such
that for all x € N, ¢(z,t) = T'ast — oo or as t — —o0.
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.13) THEOREM (PEIXOTO’S THEOREM
4.13 ’

Let f : R? — R? be a twice differentiable vector field and let D be
a compact, connected subset of R? bounded by the simple closed curve
0D with outward normal n. Suppose that fn # 0 on 0D. Then f is
structurally stable on D iff

i) all stationary points are hyperbolic;
ii) all periodic orbits are hyperbolic;
iii) ifz andy are hyperbolic saddles (with x = y possibly) then W*(z)N
We(y) = 0.

Furthermore, the set of structurally stable vector fields is open and dense
in the set of twice continuously differentiable vector fields satisfying the
conditions of the theorem.

The restriction to flows on compact subsets of R? is needed to avoid
awkward things happening at infinity. D can be replaced by any com-
pact two-manifold, but we have restricted the result to the plane for
simplicity. The hope was that a similar theorem would hold in general
(this was called Thom’s wX conjecture). In the late 1970s work on chaos
showed that even for flows in R3 this theorem does not generalise nicely.
We shall see an example of how much more complicated life can be in
Chapter 12. Ideas of structural stability, using further refined definitions
of equivalence, are still an active topic of research.

4.5 Nonlinear sinks

In this section we want to extend the results of Section 2.3 (about the
stability of stationary points) to nonlinear systems. We will also use
the results about normal forms to treat linear systems with repeated
eigenvalues.

The result we want to prove is that any sink is asymptotically stable.
In some sense this follows directly from Hartman’s Theorem (Theorem
4.9), but since we did not prove the theorem we shall give an independent
proof of the stability result.

(4.14) THEOREM

Suppose x is a sink of the differential equation & = f(x), where z € R™
and f is a smooth function. Then x, is asymptotically stable.
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Proof: We begin by making a number of obvious coordinate transfor-
mations. Without loss of generality we can assume that z; is the origin
and that the linear part of the differential equation is in normal form.
Hence we consider

& = Az + g(x) (4.34)

where A is a m X n matrix with eigenvalues all having strictly negative
real parts and g is a smooth function which vanishes together with its
first derivatives at the origin (i.e. g contains the nonlinear terms). Since
A is in normal form

A= diag(4,, ..., A) (4.35)

where the A, are Jordan blocks. We need to make one further change
of coordinates. Suppose that A, is the r x r block

A1 0 ...0
00X 1 ...0
Dol e (4.36)
0 0 A1
0 0 A

involving the variables z,, toz,,, . ;. Let y,, ., =€ %z,  for0<s <
r — 1. Then the linear part of the equation is transformed from

Ty = AT, + Ty 0 U =AY, + €y

and so on. Hence the block is transformed to

A e 0 ... 0

0 A € ... 0

oo el el (4.37)
0 0 ... X €

00 ... ... A

in the new coordinates (¥,,,- - -, Ypmyr_1)-
Similarly, for a 2r x 2r block of the form

c I o0 ... 0

0o ¢ I .. 0

N (4.38)
0 0 c 1
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A —w 1 0
C_(w )\) and I—(O 1)

the transformation of the corresponding coordinates (z,,. .., %, 2,_1)
t0 (Yps -+ »Ypyor—1) Where

where

8 —_ S —_
€ Upt2s = Tpt2sy € Yptas+1 = Tpyas+1

for 0 < s < r — 1 gives the new block

C e 0 ... O
0 C eI ... 0
I (4.39)
0 0 ... C e
o o0 ... ... C

With this preparation the differential equation (4.34) becomes
y = By + h(y) (4.40)

where B is the normal form matrix with the ¢ modifications described
above and h(y) is smooth and vanished together with it’s first derivatives
at the origin. _

Now consider the standard first guess for a Liapounov function:

V@) => v} (4.41)
i=1
with
V() =2y (4.42)
i=1

If y, corresponds to a single real block in the matrix B then
Yi¥; = ’\iy'iz + O([y|3) ‘ (4.43)

where the eigenvalue )\; is strictly negative and the cubic order terms
come from h(y). Similarly, if (y;,y;,,) corresponds to a complex conju-
gate pair of eigenvalues in a single block,

w, N )’

Y;Y; + yi+1gi+1 = )‘z‘(yz? + y'i2+1) + 0(|y|3)- (4.44)

then



4.5 Nonlinear sinks 95

Furthermore, if (y;,...,¥;,,_1) correspond to a block like (4.37) then

r—1 r—1
. 2
Z YitsUips = A Z Yits
=0

s=0

+ €(¥iYir1 - F Yirr—2Yitr—1) + O(ly[®). (4.45)
Noting that

1 2 2 2
YirsYits+1 = 3 ((yi+s + yi+s+1) “Yits — yi+s+1)

equation (4.45) can be tidied up to give

r—1 r—2
Y Vigalise = A= 3@ +¥2r1) + (A 92,
=0 s=1
r—2
+ 3¢ Z(%‘+s + Yiror1)? + O(yl?). (4.46)
s=0

(4.14) EXERCISE

If (Yis+ -y Yspor—1) 15 associated with a block like (4.39) show that

2r—1 .
YirsUips = (A — 3€)(¥7 + .%'2+1 + Ulrara + yi2+2r—1)
8=0 .
2r-3 2r—-2
+ A=) Y v+ 3D Wips + Uigorn)’
8=2 s=0
+O(Jyl*). (4.47)

Now, all the eigenvalues of B have negative real parts, so choosing
€ < 0 such that

. (Re(A;)) —e) <pu<0 (4.48)
for all eigenvalues A, of B we find (using (4.43), (4.44), (4.46) and (4.47))
that

Vy) <2u) 7 +O0(lyP) (4.49)

=1

Since h and its derivatives are smooth, there exists K > 0 such that

IO(IlyP)l < Klyl® (4.50)



96 4 Linearization and hyperbolicity

on some neighbourhood of y = 0. So, choosing |y| < K~!|u| we find
that

Kly* < |ullyl>. (4.51)
From (4.49) this implies that

V) <pd v2 (4.52)
i=1

This completes the proof: V is a Liapounov function on some neigh-
bourhood of y = 0 and V < 0 for y # 0. Hence, by Theorem 2.11
(Liapounov’s second stability theorem), y = 0 is asymptotically stable.

(4.15) EXERCISE

Show that trajectories in a sufficiently small neighbourhood of y = 0 tend
to y = 0 exponentially fast.

Theorem 4.14 provides a very simple test for the stability of stationary
points: simply evaluate the Jacobian matrix at the stationary point
and show that all the eigenvalues are negative. Note, however, that a
stationary point at which the Jacobian matrix has an eigenvalue with
zero real part can be asymptotically stable (depending on the nonlinear
terms), but if there is an eigenvalue with strictly positive real part then
the stationary point cannot be asymptotically stable.

4.6 The proof of the stable manifold theorem

There are many proofs of the stable manifold theorem, all of them in-
volving rather more pure mathematical machinery than we are assuming
for the purposes of this book. The reader who would like to see a com-
plete proof should consult Devaney (1989), Carr (1981), Irwin (1980) or
Marsden and Scheurle (1986), each of which gives a different proof. The
title of this section is therefore a little misleading: instead of giving a
proof we shall suggest a demonstration of a proof based on the same type
of arguments as those used in Poincaré’s Linearization Theorem in Sec-
tion 4.1. In particular, we will restrict attention to analytic differential
equations.
The idea of this sketch is simple: given the differential equation

T =Az + g,(z,y) (4.53a)
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Y = —By + g5(z,v) (4.53b)

where the eigenvalues of both A and B are all positive and both matrices
are in normal form and the functions g; and g, are real analytic and
contain only nonlinear terms (cf. (4.21)) we see immediately that for
the linearization of (4.53),

t = Az, y= —By, (4.54)
the stable and unstable manifolds of (z,y) = (0,0) are given by
E°(0,0) = {(z,y)| = 0}
and
E*(0,0) = {(z,)| y = 0}.

Hence we expect the stable and unstable manifolds of the nonlinear
problem (4.53) to be perturbations of these axes if they exist. Thus,
for example, we might look for a stable manifold of (4.53) of the form
z = S(y) for some function S. Hence, after the change of variable
€ =z — S(y), the axis { = 0 should be invariant. To prove (sort of) the
result we will show that there exists a function S(y), defined as a formal
power series, such that after the change of variable

£=2-5(y) (455)

the differential equation, (4.53), is transformed into
§=AE+EF (6 (4.562)
y=-By+ F(¢y). | (4.56b)

From (4.56a) it should be immediately obvious that the axis £ = 0 is
invariant (since £ = 0 implies that £ = 0) and the motion on £ = 0 is
given by

Yy = —By + F5(0,y). (4.57)

Since F;, contains only nonlinear terms, Theorem 4.14 implies that y = 0
is an asymptotically stable solution for (4.57) and the stable manifold
theorem follows.

The trick, then, is to prove that there exists a function S(y) such that
the change of coordinates (4.55) gives the differential equation (4.56).
To do this we begin by noting that for real analytic g, (z,y) (4.53a) can
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be written as

= Az + zG,(z,y) + Zvr(y) (4.58)
r>2

where, as in Section 4.1, v,.(y) is a sum of monomials of order r. More
explicitly, ify € R®, z € R (i.e. n, = s and n,, = u in the nomenclature
of (4.21)), m = (my,...,m,) and
YT =yt g
then
v@®) = Y 4" (4.59)
mGMr

where a,, € R* and, as in Section 4.1,

8
Mr = {(mly-.-,ms”mi ZO, Zm" =7‘}.
1

We now need to define a coordinate transformation to get rid of the
terms v,.(y). As in the proof of Poincaré’s Linearization Theorem we
do this by induction on r. Suppose that we have used a sequence of
transformations

€D =€ - 5,(y), y=y (4.60)
with £® = z, such that at the k** step the functions S,(y) to S,_,(¥)
have been chose such that in the new coordinate £(¥) equation (4.58) is

€0 = A6 + €916, (€W, y)

+ Vi) +D_V.(v) (4.61)

r>k

where the V;(y) are sums of monomials of order j as the v,(y) were.
Now try the coordinate change

R X () (4.62)
with .
Se@) = Y bny™ (4.63)
meEM;,

and so, in coordinate form with 1 < ¢ < u,

e =M+ N ba™. (4.64)
meE M
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Now, as in Section 4.1, we will assume that the eigenvalues of A and
B are real and distinct (there is no real problem in including the more
general cases, but the algebra gets too messy). Then, from (4.11) we
have that for m € M,

% "= (Z mpﬂp) y™ +O(ly|**Y) (4.65)
p=1

where the (3, are the eigenvalues of —B, so 3, < 0. Now recall the
convention that

Z mpﬁp = (ma /8)
p=1

Differentiating (4.62) in component form and using (4.61) and (4.64) we
find that

EFHD) = g et 4 Bt (e®HD,y)
+ z (@i + (0 — (M, 8))byri) Y™

meMi
+O(Jy/**"). | (4.66)
So, choosing
b, = —mi (4.67)

me
™ (m,B) o
we find that the new equation satisfied by §§k+1) is
ERHD = At L DG (%), ) +Y VI (y)  (4.680)

r>k

g =—By+ F,,(*+D,y) (4.68b)

where V/(y) are modified sums of monomials of order r. This completes
the proof since we can now use induction on & to get rid of all the terms
in y™ of order k in (4.68a) for each k > 2. Note that since 8; < 0 and
o; > 0 the denominator of (4.67) is never zero and so the problem of
small divisors and resonance is avoided. Hence there is a sequence of
coordinate changes (4.64) such that we obtain, in the limit, a coordinate
change

£=z-5(y) (4.69)
where S is defined as a formal power series,
Sw) =D _sk(v), (4.70)

k>2
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such that in the coordinates (£,y) the equation (4.53) becomes (4.56).
The theorem then follows from the remarks at the beginning of this
section (assuming, as we do, that the formal power series defined all
converge on some neighbourhood of (¢,y) = (0,0)).

Exercises 4

1. Although the linearization of
t=x, ¢=3y+z2

is resonant (of order 3), show that there is a near identity change of
coordinates which removes the quadratic term. By solving the equa-
tion for trajectories exactly comment on the correspondence between
trajectories of the nonlinear equation and its linearization.

2. Find the stable and unstable manifolds, correct to cubic order, for
the following systems. Also, find the equation of motion on the unstable
manifold correct to quadratic terms in each case.

(i)
t=3z+22 +xy, ¥=-y+3y>+z’y—4z3
(ii)
&=-2r—-3y—z%, §=zx+2y+zy—3y>

3. Suppose & = Az + f(z) for z € R?, where A is a 2 x 2 matrix and
f vanishes with its first derivatives at £ = 0. Find sufficient conditions
on the coefficients of A for the origin to be asymptotically stable.

4. Consider systems as in question 3 but for z € R3. If
@11 Q12 Og3
A=|ay ay ag
a3, a3y 0ag3
show that the origin is asymptotically stable if
G117 G12

>0, and detA <O0.
Q21 Q29

a;; <0,

5. For what values of r, ¢ and b do non-trivial stationary points of
the Lorenz equations,

z=o0(-z+y)
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y=rx—y—x2

z=—-bz+zy,
exist? When are they asymptotically stable?

6. Suppose that £ = Az + f(z), ¢ € R™, where A is an n X n matrix
and f vanishes together with its first derivatives at the origin. Use the
Stable Manifold Theorem to show that if one or more of the eigenvalues
of A has strictly positive real part then = 0 is not Liapounov stable.

7. Suppose that £ = 0 is a sink for # = Az + f(z) for z € R? (where
A and f are as in question 2) and that y = 0 is a sink for §y = By +g(y),
y € R? (with the obvious notation). Show how to construct a map h
from a neighbourhood of x = 0 to a neighbourhood of y = 0 mapping
trajectories of one system to trajectories of the other. [Hint: Define h to
be the identity on sufficiently small circles containing the points z = 0
and y = 0 respectively. Then define h inside these circles by following
the flow near z = 0 back to the circle, across to the circle in the y-plane
and into this circle following the flow near y = 0.]

8. Construct the map h of question 7 explicitly for the linear systems
defined by f(z) =0, g(y) =0,

-1 0 -1 -1
A—(O _2) and B-—( 1 _1).

9. Rewrite the differential equation
f=z—2°

as a system in the plane by setting y = £. Show that every criterion for
structural stability in the plane is violated.

10. Sketch the locus of stationary points of the one-dimensional dif-
ferential equation

& = (z — p)(22* — p)

as a function of u. Show that the stationary points are hyperbolic except
at the intersection of different branches of solutions.
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Two-dimensional dynamics

This chapter is devoted entirely to autonomous differential equations
in the plane. Due to various topological properties of the plane it is
possible to develop techniques for analyzing these two-dimensional sys-
tems which are not applicable in higher dimensions. For example, the
fact that a closed curve (i.e. a periodic orbit in phase space) separates
the plane into two regions, an inside and an outside, in two dimensions
will enable us to deduce properties of periodic orbits of planar systems.
By Peixoto’s Theorem (Theorem 4.13) we see that the dynamics of au-
tonomous differential equations in the plane are typically relatively sim-
ple and indeed, there is no possibility of chaotic behaviour; the fact that
trajectories cannot cross imposes severe restrictions on the limit sets of
these systems. We begin this chapter with a discussion of the stationary
points of two-dimensional equations and then go on to develop methods
for proving the existence (and non-existence) of periodic orbits in such
systems. More detail of the results in the first two sections can be found
in the classic books by Hartman (1964) and Coddington and Levinson
(1955), but be warned: these are serious reference books!

5.1 Linear systems in R?

Consider the linear differential equation

(5)-(00) o

where a, b, ¢ and d are real constants. Then, using the results of Chapter
3, there is a linear change of coordinates such that in the new coordinates
the differential equation is defined by one of the three cases

(A0 _(Ar 1 (P —w
A—(O )\2), B—(O )\) or C_(w p)' (5.2)
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Each of these three possibilities will give rise to different phase portraits,
and, in the case of A, several different phase portraits. Note that the
only stationary point is at the origin provided the determinant of the
matrix is non-zero, i.e. the matrix has no zero eigenvalues, and so we
shall consider those cases first.

(i) Nodes. Suppose that A; > A, > 0 in the case of A above. Then
the differential equation is

T=AT, =2y (5.3)
or
dy _ Ay
dr =~ Mz’ (54)

which we can integrate immediately to obtain trajectories through |

(%, Yp) giving
T A Y
log| =) =210 <—-)
& <$o) Ay g Yo

(2)- ()"

Since A\; > A, > 0 this curve describes a generalized parabola tangential
to the y-axis at the origin as shown in Figure 5.1a unless z, = 0, in
which case x = 0 for all time, so the y-axis is a union of trajectories
(it is invariant). The arrows of time are easy to obtain as both |z| and
|y| increase with time (z(t) = zye*'t). This is called an unstable node.
If —A; > =Xy > 0 then we can describe the flow in exactly the same
way by reversing the arrow of time to give a stable node (Fig. 5.1b).
Note that in both cases trajectories tend to the origin (as t — —oo for
the unstable node and ¢ — oo for the stable node) tangential to the y-
axis, which is the eigenvector associated with the eigenvalue of smallest
modulus.

or

Ezample 5.1
Suppose
(5)=(5 5)0)
Y 0 -3)\y/’
The eigenvalues of the matrix are \; = —3 and A, = —1 and so the origin

is a stable node. The eigenvectors corresponding to these eigenvalues are
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y y
(a) (b) v

A

Fig. 5.1 (a) An unstable node; (b) a stable node.

e; = (1,-1)T and e, = (1,0)T and so trajectories approach the origin
tangential to the e, eigenvector as shown in Figure 5.2.

(ii) Saddles. Continuing with case A suppose that A\, < 0 < A,.
Then, integrating the equation as before we obtain a family of general-

ized hyperbolae
A1/Az
T Y
— ) == 5.6
(330 ) ( Yo ) (5:6)

provided z, and y, are not equal to zero (remember that A\, < 0 and so
A;/Ag < 0). Both axes are invariant and trajectories approach the origin
along the y-axis, which is the e, eigenvector, and leave the origin along
the z-axis, which is the e, eigenvector. This gives the phase portrait
shown in Figure 5.3a. Figure 5.3b gives the general phase portrait when

Fig. 5.2
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(b) e,

<.

-
<

the eigenvectors are not orthogonal. Stationary points with a pair of
real eigenvectors of different sign are called saddles.

=

W

Fig. 5.3 Saddles.

(iii) Stars. The final example of case A is when A\; = A\, = XA # 0.
Integrating the equation for trajectories again we have A,;/A, = 1 and
so trajectories lie on straight lines through the origin. This gives the
two cases in Figure 5.4: an unstable star if A > 0 and a stable star if
A < 0. These phase portraits are the same after any linear change of
coordinates since every direction satisfies the eigenvector equation.

(iv) Improper nodes. For case B of the normal forms
T=Az+y, §=Ny (5.7)

To sketch the phase portrait of this system take A > 0 and note that
the z-axis is invariant with trajectories leaving the origin. To get a
more complete description of the phase portrait we use the method of
isoclines. The idea is to determine, at least roughly, the direction of the
flow at points in phase space and to use this information to build up
the picture. As we have already pointed out y = 0 when y = 0 and

(a) ) (b)

A>0 A<O

Fig. 5.4 Stars.
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so the z-axis is invariant. Furthermore, y < 0 if y < 0 and y > 0 if
y > 0. Now, £ = 0 when y = —Az and so on this line trajectories move
vertically upwards if y > 0 and downwards if y < 0. To the right of this
line Ax + y > 0 and so £ > 0 and to the left of this line £ < 0. This
means that the plane can be divided into four regions (see Fig. 5.5): if
y > 0 and Az + y > 0 then both & and g are positive, and if y < 0 and
Az + y < 0 then both £ and y are negative. If y > 0 and Az +y < 0
then y > 0 and ¢ < 0 and (finally) if y < 0 and Az + y > 0 then
¥ < 0 and £ > 0. Putting this information together as shown in Figure
5.5a we see that trajectories must take the form shown in Figure 5.5b.
This is called an unstable improper node. Note that unlike the previous
example simply reversing the direction of time does not give the case
A < 0. To see this set 7 = —t so ad; = —%. In this new variable the

equation becomes

dx dy

— ==z - —= == .

ar =Y o Y (5.8)
and so we get a —y in the = equation instead of +y. Hence it is not
enough just to reverse the arrows on Figure 5.5b. But if we define

Y = —y then

g% =-lz+Y, %; ==Y (5.9)
and we get the desired equation. To recover the phase portrait of this
from the original phase portrait we therefore need to reflect in the z-axis
(which reverses the sign of y) and then change the direction of the arrows
(t — —t). This gives Figure 5.5¢, an improper node. This technique
of reflection and reversal of time can be very useful when considering

equations.

(v) Foci. The last remaining case is the matrix C, which we have
already discussed in Chapter 3. Assume p > 0 and w > 0. In polar
coordinates the equation becomes

7 = pr, f=uw

dr _ p
and so 4 = Er and

9=¢+a—;log'r (5.10)

where 9 is a constant. Hence trajectories are logarithmic spirals into
the origin if p < 0 (a stable focus) and out of the origin if p > 0 (an
unstable focus). The spirals are anti-clockwise since w > 0; if w < 0
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(a) ' (b)

Fig. 5.5 Improper nodes: (a) isoclines (A > 0); (b) A > 0; (c) A < 0.

they are spiral about the origin clockwise as can be seen directly from
the 8 equation. An example is shown in Figure 5.6a.

(vi) Centres. Suppose now that p = 0 in case C. Then 7 = 0 and
trajectories lie on concentric circles about the origin with the arrow of
time pointing anti-clockwise if w > 0 and clockwise if w < 0 as shown in
Figure 5.6b.

In all the cases above, the origin is the unique stationary point of
the linear differential equation. To complete the classification of the
behaviour of these linear systems we need to consider the degenerate
cases when this is no longer true. Consider first the matrix A again.
If both A; and A, equal zero then the whole space is fixed. If one of
these eigenvalues is zero, A\; = 0, A, # 0 say, then £ = 0 and so z is

(a) (b)

Fig. 5.6 (a) A stable focus; (b) a centre.
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constant on trajectories, so trajectories lie on vertical lines. Stationary
points are given by y = 0, so the entire z-axis is stationary and if A, < 0
a point (z4,y,) tends to (zy,0) as t — oo along the straight line z = z,
(see Fig. 5.7a). The final degenerate possibility is for the matrix B with
A =0so0o & =y andy =0. Stationary points are given by y = 0, i.e. the
x-axis is a union of stationary points and since § = 0 trajectories lie on
horizontal lines y = y,. Furthermore, £ >0ify >0and £ <0ify <0
giving the phase portrait shown in Figure 5.7b.

The general procedure for describing a two-dimensional linear differen-
tial equation £ = Lz is therefore to find the eigenvalues and eigenvectors
of L, then determine the nature of the stationary point, which is simple
unless there is a repeated or zero eigenvalue, and finally draw the phase
portrait in the basis of elgenvectors In general if

T e jadig v ad ~

S-e " a b
¢ s-a L—<c d) (5.11)

the eigenvalue equation is s2 — (a + d)s + ad — bc = 0, or if TrL denotes
the trace of L, TrL = a + d, and detL is the determinant of L then

s?2 —TrLs +detL =0

which has eigenvalues

~TrL + /(IxL)? — 4
s = VA 2L) detl (5.12)

Hence we see immediately that
if detL < O then the eigenvalues of L are real and have opposite signs
and hence the origin is a saddle;

if (TrL)2 > 4detL > 0 then the eigenvalues of L are real and have the
same sign as —TrL and so

(a) (b)

RURE

Fig. 5.7 Degenerate cases: (a) A1 =0, A2 < 0; (b) A= 0.



5.2 The effect of nonlinear terms 109

if TrL > 0 the origin is a stable node;
if TrL < 0 the origin is an unstable node;

if 4detL > (TrL)? > 0 then L has a complex conjugate pair of eigenval-
ues with real part —TrL and so

if TrL > 0, the origin is a stable focus;
if TrL = 0, the origin is a centre;
if TrL < 0, the origin is an unstable focus;
if (TrL)2 — 4detL = 0 then there is a double eigenvalue and

if TrL # O then the origin is an improper node, stable if TrL > 0
and unstable if TrL < 0, unless b = ¢ = 0 when they are stars;

if TrL = 0 then we have one of the degenerate situations with non-
isolated stationary points described above.

These various possibilities are conveniently represented in Figure 5.8.

5.2 The effect of nonlinear terms

If the study of linear differential equations in the plane is to be useful
when considering nonlinear differential equations we need to use the re-
sults of the previous chapter to find out when the linearization about a
stationary point can give a valid description of the flow near the station-
ary point. To some extent we have already done this in Chapter 4; if the
origin is hyperbolic (a node, improper node, a star or a focus) then the

Det L
Unstable
Unstabie Stable
node node
— TrL

Saddles

Fig. 5.8
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nonlinear flow is equivalent (up to homeomorphism) to its linearization
in some neighbourhood of the origin. Put another way, if the lineariza-
tion of the nonlinear flow at the origin is hyperbolic then the local stable
and unstable manifolds of the origin for the nonlinear system have the
same dimension as for the linearized system. The potentially misleading
term in the general theory is up to homeomorphism, since as we have
already pointed out nodes and foci are equivalent in this description.
For the two-dimensional flows considered here we can try to do better,
and determine the extent to which the local structure of the nonlinear
system mirrors the corresponding linear system.
Consider the equation

i=Lz+ F(2) (5.13)

for z € R?, L a constant 2 x 2 matrix and F(z) a function which repre-
sents the nonlinear terms in the equation, so

I—I% —0 as |z| —0. (5.14)
Without loss of generality we can assume that L is in normal form. If L
has a zero eigenvalue, and so is one of the degenerate cases considered
towards the end of the last section, then it is quite obvious that there
exist arbitrarily small perturbations of the linear system which do not
retain the property that there is an invariant line of stationary points. So
we cannot hope for any robustness under perturbation in such systems.
This leaves us with the six cases enumerated in the previous section:
nodes, saddles, improper nodes, stars, foci and centres. We will consider
each case in turn, but first suppose that

T=ax+by, y=cz+dy. (5.15)

Then in polar coordinates, with z = r cos § and y = r sin §, the equation
becomes

= r[acos? 8 + (b+ c) cosfsin @ + dsin? 4] = rR(6) (5.16a)

0 = [ccos? 6 + (d — a) cos Osin § — bsin? 4] = Q(6) (5.16b)

where the functions R and €2 are the obvious expressions in square brack-
ets. Now, suppose that this system represents the linearization about a
nonlinear stationary point. We want to understand the extent to which
the linear description (in terms of nodes, foci and so on) provides a
faithful representation of the local behaviour of the nonlinear system. It
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turns out that there is a subtlety that we have ignored in our lineariza-
tion theorems hitherto, in that the size of the nonlinear terms as r tends
to 0 becomes important. Recall that in Chapter 3 we described two
linearization theorems: Poincaré’s Theorem, which applies to analytic
equations and shows that provided certain non-resonance conditions are
satisfied there is an analytic change of coordinates in a neighbourhood of
the origin which brings the equation into the linear form, and Hartman’s
Theorem which states that provided the stationary point is hyperbolic
there is a homeomorphism defined on some neighbourhood of the station-
ary point which takes the nonlinear flow to the linear flow. We remarked
that neither of these theorems is entirely satisfactory. The conditions
for Poincaré’s Theorem are extremely strong: not all nonlinear systems
are analytic and non-resonant; whilst the homeomorphism of Hartman’s
Theorem does not distinguish between nodes and foci. To find out how
these results work in practice we will consider each possible case for
stationary points in two-dimensional flows in turn. Note that since nei-
ther of the linearization theorems of Chapter 3 applies to non-hyperbolic
cases we expect to find severe restrictions on the linearization in these
cases, the centre and the degenerate cases with a zero eigenvalue, whilst
we know that in the hyperbolic cases at least some features of the lin-
earized flow are preserved. A full discussion of the non-hyperbolic cases
is postponed to later chapters, where they form the basis of bifurcation
theory. Here we restrict our attention to simply determining whether
the linearized system is or is not a good model of a general nonlinear
perturbation.

The phrase ‘general nonlinear perturbation’ is really the crux of the
subtleties referred to above. In polar coordinates the nonlinear system
with the linearization described above is

7 =rR() + P(r,0) = p(r, ) - (5.17a)
6 = Q) + Q(r,6) = 6(r,0) (5.17b)

where the functions P and @ represent the nonlinear terms ignored by
the linearization. Hence, for the most general nonlinear perturbations

. P(r,6) :

}% T =0 and }% Q(r,0) = 0. (5.18)
If this is not obvious see Exercise 5.1 at the end of this chapter. This
information is most conveniently written using the o (or ‘little 0’) nota-
tion: P(r,0) ~ o(r) and Q(r,8) ~ o(1). The subtlety referred to above
is that the results which can be obtained for general perturbations of
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this kind are different from the results which apply to the slightly less
general perturbation for which

P(r,0) ~ O(r?) and Q(r,0) ~ O(r) (5.19)

where a function f(r,0) is O(c) if Jﬂ%aﬂ is bounded as r tends to zero.
The difference between the two possibilities is not immediately obvious,
but, for example, 73 is o(r) but not O(r2) whilst any function with a
valid Taylor series in a neighbourhood of the origin can be written as
f(0) + %Ew + O(|z|?). So most of the functions that we have been con-
sidering fall into the ‘big O’ category. None the less, we shall describe
the more general results here, leaving the modifications for functions
which satisfy the ‘big O’ conditions as exercises. Now, after this some-
what lengthy technical diversion, we are in a position to go through the
various cases described in the previous section.

(i) Nodes. Suppose that for the linearized flow the origin is a node,
so the eigenvalues of L are real and, without loss of generality, negative.
After a linear change of coordinates we can write L = diag();, A,) with
—Ay > —A; > 0. Hence the linear system Z = Lz has trajectories which
tend to the origin tangent to the z-axis (except for the y-axis, which
is invariant). In terms of the expressions in polar coordinates derived

above, %
) A
R(6) = (A\ycos® 8 + A, sin?9) (5.20a)
and
/\/ - )’
Q(6) = (A — Ay) cosOsin . (5.20Db)

Differentiating R(8) with respect to § we see that it takes its maximum
and minimum values when cosf = 0 and sinf = 0 respectively, so

< R(8) < A;. Choosing r sufficiently small so that |P(r,8)| < er for
some € > 0 with 0 < € < |);| we find that

) fé$A1 +e)r (5.21)
and so if —k = (A, + €) then k£ > 0 and
r(t) %\roe kt, (5.22)
Hence the origin is asymptotically stable The 6 equation is
0 = (A, — ;) cos@sinf + Q(r, ) (5.23)

and so provided both cosf and sin @ are bounded Vaway from zero (i.e.
outside some small neighbourhood of the z- and y- axes) the angular
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behaviour is as for the linear case (Fig. 5.9a). For trajectories which start
sufficiently close to the axes we can only deduce that the r coordinate
tends to zero exponentially. To consider the behaviour near the axes
choose some small § > 0 and define four sectors:

Sy =A{(r,0) 16| < 6},
Sy ={(r,0)| |0 — in| < 6},

Sy = {(r,0) |6 — | < 6}
and
Sy = {(r,9)| |0 — %ﬂ'l < 6}.

Since Q(r,6) is o(1) for any small 6 > 0 we can choose r sufficiently
small so that > 1 > 0 for all § between S, and S; and between S, and
S, and similarly § < —n < 0 for all § between S; and S, and between
S; and S;. Hence all trajectories which do not stay in either S, or
S, for all time tend to the origin tangential to the z-axis in S; or S;.
Now, still working in a small neighbourhood of the origin, consider a
small circle of radius p enclosing the origin. Let 6, be the largest angle
in S, such that the trajectory through (p,6,) tends to the origin in S,
(tangential to the y-axis), and let 6, be the smallest such angle. Then the
trajectories through (p, ) with 6, < < 6; must all tend to the origin
in S,, tangential to the y-axis giving the situation shown in Figure 5.9b.
However, if the nonlinear terms P(r,0) and Q(r,0) are (respectively)
O(r?) and O(r) then it is possible to prove (see the exercises at the end
of this chapter) that 6, = 6, and so there is only one such trajectory as
in the case of the linear node. A similar argument in S, completes the
picture of the nonlinear mode, giving one of the two possibilities shown
in Figures 5.9¢,d.

(ii) Saddles. For a saddle the stable manifold theorem implies im-
mediately that the local structure of solutions is essentially the same as
the linear system with some distortion provided that the flow is suffi-
ciently smooth (i.e. P and Q satisfy the ‘big O’ conditions above). If P
and @ satisfy the more general nonlinear conditions then by the same
arguments as used for the node there may be a set of trajectories which
tend to the origin directly in forward or backwards time (see Fig 5.10).

(iii) Stars. If the linearized equations at the origin correspond to a
star then the equations are

# = Ar + P(r,0), 6 =Q(r,6) - (5.24)
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S2

(a) (b)

ANE LN
D%

(c)

Flg 5.9 (a) Regions of definite motion; (b) the sectors S;; (c) a nonlinear
node (with o(r) nonlinearity); (d) a nonlinear node (with O(r?) nonlinearity).

where we can choose the direction of time so that A < 0. As with the
nonlinear node the origin is asymptotically stable, since we can choose
r sufficiently small so that |P(r,8)| < er for some ¢ > 0 with € < |A|.
Then k = —(A+¢€) >0 and ‘

P < —kr (5.25)

|| RN
~) N

Fig. 5.10 Nonlinear saddles.
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or
r(t) < roe~ kL. (5.26)

The angular motion is not so easy to determine here, and it is fairly
easy to find functions Q(r,8) which are o(1) and for which 8(t) — oo
as t — 00, so the star becomes a stable focus when nonlinear terms are
added. It is also possible to find nonlinear perturbations under which
the star retains the property that there are an infinite set of angles along
which trajectories approach the origin, the trivial case Q(r,0) =0 is an
example, and also examples for which all trajectories tend to the origin
tangential to one of a finite number of directions. However, if P and Q
satisfy the ‘big O’ conditions then there are always an infinite number
of tangent directions (see the exercises at the end of the chapter).

Ezample 5.2

Consider the system
y g4 O
oglzz+v?) Y7 V7 logla? +¢?)

or, in polar coordinates

T=-x

F=—r, 6= (2logr)7L
The linearization of this system is the star with A = —1 and the nonlinear

perturbations are P(r,8) = 0, Q(r,6) = (2logr)™!, so P and Q satisfy
the ‘little o’ conditions. However, r(t) = roe™* and so

6= (2c—2t)"1, so 6(t) = —3logle—t|,

where ¢ = logr,. Hence § — —o0o as t — oo and the star has become a
focus.

(iv) Improper nodes. If the origin is an improper node then we
can choose coordinates near the origin and the direction of time so that
the Jacobian matrix of the differential equation evaluated at the origin
is

Al
() o2
with A < 0. In polar coordinates the nonlinear system is therefore
i = [\ + cos@sind] + P(r,0), 6 = —sin?6 + Q(r,0). (5.28)

In this case even the r equation is awkward, although we know from
Hartman’s Theorem that the origin remains asymptotically stable under
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nonlinear perturbations. To analyze this system we need to do another
little change of coordinates which ensures that in the new coordinates
the r motion is easy to determine. In Cartesian coordinates we have the
linearization near the origin

i=Xz+y, §=Ay (5.29)

so if we defined z by y = ez for some small € with 0 < ¢ < —A\ the
equation in (z, z) coordinates is

T=Ar+ez, Z2=Az (5.30)

and so, taking the standard polar coordinates in the (z, z) plane the full
nonlinear equation is

# =7[A + ecos@sinf] + P'(r,0), §=—sin?0+ Q'(r,0) (5.31)

where the functions P and @ have the same asymptotic properties as the
functions P’ and Q’. In particular, P'(r,8) ~ o(r) and Q'(r,6) ~ o(1).
Hence we can choose r sufficiently small so that |P/(r,6)| < ér for any
6 > 0 such that 3e+6 < —\. Provided r is sufficiently small (and noting
that |cos#sinf| < 3) we find that

r<(A+ %e + &)r
for sufficiently small r» with A + %e + 6 =—k < 0. Hence 7 < —kr and so
r(t) < rpe” k. (5.32)

This shows (as we already knew) that the origin is asymptotically stable.
Now consider the 8 equation,

§ = —sin% 0 + Q'(r, 6) (5.33)

where Q'(r,0) ~ o(1). For sufficiently small r the sin®6 term domi-
nates the nonlinear terms away from the z-axis, i.e. for all § > 0 (a
different 6 from the one above) there exists n > 0 and r; > 0 such
that if r < r; and 0 lies outside the sectors S; = {(r,0)| || < 6} and
S; = {(r,0)| |8 — 7| < 6} then § < —n. Thus the motion is inwards
and clockwise outside these two sectors. Inside these sectors there are
two possibilities: either solutions tend to the origin remaining in the
sectors for all future time, or the nonlinear terms conspire to push the
trajectories through the sectors, eventually coming out the other side.
Hence we obtain the four possible cases shown in Figure 5.11. However,
if the nonlinear terms satisfy the ‘big O’ conditions only the first case is
possible, i.e. the improper node remains an improper node.
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(b)

(c) (d)

Fig. 5.11 Nonlinear improper nodes.

(v) Foci. The focus is the only completely unambiguous success in
this program of investigating the effects of nonlinear perturbations of
linear equations. The nonlinear equations are

= pr+ P(r,0), 6=w+Q(r,6) (5.34)

where we assume without loss of generality that p < 0 and w > 0. Now,
choosing r small enough we can arrange that |P(r,6)| < er for some €
with 0 < € < —p, and |Q(r,0)| < § < w. Hence there exist positive
numbers k, and k, such that

7 < —k;r and 8>k, (5.35)

and so r(t) < roe"“lt, which implies that the origin is asymptotically

stable and 6(t) — oo as t — co. Hence the origin is a focus.

(vi) Centres. For a nonlinear centre the equations are
= P(r,0), 6=uw+Q(r,0) (5.36)

and so, by the argument used above for the focus, the # motion is unam-
biguous for sufficiently small r: 8(t) — oo as t — oo if w > 0. Consider
trajectories which start on the y-axis with coordinate (z,y) = (0,y,) in
some small neighbourhood of the origin. There are three possibilities
(see Fig 5.12). Since 6(t) is increasing to infinity there must exist some



118 5 Two-dimensional dynamics

finite time after which the trajectory strikes the y-axis in y > 0 again for
the first time, at (0,y,) say. If y; < y, (Fig 5.12a) then all trajectories
which start on (0,y) with y; < y < y, must return to the y-axis below
y, and if y; > y, (Fig 5.12b) the opposite is true. Finally if y; = y,
the trajectory is periodic. Hence the origin is either a stable focus, an
unstable focus, a centre (in that all trajectories sufficiently close to the
origin are periodic) or there is an infinite sequence of isolated periodic
orbits which accumulate on the origin. '

Ezxample 5.3
Suppose

1
Then, integrating the r equation, r(t) = (2t +c)~ 2 where c is a positive
constant and so 7 tends to zero as t — oo and, of course, 8(t) = 6§, + t.
Hence the origin is a stable nonlinear focus.

Example 5.4
Suppose
t=vy, y=—-z+2°

Note that if (z(t),y(t)) is a solution then so is (—z(—t),y(-t)), i.e.
the equation is invariant under the (pseudo-)symmetry (z,y,t) —
(—z,y, —t). Since the linearization about the origin is a centre an or-
bit started at (0,y,) with sufficiently small y, > 0 will strike the y-axis
again at (0,%;) on the opposite side of the origin. Now, using the sym-
metry (Fig 5.13) the trajectory through (0,y,) comes back to the y-axis

(a) (b) (c)

; D

@
\.
S

Fig. 5.12 Nonlinear centres.
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at (0,y,) and so all orbits in a neighbourhood of the origin are periodic
and the origin is a nonlinear centre. The existence of either a symme-
try or a conserved energy-type function is frequently the only way of
showing that a centre remains a centre under nonlinear perturbation.

Example 5.5
Suppose
& = —y + 2(2? + y?) sin(log /(@% + 47))
§ =z +y(z? +y?)sin(log /(22 + y2)) -
or

# =r3sin(logr), 6=1.

This has periodic orbits whenever sin(logr) = 0, i.e. whenever logr =
+nm. Hence there is an infinite sequence of isolated periodic orbits with
radii r,, = e™"", n = 1,2, 3, ... which accumulate on the origin.

5.3 Rabbits and sheep

Models from population dynamics provide a rich source of nonlinear
behaviour. These models, introduced by Lotka and Volterra, represent
the most simple models of nonlinear interaction between species. We

Fig. 5.13 A nonlinear centre by symmetry.
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shall consider a grassy island with two species of animal, which may
be in competition for the island’s resources (rabbits and sheep) or one
may prey on the other (wolves and sheep). For simplicity we assume
that these two populations are large, so that the number of individuals
of a population can be taken to be a real (positive!) number, with the
understanding that if the number of sheep, s(t), is small then s(¢) is
interpreted as the number of sheep divided by some large number, so
s = 1 might represent a population of 100,000 sheep.

Suppose that there is a grassy island supporting populations of two
species, z and y. If the populations are large then it is reasonable to let
the normalized populations be continuous function of time. We propose
a simple model of the change in population of the form

z=z(A+a;x+by) (5.37a)

¥ =y(B + byx + ayy) (5.37b)

where A, B, a, and b, are constants. These equations can be interpreted
as the rate of change of the population equals the present population
multiplied by (the birth rate — the death rate). Consider the z equation
when y = 0: £ = z(A+a,x). The coeflicient a, describes the interaction
of the species with itself and is negative since the island is finite and so
large populations suffer from overcrowding. On the other hand A > 0 if
the species eats grass (so the population increases if the initial population
is small) and A < 0 if the species preys on the second species (since if
y = 0 there is no available food and the population dies of starvation).
Finally, the coefficient b; describes the effect of species y on species
z. If b; > 0 then this term increases the rate of population growth,
for example if x feeds upon y, whilst if b; < O this term decreases
the population growth of z, for example if x and y compete for the
same resources. Similar interpretations hold for B, a, and b,. This
means that there are four classes of population models, depending on
the signs of b; and b,: if b, > 0, ¢ = 1,2, both populations benefit each
other (a symbiotic relationship), if b, < 0, ¢ = 1,2, both populations
inhibit each other (competitive species), whilst if b; < 0 and b, > 0 we
have a predator-prey model where z is the predator, and if b; > 0 and
b, < 0 the situation is the same but y is the predator. These are two
species models, and of course they can be generalized to N species with
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populations z,(t) which satisfy -

N
i, =z, (A,. +y aika:k) (5.38)

k=0
fori=1,2,...,N with a,;, < 0 and the signs of the remaining coefficients
depend upon the relationships between the various species.

These models provide examples which can be treated using the fairly
basic knowledge about the nature of stationary points that has already
been established. The strategy is first, to locate the stationary points,
then determine their type and find the relevant eigenvectors of the lin-
earization about each stationary point and finally to join together this
local information into a convincing global phase diagram.

(5.1) EXERCISE
Show that the z- and y-axes are invariant for these population models.

Why should this be a necessary feature of a population model?

We shall illustrate this technique by considering an example with two
competitive species: rabbits, r, and sheep, s.

Example 5.6
Consider the model
r=r(3-r—-2s), §=s2-r-35)
with r,s > 0.
Step 1. To find the stationary points we need to solve
r3—r—2s)=0and s(2—7r—-38)=0

in the positive quadrant. This is a straightforward process (solving a
pair of simultaneous equations) and gives four stationary points at (r, s)
equal to

(0,0) (0,2) (3,0) and (1,1).

Step 2. To determine the type of each stationary point we need the
Jacobian matrix Df(r, s). Differentiating the defining equations we get

Df(r,s)=(3_2r_2s —2r )

-8 2—r—2s
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Step 3. We now need to evaluate the eigenvalues and eigenvectors of
the Jacobian matrix at each stationary point. If the stationary point
is a node it is important to determine the eigenvector to which trajec-
tories are tangential as they approach or leave a neighbourhood of the
stationary point (cf. Fig. 5.1).

At (0,0), DF(0,0) = (2

0 g and so the eigenvalues are A; = 3 and

and e, = . So (0,0) is an un-

1 0
0 1
stable node and trajectories leave tangential to the e, eigenvector, since
this corresponds to the eigenvalue of smallest modulus.

Ay = 2 with eigenvectors e; =

At (0,2), Df(0,2) = (:; _02) with eigenvalues A; = —1 and
A, = —2 and corresponding eigenvectors e; = (1,—2)T and e, = (0,1)7.

Hence (0, 2) is a stable node and trajectories tend to (0, 2) tangential to
the e, axis.

At (3,0), Df(3,0) = (—;)3 :?) with eigenvalues A, = —3 and
A, = —1 and corresponding eigenvectors e; = (1,0)7 and e, = (3, —1)T.

Hence (3,0) is another stable node and traJectorles tend to (3,0) tan-
gential to the e, axis.

-1 -2
At (1,1), Df(1,1) = o
eigenvectors e, = (1, F—= ) Hence (1,1) is a saddle, with linear sta-
ble manifold in the dlrectlon of e_ and linear unstable manifold in the

direction of e, .

with eigenvalues A, = -1+ V2 and

Step 4. Guess the global phase portrait from the local analysis. This is
a little like joining up the dots in puzzle books, and gives a picture like
the one shown in Figure 5.14: the stable manifold of (1,1) divides the
positive quadrant into two regions, everything below this curve tends to
the stationary point at (3,0) and everything above tends to (0,2). Thus
for this choice of the parameters we find that one of the species always
diesout, but that the question as to which one dies is determined by
the initial populations. Furthermore, very small changes of the initial
condition near the stable manifold of the saddle lead to radically different
asymptotic steady states.

This section has given a simple way of getting some idea of the be-
haviour of simple nonlinear models using the linearization results near
stationary points. It is easy to implement, but has some drawbacks. The
linearization determines the flow in a neighbourhood of the stationary
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(a) S

RQ ..

(b) S

Fig. 5.14 (a) Local patches; (b) global phase portrait.

points, and away from the stationary points trajectories are locally par-
allel. When joining together patches there are often few topologically
distinct solutions if this is done in such a way that no new stationary
points are introduced. Indeed, if trajectories come in from infinity and
all stationary points are hyperbolic and there are no periodic orbits then
there must be five or more stationary points before any choice becomes
possible. Figure 5.15 shows a flow for which more than one choice of
patching the linear neighbourhoods together is possible. There is a sym-
metric solution (not drawn) and two asymmetric solutions, one of which
is illustrated. Can you find other topologically distinct phase portraits
for this configuration of stationary points? [Hint: the behaviour of the
stable and unstable manifolds of the saddles determines the flow.]

The problems due to periodic orbits are illustrated in Figure 5.16.
Suppose the flow has a stable focus, so in a neighbourhood of this sta-
tionary point trajectories are spiralling into the point. Then we cannot
guarantee that there are no periodic orbits as shown in either the second
or third sketch of Figure 5.16. This suggests that we need to do more
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Fig. 5.15 One of the consistent non-symmetric configurations.

work on necessary conditions for the existence of periodic solutions in
two dimensions.

5.4 Trivial linearization

If an eigenvalue of the linearized flow about a stationary point vanishes
then the local dynamics is dominated by the nonlinear terms in the
equation. There are no general techniques for finding the phase portrait
in such cases and we need to use any bits of information which are

(a) (b) (c)

©

Fig. 5.16 Local behaviour and periodic orbits.
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available. There are four approaches which can be used, depending
upon the situation, with varying degrees of success.

1. Look at % on trajectories. If this can be solved then we obtain the
equation of trajectories in phase space which can then be sketched.

2. Find the curves in phase space on which £ = 0 and y = 0 and hence
divide phase space into regions where £ > 0 and ¥ > 0, £ < 0 and
9 > 0 and so on. Use this information to obtain a rough picture of the
behaviour of trajectories in phase space.

3. Transform into polar coordinates and determine the curves on which
# = 0 and § = 0. These curves divide phase space into regions where
#>0and >0, <0and @ > 0 and so on. Now, as in approach 2, use
this information to sketch the phase portrait.

4. Look for a first integral or, more generally, some invariant curve which
will help organize the sketch of phase space.

None of these approaches is truly satisfactory, but if they are used
together it is often possible to get a good idea of how trajectories behave.

Ezxample 5.7
Consider the equations
t=z, §=y%.

The linearization about the origin obviously has a zero eigenvalue and so
none of the robust types of linear stationary point described in Section
5.2 are applicable here. However, on trajectories

dy _y°

dz ~ z
and so we can integrate this equation to obtain

1 =logz+c¢
)

for some constant ¢, or
1
e"v=Azx

for some constant A. Noting that both the z- and y-axes are invariant
(since if z = 0, £ = 0 and if y = 0 then y = 0) we obtain the phase
portrait shown in Figure 5.17a, which seems to be half saddle and half
node.
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Ezample 5.8
The nonlinear differential equation
i =1x3-2xy?, §=2% -1
can be written in polar coordinates as
7 =1r3cos20, 0 =2r%sin26.

Using method 3 above we note that 7 = 0 on the diagonal and anti-
diagonal lines £ = y and x = —y. Furthermore # > 0 if 22 > y? and
# < 0 if 22 < y2. Similarly, & = 0 on the lines z = 0 and y = 0 with
§>0if zy > 0 and 6 < 0 if zy < 0. These remarks are illustrated in
Figure 5.17b. Now consider a trajectory starting in the positive quadrant
near the z-axis. Initially both r and 6 increase, until at some time
the trajectory crosses the line x = y. Thereafter r decreases whilst 6
continues to increase. Hence, asymptotically, # must tend to 5 whilst
r tends to the origin. A similar argument elsewhere leads to the phase
portrait sketched in Figure 5.17c.

" 5.5 | The Poincaré index

The Poincaré index is an invariant of closed curves (not necessarily tra-
jectories) in phase space which can be used to rule out the possibility of
periodic orbits in certain systems.

(a)

Fig. 5.17 (a) Example 5.7; (b) isoclines for Example 5.8; (c) Example 5.8.
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__lConsider the system (z,9) = (fi(z,y), fo(z,y)): At each point the

] vector field (f,(z,y), fo(z,y)) defines a direction or angle,

— tan~! f2(z,y)
v

Now let I' be any simple closed curve in the plane, then moving around
I’ we see that 1y changes continuously and that when we return to the
original starting point the value of ¢ has changed by a multiple of 2.

This multiple, which may be positive or negative, is called the]Poincaré

index of I', I..] This idea can be expressed more mathematically by

noting that
1 1 - f(z,y)))
In=— [ dYy=— [ d|tan 1(—2———
T or Jp v 2m Jr ( fi(z,y)

since the change of the inverse tangent of f,/f; about the curve is pre-
cisely how the index is defined. Now, since £tan~!z = 1/(1 + z2) w

find
- , dfy — fodf
d [ tan—? (fz(f” y))) — fr1df; — fodfy
( fl ((IJ, y) f12 + f22
and so
frdfy — fodfy
, 5.40
=g [ AHEA (5:40)
which is an integer! We can, of course, go on to write

to get an expression for the index in terms of an integral with respect
to z and y; we leave this as an exercise. These two formulations of the
Poincaré index (as the change in angle of the vector field around the
curve and as a line integral) allow us to state various properties of the
Poincaré index.

(5.2) LEMMA (PROPERTIES OF THE POINCARE INDEX)I

i) IfI is a closed curve obtained from T’ by a continuous deformation
which does not cross any stationary points, then I, = Ir..
ii) The indez of a periodic orbit is +1.
iii) The indez of a node, focus or centre is +1.
iv) The index of a saddle is —1.
v) The index is additive, so if '3 = I'; + 'y in the sense defined in
Figure 5.18a then I, = I + I,.
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vi) The index of a closed curve is the sum of the indices of the station-
ary points inside the curve.
vii) The index of a closed curve containing no stationary points is 0.
viii) The index of a curve is unchanged if (fy,fs) is replaced by

('—flv _f2)'

The first property follows from the continuity of the line integral pro-
vided f2 + f2 # 0. The line integral takes integer values and so if it is
continuous it must be constant. Note that this result allows us to define
the index of a stationary point as the index of any curve containing the
stationary point and no other stationary points. The following three
properties follow by inspection (draw a circle about a stationary point
and move around the circle with a pencil showing the direction of the
vector field, what angle does the pencil move through?). Property (v)
is a direct consequence of the line integral formulation of the index and
properties (vi) and (vii) follow from (v). Property (viii) is again a direct
consequence of the line integral representation.

(5.3) COROLLARY

IfT" is a periodic orbit then " encloses at least one stationary point. If
the stationary points are hyperbolic then T encloses 2n + 1 stationary
points (for some n > 0) n of which are saddles, the remainder are sinks
or sources.

(5.4) EXERCISE

Prove this corollary.

(5.5) EXERCISE

Let the index of a manifold equal the sum of the indices of the stationary
points on the manifold (including the point at infinity). Show that the
index of the plane is 2. [Hint: let T' be a curve enclosing all the finite
stationary points. To find the index at infinity work in complex variable
z and then invert the plane using the variable w = z71.]
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(5.6) EXERCISE

Suppose that f, and f, are quadratic functions of x and y, and that the
index at infinity is +1. If there are no periodic orbits and all station-
ary points are hyperbolic, show that the nature of the flow is completely
determined by the linearizations of the flow about the stationary points.

Corollary 5.3 gives us a useful tool for showing that periodic orbits
cannot exist in certain configurations (see Fig. 5.18).

5.6 Dulac’s criterion

The divergence theorem provides another way of proving the non-
existence of periodic orbits in some regions of phase space. Recall that
if I' is a simple closed curve with outward normal n enclosing a region
R and f : R? —» R? is a continuously differentiable vector field and
g : R? — R is a continuously differentiable function then the divergence
theorem states that

/Fg(n.f)dl=//RV.(gf)dxdy, (5.41)

where gf is a vector, g(z,y) f(z,y), and should not be confused with the
composition of g and f.

Fig. 5.18 (a) Addition of curves; (b) allowed positions; (c) closed curves
which cannot be periodic orbits.
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(5.7) LEMMA (DULAC’S CRITERION)

If there erists a continuously differentiable function g : R> — R such
that V.(gf) is continuous and non-zero on some simply connected do-
main D, then no periodic orbit can lie entirely in D. |

Proof: Suppose a periodic orbit I' does lie entirely in D. Then

/ /A V.(gf)dedy # 0 (5.42)

where A is the area bounded by T, since V.(gf) is either strictly greater
than zero or strictly less than zero throughout A. But a periodic orbit
is a trajectory, and hence tangential to the vector field, f. So n.f =0,
where n is the outward normal to the periodic orbit. Hence

/ g(n.f)dl = 0 (5.43)
r

giving a contradiction by the divergence theorem. If g = 1 then this
result is sometimes referred to as the divergence test.

Ezample 5.9
Consider the Lotka-Volterra model.
t=12(A—-0a;T+by), ¥=y(B-ay+byr)

“where a; > 0, i = 1,2, since the island (or field) is finite and these terms
model the effect of overcrowding. Do there exist such models which allow
for periodic cycles in the populations? Consider the weighting function
9(z,y) = (zy)~'. Then

9f = (W A-az+byy),z7 (B - agy + b,yx))

and so

V.(9f) = —ay7! — a7,

which is less than zero for positive  and y. Hence there are no periodic
orbits in the positive quadrant.

5.7 Pike and eels

The previous example shows that there cannot be periodic variations
in the populations of Lotka-Volterra models unless the coefficients a;,
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i = 1,2 are both zero. We now want to determine whether there can be
cyclic populations if this criterion is satisfied. We consider an infinite
pond containing a population of pike (z) and eels (y) where we assume
that the pike prey on the eels and the eels have no problem finding
whatever natural resources they need to survive. Their only problem
is the existence of large and hungry pike in the pond. Hence, in the
absence of any pike (z = 0) the population of eels increases indefinitely:
9y = By, B > 0. The pike need the eels to survive so in the absence of
eels (y =0) £ = —Az, A > 0. We now introduce the simplest coupling
between the creatures consistent with their predator-prey relationship
giving the differential equation

i=a(-A+by), §=y(B-byw) (5.44)

where b, > 0, 4 = 1,2. Thus if the number of pike is large the number
of eels decreases (eaten alive) whilst if the number of eels is small the
number of pike decreases (starved to death). This equation has only two
stationary points, the origin, (z,y) = (0,0), and a non-trivial population
level (z,y) = (%, %). The Jacobian matrix is

and so the origin is a saddle (the z-direction is stable and the y-direction
unstable) whilst the linearization of the flow about the non-trivial sta-
tionary point has purely imaginary eigenvalues, so the linearization gives
a centre.

(5.8) EXERCISE

Verify the linear types of the two stationary points.

Since the linearization about the non-trivial stationary point yields a
centre we need to do a little more work to determine the type of the
stationary point for the full (nonlinear) equations. For general systems
of nonlinear equations this can be very hard (see Chapter 8), but here
we can notice that on trajectories

d_y _ Y(B —byz)
dr  z(—A+by)

and so we can separate variables to obtain

[(=A+by) , [ (B-byx)
[ kb, [o-ba,

(5.45)
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or
—Alogy + b,y — Blogz + byx = E(z,y) (5.46)

is constant on trajectories. To sketch curves of constant E we begin by
finding the maxima, minima and saddle points of E. These are solutions
of %—‘E— = —aa% = 0. A straightforward exercise in differentiation shows that
there is only one non-trivial solution to this equation: (z,y) = (%, % ,
the stationary point of the flow. Furthermore this is a-global minimum
of the function E. Hence trajectories (i.e. level sets of E) are simply
closed curves around the non-trivial stationary point of the flow and
all trajectories in the (strictly) positive quadrant except this stationary
point are periodic (see Fig. 5.19).

This result is a little surprising, and in Chapter 9 we will show that
in models with three different populations it is possible to find isolated
periodic orbits (which the above argument and the example at the end
of the previous section show are impossible for two species population

models).

5.8 The Poincaré-Bendixson Theorem

The results of Sections 5.5 and 5.6 have given negative criteria: ways
of proving that periodic orbits do not exist. The Poincaré-Bendixson
Theorem is a beautiful result which allows one to prove the existence
of at least one periodic orbit under certain assumptions. The idea is to

P <

Fig. 5.19 Pike and eels.
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find a ‘trapping region’ which does not contain any stationary points
but which does contain limit points of the flow and then to show that
these limit points lie on a periodic orbit. To prove this result we need a
definition and a couple of (easy) technical lemmas.

(5.9) DEFINITION

Allocal transversalls a line segment which all trajectories cross from the
same side (see Fig. 5.20). |

(5.10) LEMM:J

If zy is not a stationary point then it is always possible to construct a
local transversal in a neighbourhood of x.

Proof: If z, is not a stationary point then we can choose coordinates y
in the direction of the flow at z, and z orthogonal to y such that the
flow takes the form

/ =a‘+0(|(y7z) —.’Ilol), z'=O(|(y,z)—.’c0|) (5'47)

by expanding the vector field as a Taylor series about z,. Here a is a
non-zero constant (equal to the magnitude of the vector field at z;).
Now simply choose a line through z, in the l irection. Since a # 0
all trajectories which cross this line sufficiently close to x, do so in the
same direction (with increasing y if a > 0 and decreasing y if a < 0).

Fig. 5.20 L is a local transversal.



134 5 Two-dimensional dynamics

The important property of local transversals in R?2, which is no longer
true in higher dimensions or even for flows on the torus, is that the
successive intersections of a trajectory move monotonically along the
local transversal.

(5.11) LEMMA

If a trajectory y(x) intersects a local transversal several times, the suc-
cessive crossing points move monotonically along the local transversal.

Proof: Consider two successive crossings. The geometry must be as
shown in one of the sketches in Figure 5.21. In all cases y(z) leaves the
shaded region and cannot return, so the next crossing is further away.

This is (quite literally) a sketch proof; note that it relies heavily on
the Jordan curve lemma (that a closed curve in the plane separates an
inside from an outside).

Fig. 5.21
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(5.12) COROLLARY

If z € A(z,) is not a stationary point and € (x,), then y(z) is a
closed curve.

Proof: Since x € v(zy), A(z) = A(xy), and so z € A(z,) implies that
z € A(z). Choose X to be a local transversal through z, then there is
an increasing sequence (t;), t; > t,_; > 0, such that ¢(z,t,) — z as
i — oo and ¢(z,t;) € X. Also, ¢(z,0) = x. Suppose that ¢(z,t,) # z,
then successive intersections of ¢(z,t) with ¥ are bounded away from
z by Lemma 5.11, which contradicts the fact that £ € A(z). Hence
¢(z,t;) = = and y(z) is periodic.

We can now state and prove the Poincaré-Bendixson Theorem.

(5.13) THEOREM (POINCARE-BENDIXSON)
——

Suppose that y(x,) enters and does not leave some closed, bounded do-
main D (so ¢(zy,t) € D for allt > T, some T > 0) and that there are
no stationary points in D. Then there is at least one periodic orbit in

D, and this orbit is in the w-limit set of x|

The strategy of the proof is simple: the w-limit set of z, is in D so
take a point in this set, z. If z is in the trajectory of x, we are finished
by Corollary 5.12, otherwise consider the trajectory through z, which
also has limit points in D. Construct a local transversal through such a
limit point, and now show that this limit point must be in the trajectory
through z (and hence periodic). If it is not in the trajectory through
x, this trajectory must move monotonically along the local transversal
through its limit point. But the trajectory through z is also in the limit
set of x;, and so the trajectory through z, must be able to move up and
down the transversal: a contradiction. Let us write this down properly.

Proof: Since 'y(:co) enters and does not leave the compact domain D,
A(z,) is non-empty and is contained in D. Take z € A(z,) and note
that zx is not stationary since there are no stationary points in D. There
are two cases:

i) -« € v(z). In this case y(z) is periodic by Corollary 5.12.
ii) z ¢ v(zg). Since z is in A(zy), v+ (z) C A(z,) and so vt (z) C D.
Hence z has a limit point, z*, in D. If z* € y*(z) then y(z*) is
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closed by Corollary 5.12, so we need to show that z* ¢ v+ (z) leads
to a contradiction.

Choose a local transversal, ¥, through z*. Since z* € A(z) the tra-
jectory through = must intersect ¥ at points p,, p,, ... which accumulate
monotonically on z*. But p; € A(x,) so it must be possible for v(z;) to
pass arbitrarily close to p;, then p;, ; and then p; again. But this implies
that the intersections of y(z,) with £ do not move monotonically along
Y., a contradiction.

To apply the Poincaré-Bendixson Theorem we need to find a region D
which contains no stationary points and which trajectories enter but do
not leave. Typically, D will be an annular region, with a source in the
hole in the middle (so trajectories enter the region on the inner bound-
ary) and the outer boundary is chosen so that the radial component of
the vector field is always inwards on this boundary (see Fig. 5.22). This
is illustrated in the following example.

Example 5.10
Consider the equation
T=y+ ix(l —2r), y=—-z+ %y(l —r?)

where r2 = 22 4 y2. To show that this has at least one periodic orbit
using the Poincaré-Bendixson Theorem we need to find a region which

Fig. 5.22 A trapping region.
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contains no stationary points of the flow and which trajectories enter
but do not leave. From the & equation a stationary point must satisfy

y= —%x(l —2r?)
and substituting this expression for y into the equation y = 0 gives
0= —z(1+ 3(1-2r%)(1-r?)).

Hence there is a stationary point at the origin and for any other station-
ary point 72 must satisfy the equation

2rt —3r24+9=0.

This quadratic equation for 72 has no real roots (as the descriminant is
3% — 4.2.9, which is negative) and so the origin is the only stationary
point of the equations. Now consider the equation for r. Differentiating
the expression r? = 22 + y? gives ri* = zZ + yy and so

ri = z(y + j2(1 — 2r?)) + y(—z + 2y(1 — r?))
= 122(1 - 2r?) + 142(1 - r?)

= 1r%(1 +sin? ) — 1rt.
Dividing through by r we find that

7= r(1+sin?9) — 1r3.
This equation is relatively straightforward to analyze. First note that
7 > 0 for all 8 provided %r - %r3 > 0, i.e. provided r? < % and that
7 < 0 for all  provided » — r3 < 0, i.e. provided r > 1. Now define the

annular region D on which we are going to apply the Poincaré-Bendixson
Theorem by

D={(r0)l3<r<1}.

Since the only stationary point is the origin there are no stationary points
in D, and since-r > 0 if r < % and 7 < 0 if » > 1 all trajectories in D
remain in D for all time. Hence, by the Poincaré-Bendixson Theorem
there is at least one periodic orbit in D.

5.9 Decay of large amplitudes

In this section we consider a class of examples for which it is possi-
ble to prove the existence of a domain D on which the conditions of
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the Poincaré-Bendixson Theorem hold. These are a class of nonlinear
oscillators

E+ f(z)z +g(x)=0 (5.48)

or in Liénard coordinates
t=y-F@), i=-0@), F@)= [ f@d (49

We shall assume that g(0) = 0, so (0,0) is a stationary point of the flow.
The stability of this stationary point is determined by the eigenvalues

of the Jacobian matrix
—-32(0) 0

It is a simple exercise to show that the eigenvalues of this matrix both
have positive real parts (i.e. (0,0) is a source) if %(0) > 0and f(0) <O0.
Hence, if these conditions are satisfied there all trajectories leave some
small neighbourhood U of the origin. OU will be the inner boundary of
the region D on which we can apply the Poincaré-Bendixson Theorem.
To construct the outer boundary we need a few more conditions. Let us
state these conditions in a theorem.

(5.14) THEOREM

Consider & + f(z)z + g(z) = 0 and suppose that

i) zg(z) >0 forxz#0, g(0)=0, f(0) <0 and %%(0) > 0,
ii) sign(z)F(x) > k > 0 for sufficiently large |z|;
iii) G(x) — oo as |z| — co; where G(z) = fom g(€)d§. Then the system
has at least one periodic orbit.

Proof: By (i) (0,0) is the only stationary point of the equation and it is
a source by the argument above the statement of the theorem. Hence we
can find some small closed curve around (0,0) which trajectories cross
outwards. To find a region D on which to apply the Poincaré-Bendixson
Theorem we have to construct an outer boundary which trajectories
cannot cross in the outward direction. This is done in three parts (see
Fig. 5.23).

First, we choose x, and y, large enough so that the trajectory through
(—zg,yo) strikes the line x =z, above y = k withy =y, yo—k < y; <
Yo + k. Second, we show that there is a bounded curve in z > =z,
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Yo ' Y

//// Vix,y)=V(x,y,)
.

77725 i

Lo oo4s4s - yo

Fig. 5.23 Construction of the trapping region.

from (z4,y;) to (g, —¥2), Yo < Yo, Which trajectories cross inwards.
Furthermore, the line segment from (x4, —y,) to (4, —¥) is a local
transversal which trajectories cross from right to left. Finally, we repeat
the argument from (zy, —y,) back to the line z = —z, to obtain the
trapping region of Figure 5.23. This region contains no stationary points
and trajectories enter but do not leave it, so by the Poincaré-Bendixson
Theorem there is at least one periodic orbit in the region. Let us write
this out properly.

Step 1. Note that for trajectories %;1 = ﬁ%. Choose z, large

enough so that sign(z)F(z) > k for all |z| > x, (this will be needed in
the next step). Since [—z, ;)] is compact and g and F' are continuous,
they are both bounded in [—z,, z,] so we can find a constant, ¢, such that
|9(z)| and |F(z)| are bounded by ¢ on [-zy,z,]. Now choose y, > 2k
large enough so that

k
2z

_|_—9(=)
y— F(z)

dy

- (5.50)

for all y € [y, — k,yo + k] and = € [—z, ). This is easy; just choose y,
such that

c k
0< —— < —
Yo—k—c 2z,
or
2cz,
Yo > k+c+——. (5.51)

k
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Provided this condition is satisfied, |%§| < 5',5:'6 for the trajectory through

(—z9,Yp) and so it strikes = z at the point (zy,y;) where

k<yy—k<y, <yp+k.

Step 2. We now want to show that the trajectory through (zy,y,)
returns to z = z, at a point (x4, —y,). We do this by using a modified
Liapounov function. Let

V(z,y) = 3y - k) + G(a), (5.52)

which has contours symmetric about y = k. For any given value of
y greater than k the contour of constant V' through (z,y) in z > z,
cannot tend to infinity in finite = (or the (y — k)? term would become
unbounded) nor can it tend to infinity with finite y (as G(z) — oo as
x — 00). Hence the contour must intersect the curve y = k at some
finite value of . By the symmetry of V about y = k the contour can
be reflected in y = k and so it intersects z = z, for a second time at
—y + k. Furthermore

V =gy — k) + &g(z) = —g(z)(y — k) + g(z)(y - F)
= —g(z)(F(z) — k) (5.53)

so in & > x, F(z) > k and hence V < 0. Now consider the part of the
contour V(z,y) = V(zy,y,) in ¢ > z,. Trajectories cross this contour
inwards (since V < 0) and the contour intersects = z, at y = y, and
Yy = —Y, Where

Yo =y; — k < yp.

This implies that (zy, —y,) lies above (zy, —y,) and since & is less than
zero for all y less than F(z,), £ < 0 for all (z4,y) with —y, >y > —y,.
Hence the straight line from (z, —y,) to (z4, —Yyp) is a local transversal
which trajectories cross from right to left (see Fig. 5.23).

Step 3. We now simply repeat the argument starting from (z,, —y,)
to come back to (—zg,y3) below (—x4,y)-

We can now construct a region, D, containing no stationary points
and which trajectories enter but do not leave. The inner boundary of D
is a small closed curve about the stationary point at the origin, which
is the only stationary point of the system. The outer boundary of D is
the union of six curves:
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i) the trajectory from (—z,,y,) to (z4,y;) constructed in Step 1;

ii) the contour V(z,y) = V(zy,y;) in £ > z,, which intersects the
line z = z, at y = y; and y = —y,, trajectories cross this contour
inwards;

ili) the line segment from (zy, —y,) to (zq, —y,), which trajectories cross
from right to left;

iv) the equivalent curves defined in Step 3.

Applying the Poincaré-Bendixson Theorem (Theorem 5.13) finishes
the proof.

There are many variations on this theorem, some of which are given as
exercises, but they all use the same kind of argument, sometimes without
needing to use all of the steps described above. With extra conditions
it can be possible to prove that the periodic orbit is unique, but we will
not worry about this here.

Exercises 5

The first three exercises below are considerably harder than the rest
of the questions. They deal with the effect of nonlinear terms on the
local behaviour near a stationary point, following on from the discussion
of Section 5.2.

1. Suppose that
T =az+by+ Fi(z,y), y=cx+dy+ Fy(z,y).

If Fi(z,y) ~ o(v/22 +y?), i = 1,2, show that the differential equation
can be written in polar coordinates as

i = rR(0) + P(r,0), 6 =Q(0)+ Q(r,0)
where R(8) and 0() are defined in (5.16) and
P(r,0) ~o(r), Q(r,0) ~ o(1).
If Fj(z,y) ~ O(z% + y?), i = 1,2, show that
P(r,0) ~ O(r?), Q(r,8) ~O(r).

You should find expressions for P and @ in terms of F} and F, explicitly.
In subsequent questions the notation of this question is used.
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2. (Nonlinear node). Suppose the origin is a nonlinear stable node
with eigenvalues A\; and A, with —A; > —A, > 0. Setting a = A,
d = )\, and b = ¢ = 0 in Question 1, show that in the absence of
nonlinear terms all trajectories tend to the origin tangential to the y-
axis, except for trajectories which start on the z-axis. Now suppose that
F,(z,y) ~ O(z? + y?), i = 1,2. Assume that two trajectories approach
the origin tangential to the z-axis in x > 0,

y=29:(z) and y=g,(),
say. Show that the functions g,;(z) satisfy the differential equations
dg; _ 2p9,(z) + Fy(x, 9,(2))
dz Az + Fy(z,9,(z))
Define G(z) = g,(z) — g5(z), £ > 0. Using the fact that trajectories
cannot cross, argue that G(z) > 0 for z > 0 without loss of generality.
Show that ‘
4G _ MG(z) + Fy(x,9,(2)) — Fy(x, 95())
dz Az + Fi(z,g,(x))
_ (2295(2) + F5(z, 95(2)) (F1(2, 91 (2)) — Fy (2, 95(2)))
Mz + Fi(2,9,(2))) (M2 + Fi (2, 95(2)))

=1,2.

Note that
Fy(z,9,(2)) — F(&,g,(c)) = G(x)%%(x, )

for some € with go(z) < £ < g;(z). Hence show that

dG  \,G(x)

—_— =1 .

& g (1+0(r))

Deduce that in a sufficiently small neighbourhood of the origin there

exist positive constants C' and §, with § < 1, such that

C$6_1 < G(.’L’)
T
and hence obtain a contradiction.

3. (Nonlinear star). Suppose the origin is a nonlinear stable star with
eigenvalue A < 0. If

P(r,8) ~ O(r*), Q(r,6) ~O(r)

show that for sufficiently small r, 6(t) is bounded. Show further that
initial conditions can be chosen such that trajectories tend to the origin
at an angle arbitrarily close to any given angle.
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4. Consider the following Lotka-Volterra equations for the population
of an island with rabbits () and sheep (s), r,s > 0. Find the stationary
points, investigate their stability and sketch a plausible global solution.

§=82-r-3)
i) 7=r(3-r—s)
i) r=r(3-2r—3s)
i) 7=7r(3-7r-2s)
iv) #=7r(3—2r - 2s).
5. Using polar coordinates, sketch the trajectories of

t=zy-z’y+1°, y=1"+2° -z’

6. Show that the system
t=2*-y-1, g=(z-2)y

has just three stationary points and determine their types. By consider-
ing the three straight lines through pairs of stationary points, show that
there are no periodic orbits. Sketch the phase portrait of the system.

7. Locate the three stationary points of the system
Cb=$(2——y—$), yzy(4$—$2—3), mayZO

and find their linear types. Using Dulac’s criterion with weighting func-
tion (zy)~!, show that there are no periodic orbits and sketch the tra-
jectories.

8. Consider the differential equation & = f(z) forz € R2. If Vx f =0
in a simply connected domain D, prove that no periodic orbits can lie
entirely in D. Deduce that the system

t=y+2zy, y=z+z%—1y>
has no periodic orbits.
9. Consider the differential equation
t=z-y—(2*+3y")z, g=z+y—(a®+ 33"

Determine the nature of the stationary point at the origin and use the
Poincaré-Bendixson Theorem to show that there is at least one periodic
orbit. Find bounds for the annular region in which any periodic orbit
can lie inside.
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10. Consider
t=y+cx(1-2b—-71%), ¢§=-z+cy(l—r?)

where r2 = 22 + y? and the constants b and c satisfy 0 < b < 1 and
0 < ¢ < 1. Prove that there is at least one periodic orbit and that if
there are several then they all have the same period, P(b,c). Prove that
for b = 0 there is only one periodic orbit.

11. Suppose £ + g(z) = 0. If g(0) =0, zg(x) > 0 for = # 0 and
T
/ g(u)du — oo as |z| — oo,
0

prove that all non-trivial trajectories are periodic.
2
By considering g(z) = ze™* , show that if the integral condition does
not hold then not all trajectories need be periodic.

12. Suppose & + f(z)& + g(z) = 0 and let F(z) = [; f(u)du and
G(z) = [y g(u)du. Prove that if

g(0) =0, zg(z) >0 if z#0, f(0)<0, ¢'(0)>0
and
sign(z)F(z) — 0o as |z| = o0
then there is at least one periodic orbit.
13. Consider the differential equation
b+9° —av+v=0.

. Show that if a < 0 then the origin is asymptotically stable. If a > 0
then use Theorem 5.14 or Exercise 12 to show that there is at least one
periodic orbit. (Begin by setting v =Y and v = X.)

14. Let D be a region on which the Poincaré-Bendixson Theorem can
be applied for the system = = f(z), z € R2. If V.f < 0 in D prove
that there is one and only one periodic orbit in D. If 7+ = R(r, ) and
6 = ©(r, 8), show that

10 00

(Note that f is the wvelocity field.) Hence or otherwise prove that if
0<b< % and % < ¢ < 1 then the system of Exercise 10 has a unique
periodic orbit.
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Periodic orbits

The Poincaré-Bendixson Theorem can be used to prove the existence of
periodic orbits for flows in R2, but the proof relies on the Jordan curve
lemma (that a simple closed curve separates the plane into two regions,
an inside and an outside) and so it cannot be applied to periodic orbits
in R™®, n > 3. The Poincaré index and Dulac’s criterion suffer from

similar drawbacks in higher dimension, solin order to discuss periodic

orbits in a more general context we need a new idea: the study of maps

induced by a flow.|

Consider a periodic orbit of the autonomous differential equation
z = f(z), ze€R"

If z, is on the periodic orbit then it is possible to find a local manifold
of dimension (n — 1) which intersects the flow transversely (see Fig. 6.1).
Given any point on this manifold we can then ask whether the trajectory
through this point intersects the manifold at some later time. Since z,

Fig. 6.1 Construction of the return map.
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is on the manifold (which is called a surface of section, and is analogous
to a local transversal in R2) some points must intersect the manifold
again. We can then construct a map R from the manifold to itself by
setting R(z) = y, where y is the point at which the trajectory through
z first intersects the manifold, assuming such a point exists. Clearly
R¥(z,) = x, for some k > 1, and the surface of section can be chosen so
that £ = 1. In this way we have reduced the problem of analyzing the
flow near a periodic orbit to the problem of analyzing the return map
R on an (n — 1)-dimensional manifold. The study of maps is in many
ways simpler than the study of flows, and properties of the map reflect
properties of the flow. In this chapter the correspondence between these
induced maps and the flow will be investigated in more detail, and we
will begin to outline a theory of the dynamics of maps similar to the
theory of flows already undertaken.

6.1 Linear and nonlinear maps

A map is really just a function f : R® — R™. Given such a function
and a point x € R™ we define the orbit of x to be the sequence

(z,f(z), f(f()),..., f*(z),...) (6.1)

where f*(z) = f(f*"!(z)) is called the n'* iterate of f. The orbit
of a point is similar to the trajectory through a point for differential
equations. The analogy between maps and flows is emphasised if the
map is written as

Tny1 = f(mn) (6.2)

so given a point z, we form the new point, z; = f(z,), and then

T, = f(z,) = f?(z,) and so on. Thus|the iteration of maps is like the

integration of a differential equation, but continuous time is replaced by

discrete time. |We can ask the same questions about maps as we have

done about flows: what is the limit set of a point (the accumulation
points of the orbit of z), is there an invariant set, a periodic orbit and so
on?| A fixed point of a map is a point z such that z = f(z)| so z,=z
for all n > 0 and a point is periodic of (minimal) period p if z = fP(z)
and fk(z) £z for 1 <k <p.




6.1 Linear and nonlinear maps 147

Ezxample 6.1

Let f(z) = 1 — z2. As with nonlinear differential equations the first
things we look for are fixed points: these satisfy

z=1-z°

so there are two fixed points: z, = (—1%++/5)/2. Now note that f2(z) =
f(1—z2) =1~ (1 -22)2. So points of period two satisfy

r=1-(1-2%)2=2z2-z%

Now, it is obvious that x = 0 satisfies this equation and so z = 0 and

f(0) = 1 are both points of period two. HoweverJin general it is rarely

so easy to factorize the fixed point equation for f2 and we need to use
the fact that a point of period one is also a point of period two, since

if f(z) = = then f(f(z)) = f(z) = z.| This shows that the equation for

the fixed points of f, 22 4+ x — 1 must be a factor of z¢ — 222 + . Indeed
it is easy to see that

1t 222+ = (2?42 -1)(z? - 2)

from which we deduce that the points which are of period two but are
not fixed points for f are the solutions of 22 — 2 =0: £ =0 and z = 1.

By analogy with differential equations, the next step would be to de-
termine the stability of these solutions: to do this we need the equivalent

of the linearization of a flow near a stationary point.l Suppose that z is a

fixed point of z,,, ; = f(z,), s0 z = f(z). To consider the local behaviour
of the map near z set z = 2 + &, for { small. Thenz,, ., =2+¢,,, and
expanding f(z +&,,) as a Taylor series

z2+ény = f(z+&,) = f(2) + Df(2)€, + O(I&, 7). (6.3)

Since z = f(z) this becomes

§n+1 = Df(Z)fn + 0('€|2) (64)

and, again by analogy with the continuous time case, we might hope
that the local behaviour is determined by the linearized system §,,, ; =
Df(2)¢,. This will be true for hyperbolic fixed points (which have yet
to be defined), but first we need to know something about linear maps.

Example 6.2

Consider the map z,,; = azx,, for real a and z,,. The only fixed point
is at z = 0 and z; = az,, T, = az; = a2x,,... s0 T, = a™x,. Hence all
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orbits tend to the origin if |a| < 1, all orbits (except z = 0) diverge if
|a] > 1, if a =1 all points are fixed and if a = —1 the origin is fixed and
all other points are of period two.

This example suggests that the hyperbolicity condition for fixed points
will be that all eigenvalues of the linearized map lie off the unit circle.
The general linear map in R"” is

T, = Az, (6.5)

where A is a real n x n matrix. By induction this gives z,, = A"z, so
the action of the linear map is determined by A™ in the same way that
a linear flow & = Az is determined by the matrix et4. We leave a fuller
discussion of normal forms for maps to later; here we simply observe that
eigenvectors of A corresponding to eigenvalues outside the unit circle
give unstable directions and those which correspond to eigenvalues inside
the unit circle give stable directions. That the results of Chapter 4 for
hyperbolic stationary points of flows carry over to hyperbolic fixed points
of nonlinear maps is confirmed by the following sequence of theorems.

(6.1) DEFINITION

Let z be a fized point of T, 1 = f(x,). Then z isjhyperbolicliff |\| # 1'
for all eigenvalues, \, of Df(z). |

With this definition of hyperbolicity we can now state the results for
fixed points of maps corresponding to the Stable Manifold Theorem for
flows (Theorem 4.7), Poincaré’s (analytic) Linearization Theorem (The-
orem 4.5) and the persistence of hyperbolic stationary points (Section
4.3). The local stable and unstable manifolds of a fixed point are defined
in the same way as for flows:| given some small neighbourhood U of a

hyperbolic fixed point, z, of some smooth, invertible map f the local
stable manifold, W} .(2), of z is

Wiee(2) = {x €Ul lim f*(z) =z and f'(z) € U for all i > o}

and the local unstable manifold, W (z), of z is

o(2) = {w e U] nh_)néo f™(z) =z and f~¥(z) € U for all ¢ > 0}
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As with ﬂowsithese manifolds can be extended to give thelg global) stable '

| andjunstable manifoldslof z using
We(z) = J 7" (Wie(2) and W(2) = (J f"(Wike(2)).

n>0 n>0

(6.2) THEOREM (STABLE MANIFOLD THEOREM FOR MAPS){

Suppose that the origin is a hyperbolic fized point of the map z,,, =
f(z,), where f is a diffeomorphism (i.e. smooth and invertible). Then
the linear map z, ., = Df (z,) has stable and unstable %‘?fﬁ%o”?ds, E®
and E* and there erist local stable and unstable manifolds W (£} and

;;J‘Q for the nonlinear system which are of the same dimension as E*
and E* respectively. These manifolds are (respectively) tangential to E®
and E at the origin and are as smooth as the original map f.

The equivalent of Poincaré’s Linearization Theorem holds with a mod-
ified resonance condition.

(6.3) THEOREM (ANALYTIC LINEARIZATION THEOREM)

Suppose that x,, ., = f(x,), where f is an analytic map with a hyperbolic
fized point at the origin. Then there is a near-identity formal power
series change of coordinates y = x + ... such that in the y coordinates
Ynt1 = Df(0)y, provided the eigenvalues A;, i = 1,...,n, of Df(0) do
not satisfy the resonance condition

n
A =12 s=1,2,..n,
k=1

where the non-negative integers m,; satisfy ) m,; > 2.

The proof of this theorem is almost exactly the same as the proof
of Theorem 4.5; the only difference is that when the successive coordi-
nate changes of higher and higher order are made the divisors of the
coefficients look like (A, — [To_; A7*) rather than (A, — >"p_; m;),).
Hartman’s Theorem also holds if the fixed point is hyperbolic; i.e. if f
is a diffeomorphism and z is a hyperbolic fixed point of f then there
exists a homeomorphism which takes the orbits of f to the orbits of D f.
Finally, we have the persistence result.
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(6.4) THEOREM (PERSISTENCE OF HYPERBOLIC POINTS)

Suppose that f is a diffeomorphism and that z is a hyperbolic fized point
of f. Then for all diffeomorphisms v there exists €, > 0 such that if
0 < € < €, then f + ev is a diffeomorphism with a hyperbolic fized point
2’ near z. Furthermore, the dimensions of W;}"'(z) and W' (2') are the

L.same.

One major difference between maps and flows is that periodic orbits
of maps can be treated in precisely the same way as fixed points, since

a periodic point of period p is a fixed point of 7| Hence all the defini-

tions and theorems for fixed points of maps can be extended trivially to
periodic points by replacing f by fP. Stability for a fixed point depends
upon the spectrum (i.e. the eigenvalues) of Df(z), so for a periodic
point y with fP(y) = y it should depend upon Df?(y). Now, by the
chain rule '

p—1
DfP(y) = Df(f7~*())DfP ' (y) = H Df(y;) (6.6)
= D) D (Mp2) DLW = k=0

where y, = y and y, = f*(y). This shows that|the eigenvalues of

Df?(y) are independent of the point y on the periodic orbit, so any
stability results will be properties of the periodic orbit, not just the

periodic point. |

6.2 | Return maps

The idea behind return maps was sketched in the introduction to this
chapter, so we will go straight into the definition of the map.

Consider a flow ¢(z,t) defined by the differential equation = = f(z),
z € R™, and suppose that there is a periodic orbit I'. Then we can define
a local cross-section ¥ C R"™ of dimension n — 1 which is transverse to
the flow and which therefore intersects I' at a single point z. Now for
some open set U C ¥ with 2z € U define the map R: U — X by

R(z) = ¢(z,7(x)) . (6.7)

where p(z,7(z)) € ¥ and ¢(z,t) ¢ ¥ for 0 < t < 7(z). Note that if
the period of I is T then 7(z) = T and that the stability of the periodic
orbit is reflected in the stability of z, which is a fixed point of the map
R. R is called a (Poincaré) return map, and in a neighbourhood of a
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point on an isolated periodic orbit it is always possible to construct such
a map which is as smooth as the original flow.

Example 6.3
Consider

t=z-y—xz(2®+y?

J=z+y-y(@®+9%)
or in polar coordinates
F=r(l-r%), =1

Choose ¥ = {(r,0)|r > 0,6 = 0}. The differential equations can be in-
tegrated to give solutions

1 -}
[1+<——1) ] , 0=0,+1
To

so if we choose initial conditions (7, 6,) = (x,0) on ¥ we see immediately
that 7(z) = 27 for all z > 0 and so

Rz) = [1 + (% - 1) e—“] )

This has a fixed point, £ = R(z), when = = 1, so the pomt (r,0) =(1,0)
lies on a periodic orbit of the flow, and

DR(z) = ;[H(i—l) ]_%.(—2‘:“).

Evaluating this when = = 1 gives DR(1) = e™*" < 1, so the periodic
orbit is stable.

o=

This could, of course, have been deduced directly from the solutions;
the important aspect of this section is that periodic orbits can be studied,
in the abstract, by considering invertible maps of R*~1.

6.3 | Floquet Theory revisited

There is a second way of reducing the flow near a periodic orbit to a |
maglwhich is perhaps more in keeping with the linearization arguments
of preceeding sections. Suppose I' is a periodic orbit and z, € T, so
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o(zq, T) = z,, where T is the period of the orbit. Then we can‘lconsider
the effect of a small perturbation, v to z,, and try to discover whether

such a perturbation grows or not.l In other words we start with a small
perturbation v, then calculate v; = vy(T") in the following sense. Con-
sider p(zy + vy, T'), then v; = p(zy + vy, T) — x5, now repeat this with
v, replacing vy. In this way we obtain a map v,,; = G(v,) valid for
small |v|. But using Taylor’s Theorem

(@0 + v, T) = 9(3, T) + Dpla, Thvy, + Ollvn2)  (6.8)

and so

vn+1 = <P($0 + vn’T) - xO = DSD(:EO’T)UN. + 0(|vn|2) (69)

since z, = (z,T). | This gives us a linear map with a fixed point at

z,. Note that this map will inevitably have a neutral eigenvalue of +1
corresponding to a choice of v such that z,+v € I, but the remainder of
the spectrum of Dy(z,,T) will tell us whether the fixed point is stable

| or unstable |(the indeterminacy of stability in the direction tangential to
the periodic orbit allows for phase lagging).

Unfortunately this method involves the calculation of the time evolu-
tion of the extra n? functions —-4“1- the variation of the solution with re-
spect to the initial conditions. The equations obtained are nasty (though
autonomous) and this approach is natural to use in numerical compu-
tations. However, for a theoretical understanding of the problem it is
‘much easier to consider the time evolution of a small perturbation of
the periodic orbit, which gives rise to a linear equation with periodic
coefficients of the kind described in Section 3.5.

Let z = ¢(zg,t) + v(t), |v(0)] < 1, be a small perturbation of the
periodic solution. Then

& = f(z) = f((o,t) +v) = f(¢(20,¢)) + Df(@(zo,t))v + O(|v]*).
But & = ¢(zg,t) + v = f(p(zg,t)) + 0 and so
s = Df(p(zg, ) + O(Jof?). (6.10)

To obtain the map above we have simply integrated the linear part of
this equation. £v4" 4 P@/‘“‘“e T

Ezample 6.4
In polar coordinates, Example 6.3 is

F=r(l-r%), §=1
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and the periodic orbit can be written explicitly as ¢(zy,t) = (1,t). If
we now let v = (p,®) in polar coordinates and =z = (1 + p,t + ¢) we
find, substituting these perturbations into the differential equation and
ignoring quadratic terms,

p=-2p, $=0.
Thus we find that the linearized system has one eigenvalue in the left
half-plane (corresponding to the stable direction) and one neutral direc-
tion (corresponding to the possibility of drift around the periodic orbit).

The results for the map derived in the previous example are simply
obtained by integrating the flow through one period of the oscillation.

In general, of course, Df(p(zy,t)) is not independent of time, but
since p(zy,t) = @(zy,t + T) it is a periodic n x n matrix, A(t) with
A(t) = A(t + T). This leads us to consider linear equations

b= A(t), A(t)=A(t+T). (6.11)

This is just a linear equation with periodic coefficients so (cf. Chapter 3)
we can define a fundamental matrix ®(¢) with ®(0) = I and such that

O(t + T) = B(¢).C. Setting t = 0 gives|the monodromy matrix C =

®(T). The eigenvalues of ®(T') are the Floquet multipliers, A(T") and if
AMT) = e°T then the coefficients o are called the Floquet exponents of

1 2(T).|From the definition of the fundamental matrix,
v(t) = ®(t)v, (6.12)

and so v(nT) = ®(nT)v,. Hence [v(nT')| tends to zero provided all the
multipliers of ®(T") lie inside the unit circle (or the Floquet exponents all
lie in the left half-plane). We have already remarked that there must be
a multiplier equal to +1, with an eigenvector tangential to the periodic
orbit at z,; this neutral stability corresponds to the possibility of drift
around the periodic orbit.

For periodic orbits in two dimensions there is a much simpler way
of finding the Floquet multipliers, exploiting the final three exercises of
Chapter 3. Basically, the idea is to use the divergence of the vector field
f near the periodic orbit. Suppose that the periodic orbit is u(¢), with
u(t) = u(t + T'). Then the periodic matrix, A(t), in equation (6.11) is

A(t) = Df(u(t)). (6.13)
Since u is a solution of the differential equation,

@ = f(u) (6.14)
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and so, differentiating with respect to time again,
d .
U= — ( (t)) = Df(u)u = A(t)u. (6.15)
So u satisfies the small perturba.tlon equation, (6.11), and since u is
periodic u(t) = u(t + T'). But, using (6.12), this implies that

W(T) = u(0) = ®(T)u(0) (6.16)

and so one Floquet multiplier of the problem must equal unity. This
result is true in arbitrary dimension, but now consider the case of dif-
ferential equations on the plane.

Let ®(t) be a fundamental matrix with initial value ®(0) = I. Then
the Floquet multipliers are the eigenvalues of ®(T"). But the product of
the eigenvalues of a 2 X 2 matrix is simply the determinant of the matrix
and we have already established that one of the eigenvalues is equal to
one. Hence the other eigenvalue, ) is given by :

A =det®(T) - (6.17)
and, of course, A is the Floquet multiplier we are trying to calculate. This

may not appear to be a great simplification of the problem, but it turns
out that the equation for the time evolution of det®(t) is particularly

simple.
First note that since ® = A®, we can write in the usual suffix notation
and

Differentiating (6.19) using (6.18) gives

d
—det®(t) = (A1, 8y + A13P9) Py

dt
+ @11(A21 P15 + A ®Py))
— (41115 + A15255) 0y,
= 05(A2, Py + A ®y). (6.20)
Tidying this up a little gives
d
dtdet<I>(t) = (A;; + Ayy)detd. (6.21)
But, by definition, A(t) = Df(u(t)), and so

Ay + Ay = 2f—l( (1)) + 2 52 () = v.£(utt) (6.22)
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giving, at long last,
%det@(t) = V.f(u(t))det®. - (6.23)

Integrating this equation together with the initial condition det®(0) = 1
we obtain

det®(t) = exp (/Ot V.f(u(7))d7'> (6.24)

and so _
[/ (T
A =exp (/0 V.f(u(r))d7'> (6.25)

and A < 1, the condition for orbital stability, becomes

/T V.f(u(r))dr < 0. (6.26)
0

In many situations this is an easy calculation.

Ezxample 6.5
In the example which runs through this section
V.f= rg(r[r(l —r))=2-4r

and on the periodic orbit r = 1, so V.f = —2. The integral is easy
(T = 27) and we find A = exp(—47) < 1. Hence the periodic orbit is
orbitally stable.

Ezample 6.6
Consider the nonlinear oscillator
Z+ h(z)t + g(z) = 0.
In Liénard coordinates with H (z) = [* h(£)dE, the equation is
t=y-H(z), y=-g(z)
and so V.f(z,y) = —h(zx). Hence if p(z,,t) is a periodic orbit for the
system with period T, the orbit is stable if

T
/ h{p(zq,t))dt > 0.
0
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6.4 Periodically forced differential equations

Another situation in which maps arise in a natural way is in the study
of forced equations of the form

i = f(z,t), flz,t+T)=f(z,?) (6.27)
If we let 8 = t, then
i = f(z,0), 6=1and f(z,0 + T) = f(z,6) (6.28)

and we have an autonomous differential equation on R™ x S where S?!
denotes the circle of length T', i.e. 8 and 6 + T are identified. Now if we
choose ¥ = {(z,0)|0 = 6,}, X is a globally transvere manifold and we
can define a return map on ¥ in the standard way: R(z) = 7 [¢(z, 0, +
T)], where 7, is the projection operator onto the z-coordinate. We
have therefore defined a global return map R : R* — R™. This is
sometimes called the time 7" map (or Poincaré map), since it is equivalent
to integrating the equation through one period of the forcing frequency.
The orbital stability of a periodic orbit is reflected in the eigenvalues
of the map DR in the standard way. We shall not go into this in any
detail, but we illustrate the idea with an example.

Ezample 6.7
Consider the equation
:I." = —aT + 691($,y»t), y = —by + 592($,y,t), \

where a and b are positive constants, € > 0 is small and the functions
g; are bounded and periodic in time with period T, so g;(z,y,t) =
9;(z,y,t +T), i = 1,2. We want to show that for sufficiently small €
this system has a stable periodic orbit with period T'. First, consider
the case € = 0. Then both equations can be integrated and the time T'
map is

(z,y) — (ze™T,ye™").

This is a linear map and both eigenvalues (e7%T and e~*T) lie inside
the unit circle and so the origin, which is a fixed point, is stable. Now
consider the full equations. Multiplying the & equation by e we find

—ze® = e + aze™ = eey, (z,y,t)

dt
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and so, integrating over the period of the forcing, T,
T
z(T) = z(0)e™°T + ee"aT/ e*g,(z,y,t)dt.
0
Similarly,

T
y(T) = y(0)e°T + ee"bT/ e? gy (x,y, t)dt.
. 0

Hence the time T map is a small perturbation of the unperturbed time
T map which has a stable fixed point at the origin and so, by Theorem
6.4, the (perturbed) time T map has a fixed point e close to the origin for
sufficiently small € > 0. This fixed point is stable (since the fixed point
of the unperturbed map is stable) and corresponds to a stable periodic
orbit of period T.

6.5 | Normal forms for maps in R?

In Chapter 3 we showed how the linear part of a differential equation
could be written in one of a number of (Jordan) normal forms by a linear
change of coordinate. The same theory holds for linear maps, since if we
have a linear map y,,,; = Ly, and choose some change of coordinates
y = Az, where A is an invertible matrix then

Tp1 =AY, = ALy, = A"'LAz,.

The invertible matrix A can be chosen to make A~!LA take the most
convenient form. For example, if L has two distinct real eigenvalues,
A; and ),, A can be chosen in such a way that A"!LA = diag(A;, \,)
(choose A to be the matrix which has the eigenvectors corresponding to
A; and A, as columns). In Chapter 9 we will need the normal form for
linear maps on R? with a pair of complex conjugate eigenvectors, A +iw.
In this case L has a (complex) eigenvector z such that Lz = (A + iw)z
and write z = e; + ie, where the vectors e; are real. Taking real and
imaginary parts of Lz = (A + iw)z we find that

Ley, = we, + Ae,
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and so choosing A = (e,,€,), i.e. the matrix which has e;_; as the i*?
column, i = 1,2, we find
A —w
za=a(l )

and hence in the new coordinates

4 A —w
xn+1 = W A xn.

This matrix can be written in a more geometrically appealing way by
noting that )\ + iw = rexp(if) and so, taking real and imaginary parts
again, A = rcosf and w = rsin§. Hence

cosf@ —sinf
Tnt1 =T (sinO cos d ) Tn: (6:29)

The effect of this transformation should now be obvious: it consists of a
contraction or expansion by a factor r composed with a rotation through
an angle of . We leave the description of the remaining cases for normal
forms of maps in R? as an exercise.

Exercises 6

1. It is often useful to have a graphical description of the iteration of

maps. Consider the map
Tpy1 = 2= Th.

Sketch a graph of z,, , ; against z,, with z,, on the horizontal axis. Sketch
the diagonal x,,,, = z,, and show that fixed points of the map corre-
spond to the intersections of your graph with the diagonal. Show that
the map takes the interval [—2,2] onto itself. Choose a point z, in
(—2,0). Find z, (approximately) from your graph. Find z, in the same
way and thus convince yourself that iteration works by moving up or
down to the graph then across to the diagonal. Repeat this construction
for

2
Tpyl = —Th
and hence convince yourself that all orbits in some interval tend to the
point £ = 0. Check that z = 0 is a fixed point of the map and that it is
stable. What happens to £ = 0 in the original map? Is the fixed point
at x = —1 stable?
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2. The Newton-Raphson method for finding the real zeros of a function
f can be written as the iterative procedure

_ f=a)

" (=)

Consider the function 22 — 3z + 2. Find the real zeros of this function
explicitly by solving the quadratic equation. Now consider the corre-
sponding Newton-Raphson scheme. Determine the fixed points of this
map and discuss their stability. By sketching the right hand side of the
iteration scheme show that all points with z < 2 (resp. z > 3) tend
under iteration to the fixed point in z < 3 (resp. z > 2).

$n+1=.’13

3. Find the function g(z) for which the Newton-Raphson procedure to
determine solutions of g(z) =0is z,,,; = 1 — z2. Find the fixed points
of this map and determine their stability. Find the points of period two.
Is the period two orbit stable?

4. Find the fixed points of
Tpy1 =T, + isinz,

and determine their stability. Illustrate this graphically on a plot of
Z,.1 against z,.

5. Find the values of u for which the map
Sgn == 2
has two fixed points. For what values of u is one of these stable? Look
for points of mimimal period two. For what values of u do they exist
and when is there a stable orbit of period two? Find the value of y for
which the point z = 0 lies on an orbit of period three.

6. Suppose g maps the interval [a,b] into itself. Let h be a change of
coordinates, so h is a continuous, strictly monotonic map from [a, b] onto
its image. Show that in these new coordinates the map can be written
as f = hgh™1.

7. Show that the maps g(z) = 4z(1 — z) on the interval [0,1] and
f(z) = 2 — z2 on the interval [—2,2] are related by a change of coordi-
nates. Show that the parametrised family of maps g,(z) = pz(1 — z)
maps the interval [0, 1] into itself if 0 < p < 4. For what values of u is
this map related by a change of coordinates to

i) filz)=X—2%
i) r.(z) =1-mz?
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8. Consider the linear map x,,; = Az,, where z € R? and A is a
constant 2 x 2 matrix. Classify the behaviour of this map according to
the nature of the eigenvalues of A (cf. Section 5.1 for flows).

9. The Poincaré-Bendixson Theorem can be applied to a planar sys-
tem, £ = f(x), in an annular region

D ={(r,6)| By < < Ry}.

If V. f is continuous and negative in D show that there is a stable periodic
orbit in D and deduce that it is the only periodic orbit in D.

10. Suppose = f(z) for z € R3. Let D C R? be a simply connected,
bounded domain with smooth boundary 8D. Prove that if V.f < 0 for
all z € D then no invariant torus can lie entirely inside D. Can an
invariant sphere lie entirely inside D?



Perturbation theory

In this chapter we abandon, at least to some extent, the geometric ap-
proach that has been developed in the previous chapters and attempt
to see how far calculations of solutions to nonlinear equations can be
pushed using the techniques of perturbation theory. In all the examples
considered here the nonlinearities are small (in a sense made explicit
in the next section) and we will consider solutions as perturbations of
the solutions to a underlying linear system. Although the approach will
be analytic (approximate solutions will be constructed in closed form)
we shall not abandon the qualitative approach espoused throughout this
book completely in that we shall use these solutions to obtain qualitative
information about the asymptotic behaviour of the nonlinear systems.

Many problems are phrased in such a way that there is a small param-
eter in the defining equation. When this is the case it is often possible
to deduce properties of the system by treating it as a perturbation of
the system when the small parameter is zero and finding solutions as
series expansions in the small parameter. As a simple example consider
the quadratic equation

?+2zx-1=0 (7.1)
where € is a small parameter, ¢ < 1. This has solutions
ct=—-€e+V1+e (7.2)

and the two solutions can be written, expanding the expression under
the square root, as

l—e+21e -1t ...
x={ 28 (7.3)

—1—6——%624--;—64-{-....
The main idea in perturbation theory is to expand the solution as

:I:=:L‘0+6:L'1+€2xz+.... (7.4)
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and then substitute into the equation to be solved to find the coefficients
z,; by equating terms of order €'. Substituting (7.4) into (7.1) gives

12 — 1+ e(2zg + 274T;) + €2(2z, + 27 +22475) +...=0  (7.5)

and so, looking at the terms of order €® we find

2-1=0 (7.6a)
so, taking the positive root, 5 = 1. The terms in ! give
2zy + 224z, =0 (7.6b)
so x; = —1, and the terms in €2 give
2z, + 23 + 224z, =0 (7.6¢)

and so z, = 1. Putting these results together we have obtained the
leading order terms of the expansion for the positive root of the quadratic
equation:

r=1-e+i+.... (7.7)

This chapter is devoted to developing similar techniques for differential
equations, and then applying them to a number of forced oscillators
to get an idea of some of the different types of nonlinear phenomena
that occur in these systems. There are many textbooks devoted almost
entirely to the application of perturbation methods to differential equa-
tions. For more details I would recommend either Minorsky (1974) or
Nayfeh and Mook (1979).

7.1 Asymptotic expansions

In what follows we shall not be concerned about whether the expansions
derived actually converge. We shall only ask that they are asymptotic
on some domain.

(7'.'1) DEFINITION

The sum Y oo fi(€) is an asymptotic expansion of the function f(e) iff
foralln >0
‘ fle) - ZZ=O Ji(€)
fole)
i.e. if the remainder is smaller than the last term included in the expan-
siom.

—0ase—0
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If 3", fi(€) is an asymptotic expansion of f(e) then we will write

F&~ Y fule) (e—0).
k

In most of the applications of asymptotic expansions here we shall be ex-
panding solutions of differential equations z(t,¢). In this case we obtain
asymptotic expansions of the form

(t €) ~ Y ay(t)6i(e) (7.8)
P

with, typically, 6, (¢) = €*. Such an expansion is asymptotic for ¢ in some
domain, D, if ), a;(t)d,(€) is an asymptotic expansion as € — 0 for
all t € D. We shall never verify that the expansions obtained really are
asymptotic expansions, but we will use the criterion that if ) |, a; (¢)6;(€)
is an asymptotic expansion then

Qpp1 ()01 (€)
ax ()6 (€)
In other words, we shall simply check that successive terms in the series
are small compared with the previous term!

—0ase—0.

Example 7.1
The van der Pol oscillator is the equation
f+et(z®-1)+z=0, 0<e<x1

and so for € small it is a small perturbation of the standard equation of
simple harmonic motion. If we set z(t,€) ~ zy(t) + ex,(t) + ... then the
equations for z, and z,, obtained by equating terms of order €® and €,
are

Bo+35=0, & +z;=—go(x3~1).

Hence z, = Acos(t — t,), and choosing an initial condition such that
to = 0 the equation for z; becomes

%, +z; = Asint(A%cos®t — 1).

Tidying the right hand side of this equation using sin®t = (3sint —
sin 3t)/4 we obtain

& +z; = $A(A® - 4)sint + A3 sin 3t.
This is a linear differential equation which can easily be solved to give

z, = Bcos(t —t;) — $A(A® — 4)tcost — —313A3 sin 3¢.
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The second term in this solution grows like ¢ cost and comes from the
resonance of the forcing terms in sin¢. In other words, the particular
integral part of the general solution is resonant: the forcing term on the
right hand side of the z; equation contains the complementary function
of the linear differential equation on the left hand side of the =, equation.
Hence, if we want an asymptotic expansion for z(t) valid over times of
order €1 this term must vanish, i.e. we must take A = 2 to give the
leading order periodic solution

z(t) ~ 2cost + O(e).

Thus the limit cycle for the van der Pol equation (which can be shown to
exist using the decay of large amplitudes result of the previous chapter)
has amplitude 2 + O(€) and approximate period 2.

If all perturbation theory was as straightforward as this example, this
chapter would be shorter! In fact, we have been extremely lucky to
be able to carry through the perturbation analysis this far, as the next
example shows.

Example 7.2
The Duffing equation is

t+r+ex?=0, 0<ex1

and, as in the van der Pol equation, the unperturbed equation is the
simple harmonic oscillator. As before we pose the asymptotic expansion
z(t) ~ z4(t) + ex,(t) + ... and find the leading order equations

s _ . _ 3
Zg+xy=0, %+, =—xp.

Choose initial conditions so that z, = Asint so the second equation
becomes

)tz = —A¥sin®t = %A3(sin 3t — 3sint).

Once again we have a resonant forcing term (—%A3 sint) which will give
a solution proportional to tsint, which breaks the assumption that the
series z, + €z, + ... is asymptotic on time scales of order e~1. The big
difference between this example and the previous one is that the only
way of making the series asymptotic is to set A = 0. Does this imply that
the only periodic solution is the trivial stationary point at the origin?
The answer to this is no, as can easily be seen by noting that there is
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a simple first integral for the system: if y = & then 3% + 3z% + lex?
is constant on trajectories, and all contours on which this function is
constant are closed curves, representing periodic orbits in phase space.
The point is that we have been sloppy about constructing the asymptotic
series in the first place. The solution to the full equation for z, is

z, = Bsin(t — t;) — 3, A%sin3t + 343t cost
and so
z(t) ~ Asint + e(Bsint — 35 A3sin 3t + 3 A% cost) + ...

where the dots denote terms of order €2 and higher. This is not an
asymptotic expansion for times of order e~! (unless A = 0), since the
3¢t A° cost term is of order 1 when t = O(e™'). But

Asint + e3 A% cost = Asin(t + 3eA%t) +...

and so we could equally well have rearranged terms in the solution of
z(t) and written

z(t) ~ Asin(t + 3e¢A%t) + e(Bsint — 5 A3sin3t) + ...,

which is now an asymptotic series (for any finite choice of A). This
suggests that we should think a little harder about the way in which
we develop the asymptotic series, taking into account the drift in phase
(and possibly the amplitude) of the leading order solution which may
destroy the asymptotic nature of a naively constructed series.

7.2 The method of multiple scales

The method of multiple scales (sometimes known as two-timing for rea-
sons which will become obvious in a minute) is a method of dealing with
the amplitude and phase drift described above in a systematic way. The
important observation, made in the previous example, is that solutions
oscillate on a time scale of order ¢ with an amplitude and phase which
drifts on a time scale of order et. This suggests that we should seek
solutions of the form

R(et) sin(t + 0(et)) | (7.9)
or equivalently

A(et) sint + B(et) cost. (7.10)
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Thus there are two time scales, a fast time scale on which solutions
oscillate, 7 = ¢, and a slow time scale, T' = €et, on which the amplitude
and phase evolve. More generally we pose an asymptotic expansion
solution

z(t) = z(1, T, €) ~ zo(7,T) + €z, (7,T) +... (7.11)

which is asymptotic for times up to order e¢~!.

treat 7 and T as independent variables, so

d 0 0
%o + €57 (7.12)
Using this last expression and the definition of the asymptotic series we

find that

In this expression we

z ~zo(r,T) + ez (1, T) + ..., (7.13a)
:i? [ad xo.’. + 6(:1:17. + on) + oo (7-13b)

and
E~Torr + €(Typr +2Top,) + . (7.13¢)

where the subscripts denote partial differentiation. We can now treat
the two examples of the previous section properly.

Ezxample 7.3
Recall that the van der Pol oscillator is
i+ex(z®—1)+z=0, 0<e<k1

and choose initial conditions z(0) = 1, £(0) = 0. We pose the asymptotic
series solution

z(t) ~ 2o(1, T) + exy (7, T) + . ..
valid for time scales of order e~!. The equation at order €° is
Zorr + 2o =0, 24(0,0) =1, 2,,(0,0) =0
with solutions
2o = R(T) cos(r + ©(T)), R(0) =1, 6(0) = 0.
The terms of order €! give

- 2
Tyrr + Ty = —2Lo,7 — Lo, (25— 1)
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and the initial conditions become z; = 0 and z;, + Ty = 0 when
7 =T = 0. From the solution to the z;, equation we see that

Zo, = —R(T)sin(r + ©(T"))
and
Zo,p = —Rpsin(r + O(T)) — RO cos(T + O(T')).
’Hence the right hand side of the z, equation is

(R sin(r + O(T)) + ROy cos( + 6(T)))

+Rsin(r + ©(T))(R? cos?(1 + ©(T)) - 1),
which can be rewritten using the identity sin®¢ = 1(3sint — sin3t) as

(2Rr + $R(4 — R?))sin(t + ©) + RO cos( + ©)

+1R%sin3(r + ©).

The first two terms in this sum are resonant, in that they will cause z;
to have solutions which are proportional to 7 cos(7+0©) and 7 sin(7+ ),
which will break the assumption that the series is asymptotic for times
of order e~!. Hence, in order for the series to be asymptotic we must set

2Rr + 1R(4- R?*) = 0= ROy,

(these are called nonresonance or secularity conditions). Together with
the initial conditions from the z, equation this implies that we must
solve '

and
Rp = iR(4-R?), R(0) =1.

The first equation gives ©(T") = 0, which explains why we were appar-
ently able to solve the problem without the method of multiple scales
at the end of the previous chapter, and the R equation is easily solved
using partial fractions to give

2

0= ey

So for large T solutions tend to R = 2 and we obtain the periodic orbit

z(t) ~ 2cost + O(e)
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but now we know how the periodic orbit is approached and that it is
stable. Note that we could have deduced that the periodic orbit is stable
directly from the R equation by looking at the graph of Ry against R
as shown in Figure 7.1. This shows that Ry > 0if R < 2 and Ry < 0 if
R > 2, which implies that solutions tend to R = 2.

Ezxample 7.4

The Duffing equation

i+r=—ez®, 0<e<1

can be treated in the same way. We look for a series solution z(t) ~

zo(1,T) + €z,(7,T) + ... , which is asymptotic for times of order ¢~1,

where 7 =t and T = et. At order €® we obtain the equation
ZTorr +2To =0
and so
zo = R(T) cos(t + ©(T))

where the functions R and © are determined by the secularity or non-
resonance condition at order e. The z; equation at order € is

—_ 3
Tirr + I = _2m0TT — Ty

= 2(Rsin(t + ©)) — R3cos®(7 + ©).
So, differentiating the first term on the right hand side of this equation
and using the identity cos3t = %(3cost + cos 3t) we have
Zi,r + T, = 2Rpsin(T + ©) + 2RO cos(T + O)
— 2R¥(3cos(t + ©) + cos 3(7 + O)).

Fig. 7.1 Graph of Rt against R.
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The cos 3(T + ©) is harmless since it leads to a particular integral which
is of order one, but the cos(T+0©) and sin(7+©) terms on the right hand
side are resonant and so if the series solution is to remain asymptotic
over time scales of order e~! they must vanish, giving the secularity
conditions

Rp=0 and 67 = 2R2,

Solving the first equation gives R = R, where R, is a constant, and so
the second equation can be solved to give © = 3 R3T +t,, where ¢, is a
constant (determined by the initial conditions). Hence the leading order
solution is

z(t) ~ Rycos(t +tg + %Rget) + O(e).

(7.2) EXERCISE

Find the first integral of Duffing’s equation and hence sketch solution
curves. How do these solutions compare with the asymptotic solution.
described above? [Hint: Think about ©r for the large amplitude solu-
tions./

It is worth pointing out that this method is by no means limited to
the analysis of perturbed oscillators; it can be applied to any system
which is a perturbation of the linear differential equation L(z,z,Z) =0
and can be extended to systems involving higher derivatives.

The method of multiple scales therefore involves a number of relatively
straightforward steps. Given the equation

L(z,z,%) = ef(x, &)

with € <« 1 and where L(z,%,%Z) = 0 is a linear differential equation
and both L and f can depend explicitly on ¢ as described later in this
chapter, we pose a series solution

z(t) ~ zo(1, T) + ez, (7, T) + ...

in terms of a fast time 7 = ¢t and a slow time T = et, which is an
asymptotic series on timescales of order e~!. Using (7.13) the equation
at order €° is

L(wO’ Zory xO‘r‘r) = 0’
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which can be solved, but the ‘constants’ are now functions of T. At
order € the equation is

L(xl’ Tyrs xlrr) = g(zO’ Torr ZoT> xOTT)

where, for example, if L(z,z,%) = & + aZ + bz then

e 9(o, To, > Tors Torr) = —20,1 — aZor + F(Tos To,)-

The first two terms on the right hand side of this equation come from
the extra terms in (7.13b,c). We now identify the resonant terms in g,
i.e. those which involve the complementary function of L and which will
give a term in the particular integral which breaks the assumption that
the solution is asymptotic on timescales of order e~!. The coefficients of
these terms are then set to zero (the nonresonance condition), providing
equations for the T' evolution of the ‘constants’ in the expressions for
z,. Solving these equations gives the lowest order approximation to the
solution.

7.3 Multiple scales for forced
oscillators: complex notation

The major difficulty in finding the drift equations for the amplitude
and phase of the zeroth order solution lies in the identification of the
resonant terms at order €. When the linear part of the zeroth order
approximation is the equation of simple harmonic motion, Z +x = 0, it
is often more convenient to work in complex notation rather than using
sines and cosines. This obviates the need to use nasty formulae for sin® 8
and cos® @ and so on, since we need only look for the coefficients of e*t
in the first order equation, and these can usually be read off without too
much trouble.

To illustrate this point we shall go through the calculation for the van
der Pol oscillator once again. Looking for a solution z(t) ~ z4(7,T) +
€x,(1,T)+... (with 7 = t and T = et as before) which is valid for times
of order e~! we obtain the now familiar equations

Zorr +To =0 (7.14a)

Typr + &y = —2Tg,p — Lo, (T3 — 1) (7.14b)
The solution to the first of these equations can be written as

zo(T,T) = A(T)e'™ + A*(T)e™ " (7.15)
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where A is a complex function of the real variable T" and A* is the
complex conjugate of A. This implies that

Ty, = 1A’ —iA*e™"T (7.16a)
and ‘
To,p = iAre’™ —iAhe . (7.16Db)
The right hand side of the equation for z, is therefore
—2(iATe" - iA}e_iT) — (14e'™ — iA%e ") ([Ae" + A*e"”]2 -1)

and it is now a formality to read off the terms which resonate with the
left hand side of the equation (i.e. the terms in e'” and e~%"). The
coefficient of €' is

—2iAp — 21A%A* +iA* A% +iA
and the coefficient of e~ is
26A% + 2142 A —1AAY — (A%,

which is, not surprisingly, the complex conjugate of the coefficient of i".
Hence the nonresonance or secularity condition is

2iAp +iA*A? —iA=0 (7.17)

or
247 = A(1 — [A]?). (7.18)
We can now solve for A in two different ways. Setting A = u + iv gives
up = Su(l — (u? + %)), vp=3v(1- (u? + v?)) (7.19)

(takmg real and imaginary parts of ( gi 18)) or alternatively, setting A =
re® gives

Ap = rpe +irfre®. (7.20)
Now, since 24, - A(1 — |AJ?) = re®®(1 — r2), this implies that
rp=r(1—1?), r6;=0. (7.21)
Hence r — 1 and § = 6, and so
2o(1,T) ~ 7(T)e!T+9) 4 r(T)e~"7+%) = 2r(T) cos(r + 6,). (7.22)

Since r — 1 as T — oo we find a periodic solution of period 27 + O(€?)
at amplitude 2 + O(e), as above.
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7.4 Higher order terms

The method outlined above provides us with an asymptotic expansion
which is valid on times of order ¢~!. If we want to construct expansions
which are valid on longer time scales we need to introduce further slow
(or slower) times. For example, to obtain an expansion valid to times of
order €2 we define three times,

7=t T,=¢t and T, =€’
and look for an asymptotic series
z(t) ~ 2o(7, Ty, Tp) + ez (1, Ty, Ty) + €225(7, T, Tp) + . ..

treating 7, 17 and T, as independent variables. Hence

d_98 . .0 20
dt  or oI, oT,

and so
& ~ o, + €(Ty, + Top,) + €(Ty, +Typy +Top,) + -
and
& ~ Torr +€(T1rr +220,1,) + € (Tarr + 20,1, + Toryr, +221,m,) -

These equations can then be substituted into the perturbed equation of
the form

Liz,z,%) + ef (x, ,t) + eg(z, ,t) = 0

where L is a linear function, to obtain the desired equations to second
order. The secularity conditions at first and second order then give the
desired asymptotic solution. This is extremely messy and tedious. We
will not go into further detail here.

7.5 Interlude

In the previous two sections we have described a method for treating
differential equations which are perturbations of differential equations
which we are able to solve. In the following sections we shall use these
techniques to explore some of the nonlinear effects which can occur in
perturbations of simple harmonic oscillators. First, though, we want to
think a little about the type of behaviour that we might expect to see.
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Consider the differential equation
Z+zrz=¢f(z,2), 0<e<k 1. (7.23)

Solutions to the unperturbed equation, & + = = 0 are all periodic apart
from the stationary point at the origin, which is a centre. We have
already seen that centres are not persistent, small perturbations tend
to make them either stable or unstable foci, so there are three possible
types of behaviour that we might expect to observe in such systems. The
origin might become stable, and all solutions tend to the origin (this is
called quenching) or the origin might become unstable, and all solutions
diverge from it for times of order ¢! (this is called resonance again).
A further possibility is that one or more of the periodic solutions of the
unperturbed equation survives and so some combination of stable pe-
riodic orbits and, perhaps, stable stationary points could be observed.
This is the case in the van der Pol and Duffing equations. The unper-
turbed equation, # + z = 0 is Hamiltonian: it can be rewritten as & = y,
Y = —z, and so if H(z,y) = %(172 + y?) we have
0H O0H

By Y=-%7 (7.24)

and H is constant on trajectories. In Section 7.6 we outline a method
which exploits this structure in order to determine which periodic orbits
of the unperturbed system are picked out by the perturbation.

The equations become more interesting if the perturbing function is
a function of ¢t as well as x and . If f is a periodic function of ¢, of
period 27 /w say, then there are two competing periods in the problem:
the natural period of the unperturbed equation and the forcing period.
In Sections 7.7 and 7.8 we consider parametrically forced equations:

i+wt)z=cf(z,2), 0<e<1 (7.25)

where w = 1+ 0(t) and o is a small, periodic function. This gives rise to
a phenomenon known as resonance. For particular values of the period
of ¢ the amplitude of solutions can grow exponentially. This is called
parametric excitation since resonance is due to the periodic variation
in w, which can be considered as a parameter in the problem rather
than external forcing. In Sections 7.9 and 7.10 we consider more general
forcing

I+z=cf(z,z,t), 0<e<k1l (7.26)
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where f is periodic in the time variable, t. More precisely, we consider
equations of the form

E+z=a(l-—w?)coswt+ef(z,t), 0<ek1 (7.27)

where w is a constant close to 1. The unperturbed equation (¢ = 0) has
solutions

x = Acos(t + 1) + acoswt (7.28)

and so solutions are periodic if w is rational and quasi-periodic if w is ir-
rational. For w close to 1 and e small but non-zero we find that solutions
tend to be periodic: one of the two competing (but close) frequencies
dominates and all solutions are ‘locked’ onto periodic orbits of approxi-
mate period 2. For some choices of f there can be more than one stable
periodic solution leading to hysteresis. As e is increased slowly we follow
one periodic orbit which becomes unstable, so solutions jump to another
stable periodic orbit, whilst if € is decreased slowly we follow the latter
stable periodic orbit until it loses stability and solutions jump back to
the original stable solution (see Fig. 7.2). In Sections 7.11 and 7.12 we
consider cases in which w is not close to the natural frequency of the
oscillator. For typical frequencies we find that the amplitude A of the
unperturbed solution can decay, leaving only the acoswt term (asyn-
chronous quenching), but for particular values of w more complicated
and suprising behaviour is possible. In particular there can be periodic
solutions whose frequency is a fraction of the forcing frequency, w. This
is called subharmonic resonance.

Stable

Stable

> €

Fig. 7.2 Amplitude (A) vs. parameter (¢) diagram showing hysteresis.
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Finally, we look briefly at relaxation oscillators. If € is very large
the van der Pol oscillator has a stable periodic orbit which lies close
to a simple cubic graph in phase space for nearly all the period. The
solutions ‘relax’ onto this curve until they fall off it (at its turning points)
where they zip across (very quickly) to another part of the curve and
the process is repeated (Fig. 7.3).

Throughout this chapter we consider perturbatlons of oscillators with
frequency 1 (and so with period 27). There is no loss of generality here
since by rescaling time the oscillator # + w3z = 0 can be brought into
the standard form & + z = 0. For example, in Section 7.11 we consider
the equation

i+ ex(x? —1)+z = a(l —w?)coswt (7.29)
with w = 3. All our results apply to the more general oscillator
%+ et(z? — 1) + wiz = a(wi — Q%) cos Ut (7.30)

since if we define a rescaled time s = wyt then Edi = de% this equation
becomes

Q
ngss + 5‘*’0%(32 - 1) + w(2)~'15 = a(wg - 92) cos <w—s) .
) 0

Now setting ¢/ = —~andw= w% this equation becomes

T,, +€z,(z%> — 1) + z = a(l — w?) cosws.

> /
/ X >>1 //
> X
X << —1 /%

Fig. 7.3 A relaxation oscillator.
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The analysis of (7.29) and (7.30) is therefore equivalent provided € < wy,
and the case w &~ 3 corresponds to {2 ~ 3w.

7.6 Nearly Hamiltonian systems

The method of multiple scales requires a great deal of manipulation in all
but the most simple of examples. If we are only interested in finding the
approximate amplitudes of autonomous perturbations there is a much

easier approach based on the fact that the unperturbed equations in all
the examples considered so far arel that is, there exists a |

Ifunction H(z,y) such that

OH O0H
= —(z, ) = ———(z,9). 7.31
z ay(w Y), §=——5-(29) (7.31)
Ezxample 7.5
Consider the equation of simple harmonic motion, £ + z = 0. This
can be written in two dimensions as £ = y, y = —z. So'if we set
H(z,y) = 3(z®+y*) thend =y = G and y = -z = -GL. His

simply the first integral of the equation (see Chapter 1).

The phase space of Hamiltonian systems in the plane is particularly
easy to sketch, since trajectories are simply curves with H(z,y) = ¢ for
some constant, c. To see that H is constant on trajectories consider %.

dH _,0H .OH OHOH . _0H 0H _

it~ "oz Yoy T By oz oz’ By
Now consider any small perturbation of a Hamiltonian system in the
plane,

0. (7.32)

& =.f1($’y) + egl(a:, y)1 fl(x7 y) = 'aa—l;l(z’y) (7.33&)

i = h@y) +em(@y), hE =5 @y).  (133)

Then if T', is a periodic orbit for this perturbed equation we must have

dH =0 (7.34)
e )
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since I', is a closed curve. But dH = (aH Ydz + ( )dy and so

[ ot e + - ymuay =0 (735
Now, since I', is a trajectory
/ (—gdz + tdy) = /F (=g + &)dt =
and so ‘ E

/ (922, v)dz — g,(z,y)dy) = 0. (7.36)

But now, if we assume that I, is a small perturbation of a solution I'
of the unperturbed equation we find that the periodic orbit for the per-
turbed equation is close to a periodic orbit for the unperturbed equation,
I', such that

/F (92(z, y)dz — g1 (z,y)dy) = 0. (7.37)

If we know the closed solutions of the unperturbed equation this integral
can be calculated. By Green’s theorem in the plane this expression

equals
/ / (891 892)dxdy=0. - (7.38)
int(T)

A further way of expressing this condition is to note that on trajectories
z ~ fi(z,y)dt and dy =~ fy(z,y)dt and so if the unperturbed closed
orbit has period T and is given by (z(t), y(t)) we have

T
/0 (fr02— ag)dt =0. (7.39)

Ezxample 7.6
The van der Pol oscillator
t=y, y=-z—ey(z®-1)

is a perturbation of a Hamiltonian system with H = %(ar:2 + y2) and
9, = 0, go(z,y) = —y(z? — 1). Unperturbed periodic solutions have
z2 + y2 = A for any A > 0 and so the perturbed equation will have a
periodic solution which satisfies (7.38):

// (x% - 1)dzdy =0
z24+y?<A
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i.e.

A 27
/ (r? cos® 6 — 1)rdrdd = 0.
r=0 J6=0

Evaluating the double integral we find

4
%— —-nA%2=0
and so A = 2, as we had already deduced.
Alternatively we could use (7.39). Note that the unperturbed system

has solutions
x = Acost, y= —Asint

and that periodic solutions of the perturbed equation satisfy (7.39) with
fl(xa y) =Y fz(ma y) = -, gl(x’ y) = 0 and 92($7y) = _y($2 - 1)
Hence the approximate amplitude, A, of the perturbed periodic solution
is given by

27
- A?sin?t(A%cos®t — 1)dt =0
0
or

—;11-7rA4 +71A? =0.
As before, this little calculation gives A = 2.

The stability of the periodic orbit can also be determined using this
method. Recall from Section 6.3 that a periodic solution, u(t), is stable
if

T
/ V.f(u(7))dr <0,
0
where T is the period of the solution and f is the defining vector field.
From (7.33)
_0f1 | 0fy 99, | 99,
Vi=a: ey T \az Ty )
but since :
OH OH
fi= -b—y_’ and f, = “r

the first two terms vanish to leave

_.(% 99
V'f—€(8x+6y .
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The condition for stability is therefore

T
dg; , 99,
6/0 <8x + By dr <0 (7.40)

where the partial derivatives are evaluated on the approximate periodic
solutions.

Example 7.6 continued

Evaluating (7.40) for the van der Pol oscillator we find that the periodic
orbit is stable if

2w
/ (% - 1)dr > 0.
0

The approximate solution has = 2 cost so this condition is
27
/ (4cos? T — 1)dr > 0.
0

Evaluating the integral we obtain 27 which is positive, hence the periodic
orbit is stable.

7.7 Resonance in the Mathieu equation

The Mathieu equation is & + (1 + 4e cos 2t)z = 0, which we will write as
f+x=—4ercos2t, 0<e<K 1l (7.41)
To apply the method of Section 7.3 we look for a solution
z(t) ~ zo(7, T) + exy (1, T) + ... (7.42)

with 7 = ¢, T = et, which is asymptotic for t = O(¢~!). This gives the
leading order solution

Ty = A(T)e'™ + A*(T)e™™". (7.43)
Hence the equation at order ¢ is

Tipr + Ty = —2T4,7 — 4Ty COS 2T
= —2(iApe’™ — iA%e ') — 2(Ae™ + A*e™ ) (e + e7HT).  (7.44)

Reading off the resonant e‘” terms in this latter expression and setting
them to zero gives

iAp+ A* =0 (7.45)
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or, if A =u(T) + w(T),

—vp+u=0 and up—v=0. (7.46)
Hence upp = u, 50 u(T) = c;eT + ce™T and v(T) = cjef — cpe 7.
The solution, asymptotic for time of order ¢!, has an amplitude which
grows exponentially like e and we obtain solutions with increasingly
large amplitudes. This phenomenon is called resonance.

7.8 Parametric excitation in Mathieu equations

We might now ask how robust a phenomenon the resonance described
in the previous section is. To this end we investigate a modification of
the Mathieu equation

Z+ (A+4ecos2t)z =0, 0<ex1 (7.47)

for values of A close to unity. To do this in such a way as to keep track
of small terms we expand A as a power series ine, A=1+¢ed+... to
obtain

Z+x = —ex(6+ 4cos2t). (7.48)

Once again we pose the asymptotic expansion, valid for times of order
€L, z(t) ~ zo(1,T) + ez,(7,T) +. .. in terms of the fast time, 7 = t and
the slow time T = et which gives the leading order solution

Ty = A(T)e'™ + A*(T)e™"" (7.49)
with
Ty, + 2= — 2G4 —iA*eTT) — §(Ae’T + A*e”T)
— 2(Ae' + A*e'T) (% 4 €7 %7). (7.50)

Comparing this with the equation derived in the previous section we
see that the only terms that we have not considered already are those
involving 6 which are easy, so the non-resonance condition at O(e) is

2iAr +6A+ 24" = 0. (7.51)
Setting A = u + iv as before we find that
vp = (1+ 36)u, and up = (1— 16w (7.52)

or upp = (1 — 16)(1 + 46)u = (1 — $6%)u. Thus solutions are stable
(on timescales of order €~1) provided 62 > 4. In terms of the original
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parameters € and A this implies that the system is resonant if

A - 1] < 2e. (7.53)

7.9 Frequency locking

In this section we want to consider oscillators which are forced by an
almost resonant term. Consider the modified van der Pol oscillator

& +ex(x® —1)+ Az = Acost, 0<e<k 1 (7.54)

where A is close to 1 and A is small (of the same order as €). Here, as
described in the interlude, we are interested in the way that the natural
frequency of the system (A) and the forcing frequency (1) compete with
each other. In order to obtain an asymptotic series we must ensure that
terms of order ¢ are identified, so set A =1 + de and A = ae to get

i+ 1z = —€(@(z® - 1) + 6z — acost). (7.55)

As ever, we look for a solution in terms of a slow and a fast time of the
form z(t) = z4(7,T) + €z, (7, T)+. .. which is asymptotic for t = O(e~?1).
This gives z, = A(T)e'™ + A*(T)e™*" and

Typp + T = —2Tg,p — To, (T2 — 1) — 62 + ccOS T. (7.56)
Substituting the expression for z, into the right hand side of this equa-
tion we find

— 2[iApe’™ —iAke ")

— [1Ae'™ — iA*e"T|[A%e®T + 24A* + A*%e” T 1)

_ 6[Aei‘r +A*e-—i'r] + %[e'ir + e—i-r].
Collecting up the resonant €'” terms and setting them to zero we obtain
the equation

—~2idp — A" A2 +iA— A+ 2 =0
or
24, = (1 +i6)A — |APA - %a. (7.57)

Setting A(T) = r(T)e**T) we obtain the two real differential equations

Tp =% (r . %sin 9) (7.58a)
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Op = 5 (6 - % cos 0) (7.58b)

To investigate these equations in the (r,60) plane we use some of the
techniques for planar equations described in Chapter 5. We begin by
looking for stationary solutions. These satisfy rp = 0 =0, i.e.

sinf = %r(l —1r?) (7.59)
and
o
r=g5 cosé. (7.60)

Equation (7.60) describes a circle of radius /46 centred on the point
(r,0) = (a/46,0) but (7.59) is a little more difficult. Figure 7.4 shows
the right hand side of (7.59) as a function of r. It has a maximum
when 2—-6r2=0 at which value the function 2r(1—r?) takes the value

. Hence if 3 < 1 there is a set of 6 values which are not realized
by (7 59) whilst if 75— > 1 all § values between 0 and m have two
solutions for r and all § values between 7 and 27 have a single solution
for r. Hence the contours of ;. = 0 are as shown in Figure 7.5. We will
concentrate on the case W‘lﬁ > 1; the other case is left as an exercise.

Putting the contour of 6 = 0 and the contours of r = 0 together we
see that there are two possibilities depending on the relative values of
a and § (both of which are assumed positive). There is a critical value
of £, p, say, such that if § > . then the circle r = 35 cos @ intersects
‘the contour of 7 = 0 at four points as shown in Figure 7.6a whilst
if ¢ < u, the circle intersects the contours of 7 = 0 in two points
(Fig. 7.6c). Figure 7.6b shows the limiting situation when § = p,.

In principle we should now find the spectrum of the linear flow near
each of these points in order to determine their type, but the information

» I
A3 \
[ 4

Fig. 7.4
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(a) \\ !, (b)\ / (c)

Al (8

Fig. 7.5 (a) r motion, a > ﬁ-; (b) r motion, a < ﬁ-; (c) @ motion.

in Figures 7.5 and 7.6 of the direction of 61 and r is sufficient for us
to be able to deduce the type of these points without going into this
detail (see Fig. 7.7). In Figure 7.8 we show the flows which we can
obtain in the three cases. Note that in Figure 7.8a there is an invariant
curve made up of a stable sink, a saddle and the unstable manifold
of the saddle (there is nowhere else for this unstable manifold to go!).
This invariant curve becomes a stable periodic orbit when these two
stationary points annihilate at § = p,. Note also that there is no
stationary point at the origin (the intersection of the curves r; = 0 and
6o = 0 is a coordinate singularity). We conclude that when § > pu,
solutions are attracted to a (non-trivial) stationary point, whilst if § <
. solutions are attracted to a stable periodic orbit. In the former case
we obtain solutions z(t) which are periodic. This is called frequency
locking: instead of two frequencies we have only one and solutions are
periodic, whilst in the latter case the asymptotic solution has a modulus
and phase which oscillate on a timescale of order et corresponding to
beating between the two frequencies.

(a) (b)

B (c)
; N DA
(I
D D vv

Fig. 7.6 Isoclines. (a) § > pec; (b)§ = tie; and (c) § < pe.
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(a) . (b) (c) (d)
'\/ T—O - / 1
R s
. o > o 1
§=0 t

Fig. 7.7 Local pictures at (a) A; (b) B; (c¢) C; and (d) D.

When § passes through the critical value p, there is a qualitative

change in the behaviour of the system as the two stationary points on the
invariant closed curve come together and annihilate, leaving the periodic
orbit as the attracting object. This is an example of a bifurcation, and
we will return to a more general study of such phenomena in the next

chapter.

7.10 Hysteresis

Consider the equation

E+Bi+(1+A)z+ex®=Acost, 0<e<k1 (7.61)

o

Fig. 7.8 Phase portraits. (a) § > pc; (b) § = pe; and () § < pe.
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(a) (b) 6>0 0>0>0

6=8, 6<8,
N/ / / /

J TN

Fig. 7.9 (a) r motion; (b) right hand side of (7.67) at different values of 6.

where B > 0 and B, A, € and A are all small parameters. This is just a
mixture of systems which we have already looked at with the addition
of a frictional term Bi. To bring it into standard form we shall assume
that ¢ > 0 and set B = (¢, 8> 0, A = é¢ and A = ae so

i+z = —€(f% + bz + 73 — acost). (7.62)

Now posing the expansion in terms of a fast time 7 = ¢ and a slow time
T = et, z(t) ~ zo(7, T) + z4(7, T) + . . ., asymptotic for t = O(e™1), we
obtain the solution

Ty = A(T)e" + A*(T)e™ " (7.63)
and the non-resonance condition at O(e), which we leave as an exercise
(apart from the 8% term we have covered each case earlier), is

—2iAg — BiA — 6A — 3| A]PA+ % =0

ie.
2A; = —(B — i6)A + 3| AP A - Lo (7.64)
In polar coordinates, A = re®, this implies that
2rp = —fr — %sine (7.65a)
205 =6 +3r? — % cos 6. (7.65Db)
We now proceed as with the previous example: r = 0 when
r= —2& sin 4, (7.66)

which is the circle shown in Figure 7.9a, and 67 = 0 when

cos§ = %T(é + 3r?). (7.67)
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Figure 7.9b shows the right hand side of (7.67) for different values of
8. If 6 > 0 each value of cos@ between 0 and 1 has a unique value of r
associated to it, and so the contour looks like the sketch in Figure 7.10a.
For 0 > 6 > 4, there are two values of r for each value of cosé in some
interval (—2,0), 0 < z < 1, and one value of r for each value of cosé
between 0 and 1, giving the contour shown in Figure 7.10b. If § = 6, the
minimum of the right hand side of the equation for cos# equals —1 and
so for 6 < 6, there are two values of r for each value of cos & between
—1 and 0 and one value for cos§ between 0 and 1 and so the contour
61 = 0 is as shown in Figure 7.10c. Note that the value of 6, is easy to
calculate since the turning point of the function of r which determines
cos@ is a%:_ﬁ and so

3. 9 ,
60 = —-'8—2(1 . (768)

Before putting the contours of r; = 0 and 61 = 0 together in order to
deduce the nature of the stationary points of the non-resonant equation
we observe that there are two important features of the flow which are
easy to see if the equations are written in Cartesian coordinates. Writing
A = u + iv the non-resonance condition becomes

2up = —fu — 6v — 3(u? + v3)v (7.69a)

2up = 6u — Bu + 3(u? +v?)u - g— (7.69b)

from which we see that the origin is not a stationary point of the equa-
tions unless a = 0. Furthermore, the divergence of the right hand side
of the equations is —2( and so, using Dulac’s criterion with weighting
function equal to unity, we see that if 3 # 0 there can be no periodic
orbits in the system. '

(a) (b) (c) (d)

/h\\(d_—é\ @

S

Fig. 7.10 6 motion. (a) § > 0; (b) 0 > § > é¢; (c) 6c > 6; and (d) as in (b)
with 8 near éc.
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Rather than give a complete description of all the possible behaviour
that can be observed in this system we shall restrict our attention to
one possible sequence. Fix a > 0 and § € (6,,0) but close to 6, so that
the contour 8 = 0 is as shown in Figure 7.10d.

For sufficiently small (but positive) 3 the circle r = 0 comes out of
the mouth of 8 = 0 (Fig. 7.11, A) and so there is only one stationary
point, and it lies in the negative right half-plane. It is not hard to see
that it is stable (Fig. 7.12a). As @ increases there is a critical value §;
at which the two curves r; = 0 and 6; = 0 are tangent (B) and as g
increases further there are two new stationary points (C). The one inside
the mouth of 6, = 0 is stable and the other is a saddle. As (§ increases
the saddle moves around the circle towards the original stationary point
and when 8 = (3, (D) there is a second tangency which removes these
two stationary points. For 8 > £, (E) the stable stationary point in the
mouth of 8 = 0 is the only stationary point of the system. v

Consider increasing @ slowly from a small positive value. Initially
solutions are attracted to the upper branch of solutions and provided
0 is changed slowly will remain on the upper branch until it folds over,
when the solution will jump (apparently discontinuously!) to the lower
branch. If we now decrease 3 slowly, solutions will stay on the lower
branch until it folds, where solutions jump back up to the upper branch

Fig. 7.11
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(a) (b)

Fig. 7.12 (a) Close up of the right hand stationary point for A; (b) hysteresis.

(see Fig. 7.12b). This effect is called hysteresis; the selection of which
attractor the solution chooses in the overlap region depends upon where
solutions begin. In terms of the original problem each stationary point
corresponds to a periodic orbit, so at the boundaries of the overlap region
two periodic orbits come together and annihilate. Once again, these are
bifurcations (but there is no invariant curve this time).

7.11 Asynchronous quenching
gt mi P

We now move on to consider differential equations of the form
f+z+a(w?—1)coswt =ef(x,%), 0<e<k1 (7.70)

where |w — 1| is not of order € (because in the case that it is we get back
to the analysis of Section 7.9). Without loss of generality we will always
assume that w > 0. As before, we pose the asymptotic expansion, valid
for t = O(e~!), in terms of the fast time 7 = ¢ and the slow time T = ¢t,
z(t) ~ zo(1, T) + €x;(7,T) + ... . For the case

&+ ex(z? — 1) + z + a(w? — 1) coswt = 0, O<e<<i (7.71)
the x4 and x, equations are
To,r + To + a(w® — 1) coswT =0 (7.72)
and

Tirr +z = —2x0TT - IIJO.,.(IEg - 1) (773)
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so the x solution is
zy = A(T)e'™ + A*(T)e™*" + acoswr. (7.74)

Recall that in the method of multiple scales we now substitute this
expression into the z; equation and then choose A such that there are
no resonant (or secular) terms on the right hand side of the equation,
that is, we choose A so that the coefficient of any term with e**” vanishes
in order to avoid responses like 7¢%'" in x; which break the assumption
that the solution is asymptotic for t = O(¢~!). The right hand side of
the z, equation is

—2(iApe'™ — iAke™")

_ (iAei-r _ iA*e—i‘r + %iaw(eiwr _ e-—’iw-r))

x ([Ae'" + A*e™" + Lae™T™ + Lae™™7)? —1).
Some of these terms are familiar from the treatment of the van der Pol
equation in previous sections. These old terms (which do not involve

eTiT) can be treated as before, whilst looking at the expression for the
right hand side we see that we have new terms like: "

eiT(2+w) and e*i7(2-w) | which are resonant if w = —1,-3 or w = 1,3
respectively;
etiT(1+2w) and e*i7(1-2w)  which are resonant if w = —1 or w = 1

respectively and both are resonant if w = 0;
e*%T which are resonant if w = +3; and
et which are resonant if w = +1.

Now, by assumption, w > 0 and looking at each expression we find that
provided w # 0, %, 1, 3 the non-resonance condition becomes

—2iAp +iA —i|A?A - 92-2-z'A =0 (7.75)

or, setting A = re’,
0p =0 (7.76a)
rp = 3r(l - %2— —r?). (7.76Db)

Hence if a? > 2, rp < 0 for all 7 > 0 and the origin is asymptotically
stable. In other words if a®? > 2 the ‘free mode’ dies away and we are
left only with the forced response a coswt. This is called asynchronous
quenching, where the term ‘asynchronous’ refers to the fact that we have
avoided the resonant frequencies w = 0, %, 1,3.
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(7.3) EXERCISE

Describe the behaviour if a® < 2. This is called soft excitation.

7.12 Subharmonic resonance

The unperturbed solution to the forced van der Pol oscillator of the
previous example has solutions

Rcos(t — ) + acoswt

which, at the resonant frequencies w = 0, %, 1, 3 identified in the previous
section, give solutions which are periodic of period 27 if w = 0,1, 3 or 67
ifw= % A closer inspection of the resonance at w = 3 will show that
although quenching can occur, giving solutions with frequency w = 3, it
is also possible to have non-trivial stable periodic solutions of frequency
%. This is an example of subharmonic resonance; the response frequency
is a fraction of the frequency of the external forcing. To investigate this
possibility further we consider the same equation as before,

i+ ex(z? — 1) + z + a(w? — 1) coswt =0, (7.77)

for w close to 3, i.e. w = 3(1+0d¢). Rather than work with a complicated
€ dependence in the cosine it is more convenient to rescale time before
beginning the analysis (we need to be absolutely certain that all terms
of order € are isolated). Set s = (1 + de)t, so dt =(1+ 66)3; and (7.77)
becomes

(1+6)2 +e(1+6e)d 2 —1) +z+a(9(1 + 6¢)® — 1) cos 3s = 0.

- @
Dividing through by (1 + 8¢)? gives
a:+e(1+6e) #(z® - 1)+ (1 +6€) 2z + a(9 — (1 + ) "2) cos3s = 0

where the dots now represent differentiation with respect to s. Now
expanding expressions (1 + 6¢)~! and (1 + 8¢)~2 as power series in € and
simplifying matters by redefining 6 and a a little and renaming s by ¢
we obtain the equation

%+ ei(2? — 1) 4+ (1 4 6e)z + 8acos 3t = O(€?). (7.78)

Going through the same rigmarole as in the previous section for
this modified equation (so z(t) ~ zo(7,T) + €x,(7,T) + ... with z, =
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AVA
\/\/

Fig. 7.13 6 motion (6§ = 0).

A(T)e'™ + A*(T)e™*" +a cos 37 and so on) we find that the non-resonance
condition at order ¢ is ’

2 .
—2iAg +i (1 - %— + ié) A—i|APA - “’T“’A"‘2 =0 (7.79)
or, in polar coordinates
rp = §7([2 — a®] — arcos 3¢ — 2r?) (7.80)
07 = (26 + arsin 36). (7.81)

We shall consider two cases separately: first § = 0, i.e. the situation
when w = 3, and second the more general case, w &~ 3, where we will
consider only the case § > 0.

(i) 6 = 0. If § = 0 the 6 equation becomes
67 = jarsin39 (7.82)

so (see Fig. 7.13) provided a > 0 and r # 0 we see that 6 — 3(r + 2nr)
and hence cos 3¢ — —1.
Substituting this value of cos 30 into the r equation we find

rp = 3r([2 - a®] + ar — 2r%). (7.83)

The expression in round brackets on the right hand side of (7.83) is
sketched in Figure 7.14 for the three qualitatively different regions. If
a? < 2 then all solutions tend to a non-trivial stationary point (soft exci-
tation) whilst if 2 < a? < 1—.;5 solutions tend to the non-trivial stationary
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\ a’<2

a’=2
16/7> a2>2

Fig. 7.14 The graph of 4rp/r for different values of a?.

point if the initial amplitude is sufficiently large and to the origin oth-
erwise (this is called hard excitation) whilst if a® > % all solutions are
quenched.

(ii) 6 > 0. To determine the behaviour of the general equations we need
to superpose the diagrams obtained by solving for 67 = 0 and r = 0
as we did in Section 7.10. First 67 = 0 if

sin360 = —2—6 (7.84)
ar’
\\ /. //
\ 4

Fig. 7.15 6 motion (§ > 0).



7.12 Subharmonic resonance 193

Fig. 7.16 r motion: (a) a2 > 18; (b) 2 < a? < 18; and (c) a® < 2.

which gives the contours of Figure 7.15, which also shows the direction
of 61 in the different regions. Note that for sufficiently small r, 6, < 0
whilst for large r the contours of 6, = 0 tend to the straight lines of

case (i).
The contours for r = 0 are given by
— a2 —op2
cos39 = 229 = (7.85)
ar

which is harder to sketch. There are three cases as shown in Figure 7.16.

Putting together Figures 7.15 and 7.16 we see that if a2 > % the
free mode is quenched as before, whilst if 2 < a2 < % there are two
possibilities depending upon the size of 6. If § is small (Fig. 7.17a)
there is hard excitation whilst if § is large the solutions are quenched
(Fig. 7.17b).

Finally, if a? < 2 there are two possibilities: if § is small we have soft
excitation (Fig. 7.18a) and if § is large there is an attracting periodic

N/ \

\Stable \ Stable

—— @ ——— —— - _G —@——— ——
I\ /

K \ 7 / ® (
/ \
/ / \
/ / \

Fig. 7.17 Stationary points: (a) § small (hard excitation); and (b) é large
(quenching).
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(a) (b)

Fig. 7.18 Phase portraits, (a? < 2): (a) & small; and (b) & large.

orbit (by the Poincaré-Bendixson Theorem) as shown in Figure 7.18b.
This corresponds to beating between the two frequencies.

This description is not entirely satisfactory: where did the periodic
orbit come from? What do small and large mean? We shall return
to these questions in Chapter 10 where we will be able to apply the
techniques of bifurcation theory to this system as a means of getting
more precise answers.

7.13 Relaxation oscillators

In all the previous examples we had a small parameter; in this section
we investigate the effect of a large parameter (although, of course, given
a large parameter then its inverse is a small parameter, but let’s not
quibble ...). The van der Pol oscillator can be written as

t=y-ex(iz®-1), y=-z (7.86)
where € is now assumed to be much greater than 1. Let
F(z) = ex(}2? - 1),

then |z| is very large (i.e. O(¢)) unless y ~ F'(z). Hence if a point (x,y)
lies off the curve y = F(z) it relaxes back onto the curve very quickly
(see Fig. 7.19). This suggests that trajectories are attracted to a periodic
orbit (ABCD) made up of two parts of the curve y = F(z) as shown
in Figure 7.19, and two almost horizontal pieces where the orbit falls
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off the curve. More precisely, note that y = F(z) has turning points at
z = +1 giving the two points B = (-1, 2¢) and D = (1,—Z¢). Now let
C be the other point on y = F(x) with y = 2¢, i.e. C =(2,%¢) and A
be the corresponding point with y = —%e, ie. A=(-2, —%e). Starting
at D the orbit shoots across to A, with £ = O(e) and so taking a time
proportional to €1, and then climbs slowly up the curve to B taking
a time proportional to (Ay/y) ~ O(e) and then shoots across to C in
time of order ¢! and then back down to D in time of order e. Hence
the total period of the oscillation, T, is given approximately by twice

the time taken from A to B, i.e.

2e
1 (20 dy
'~ /_ ly=F(z)

but ¥ = —z and on the curve dy = e(z% — 1), so
-1 2
: e(z?—1)
3T~ /_ . —(de = 3¢(3 — 2log2). (7.87)

Hence the period of the oscillation is 7" = €(3 — 2log2) + O(1).

(7.4) EXERCISE
Consider all possible differential equations

t=y-Flz), y=-z

y - y=F(X)

Fig. 7.19 Relaxation oscillator.
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when F(z) = €(z5 + a,z* + a3z® + a,2% + a,z + ay) and € is a large
parameter. Describe the different types of periodic orbits which can exist
in such equations; can more than one stable periodic orbit exrist?

Exercises 7

1. Prove that there is a periodic orbit for the system
E+pE?-i+z=1.
Describe the periodic solution and find an approximation to its period

for 0 < p <1 and for > 1.

2. Discuss the nature of the stationary points of the equation
dE
E+e(2® —a+2E(z))E + o =0

where 0 < € € 1 and E is a polynomial of the form Bz2 + z*. Find the
number of periodic solutions as a function of a and 8.

3. Use the methods of Section 7.6 to find the amplitude of periodic
solutions to

&+ e(z?s? - 2) + 42 =0,

0 < € < 1. Find the Floquet multiplier for this orbit and deduce that it
is stable.

4. Investigate the behaviour of
i+ e(z? — )i +z = a(l —w?)coswt

(0 < €  1). For what values of w can resonance occur? Discuss the
evolution of solutions to O(e) in the three cases

i) no resonance;
i) w R 2
iil) w = 1.
In cases (ii) and (iii) you need to set (e.g.) w = 2(1 + pe) and then
rescale time, setting s = (14 pe)t so that the cosine term becomes cos 2s.
This gives extra terms on the left hand side of the equation. [Warning:

cases (ii) and (iii) are long,
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5. Find the leading order solution as € — 0 of the amplitude (or
resonance) equations for

Ft+e(z®-1)i+z+ex3=0
with z(0) = 1, and £(0) = 0.
6. Investigate the stability of periodic solutions to the equation
&+ e(x? — 1)z 4+ z = —ebsint,

for b constant and 0 < € < 1. Show that a periodic orbit of the form
Acost + O(e) is stable if |A| is sufficiently large.

7. Find the resonance equations at O(e) for
i+ 1z =e(—2 + 2 + 2acost)
and determine the location and stability of any stationary points.
8. Investigate the evolution of
i+ 2z = —e( + 23 + az coswt)

where w = 2(1 + o¢) and a and o are O(1). Determine the boundary of
the (a, o) plane outside which the solution z = & = 0 is stable. If this
solution is unstable is there a stable periodic solution?

9. Consider the differential equation
I+z=—cf(z,2)
with |¢| < 1. Let y = . Show that if E(z,y) = 3(2? + y?) then
E = —¢f(z,y)y.

Hence show that an approximate periodic solution of the form z =
Acost + O(e) exists if

27
f(Acost,—Asint)sint dt = 0.

Let E, = E(z(27n),y(2mn)) and E, = E(x(0),y(0)). Show that to
lowest order E,, satisfies a difference equation of the form
Enyy = E, +cF(E,)

and write down F(E,,) explicitly as an integral. Hence deduce that a
periodic orbit with approximate amplitude A* = V2E* exists if F(E*) =
0 and that this orbit is stable if

dF ,
éa—E-(E ) < 0.
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10. Using the result of the previous question, find the approximate
amplitude of the periodic orbits for the equations

t+e(x-1z4+z=0
and
i+ e(x?2? — 2) + 42 = 0,
0 < € K 1, and verify that these periodic orbits are stable.
11. Consider the equation
E+i=—€ex®-1), 0<e<k L.

(The dot on the second term is not a misprint.) Using the method of
multiple scales show that

zo(1,T) = A(T) + B(T)e™"

and identify any resonant terms at order e. Show that the non-resonance
condition is

Ap=A- A2

and describe the asymptotic behaviour of solutions.



Bifurcation theory I:
stationary points

Bifurcation theory describes the way that topological features of a flow
(properties such as the number of stationary points and periodic orbits)
vary as one or more parameters are varied.ﬁhere are many approaches

to the problem of understanding the possible changes which occur in
differential equations, ranging from a straightforward analytic descrip-
tion to a topological classification of all possible behaviours which may
occur under an arbitrary, but small, perturbation of the system. In this
chapter we aim to describe some of the simple techniques used to de-
scribe bifurcations of stationary points, adopting a heuristic approach
rather than a rigorous mathematical treatment. Section 8.1 on the Cen-
tre Manifold Theorem follows the graduate textbook by Guckenheimer
and Holmes (1983) quite closely. This book has become one of the stan-
dard introductions to nonlinear equations, and the next five chapters are
littered with references to it. A great deal more of the detailed mathe-
matical justification for the results described here and their implications
can be found there. Our approach remains at the level of understanding
systems and being able to deduce properties of examples.

The fundamental observation for stationary points of flows is that if
the stationary point is hyperbolic, i.e. the eigénvalues of the linearized
flow at the stationary point all have non-zero real parts, then the local
behaviour of the flow is completely determined by the linearized flow
(at least up to homeomorphism; see Chapter 4 and the Stable Manifold
Theorem). Furthermore, small perturbations of the equation will also
have a hyperbolic stationary point of the same type (Section 4.3). Hence

bifurcations of stationary points can only occur at parameter values for |
which a stationary point is non-hyperbolic.] This gives an easy criterion

for detecting bifurcations: simply find parameter values for which the
linearized flow near a stationary point has a zero or purely imaginary
eigenvalue. One of the most important techniques for studying such bi-
furcations is based on the non-hyperbolic equivalent of the Stable Man-
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ifold Theorem, called the Centre Manifold Theorem. This generalizes
the idea of the centre manifold for linear systems to nonlinear systems.

In this chapter we begin by outlining how to find the centre manifold
for nonlinear systems and then go on to show how this can be used
to derive the dynamics of systems near a system with a non-hyperbolic
stationary point. We then describe the simple bifurcations that can arise
in systems depending upon a single real parameter. Before describing
this process in detail we can give a flavour of the type of manipulation
that will be involved. Suppose that we have a system of equations on
the real line (x € R) which depend upon a real parameter, ;. Thus each
value of u defines a differential equation and we are interested in the
way that qualitative features of the solutions vary as u takes different
values. We have already determined that problems will arise when the
system has a non-hyperbolic stationary point, so suppose that

T = f(z,p) (8.1)

where f(0,0) = %(0, 0) = 0. Then the origin is a stationary point
if 4 = 0 and since the Jacobian matrix vanishes it is non-hyperbolic.
Now, expanding f(z,u) as a Taylor series in some neighbourhood of
(z, 1) = (0,0) we obtain

&= A(p) + B(p)z + C(pn)z® + ... (8.2)
where
Ap) = fup+ 5Fuu b+ ..o (8.3)
B() = fugh+ 5 Fuuaht® + .- (8.4)
and

Subscripts in these equations denote partial differentiation with respect
to the relevant variable and all derivatives are evaluated at (z,u) =
(0,0). Much of bifurcation theory is simply about determining the sta-
tionary points of such systems (as functions of u), i.e. looking for solu-
tions of

0= A(u) + B(wz + C(p)z? + ... | (8.6)

in a neighbourhood of (z,u) = (0,0). The number of solutions and
their stability varies according to whether certain partial derivatives or
combinations of partial derivatives vanish and their sign if they do not
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vanish. Hence bifurcation theory (in one dimension) is really about being
able to solve (8.6).

8.1 Centre manifolds

In some of the examples in the previous chapter we have seen that pairs
of stationary points can come together and disappear as a parameter is
varied. This is an example of a bifurcation. More precisely, a bifurcation
value of a parameter u is a value at which the qualitative nature of the
flow changes.

Ezxample 8.1
Consider the simple equation
T=pu—zx°

For pu < 0 there are no stationary points, whereas for u > 0 there are
two, one at z, = /i and the other at z_ = —,/u. The linearized flow
is given by the (1 x 1) Jacobian matrix, —2z, so the stationary point
in z < 0 is unstable and the stationary point in z > 0 is stable. An
important change in the behaviour of the system clearly occurs as u
passes through zero: two stationary points are created, one stable and
the other unstable. This is an example of a saddlenode bifurcation, and
the bifurcation value of y is 4 = 0. At this value of the parameter,
i = —x2, so £ = 0 is a stationary point of the flow, but the linear flow
vanishes. In other words, if 4 = 0 there is a non-hyperbolic stationary
point at x = 0. It is often useful to illustrate bifurcations by plotting
the position of stationary points as a function of parameter as shown
in Figure 8.1. The stability of solutions is indicated by solid lines for
stable solutions and dotted lines for unstable solutions. Such pictures
are referred to as_bifurcation diagrams.

Recall that in Chapter 4 we defined the stable and unstable manifolds
of a hyperbolic stationary point and, in Chapter 3, the linear centre
manifold for the linear system z = Lz, z € R™ to be the space spanned
by the generalized eigenvectors of L corresponding to eigenvalues A with
Re(A) = 0. To understand local bifurcations of stationary points we
need the nonlinear equivalent of E€(0). This is given by the following
theorem (Carr, 1981, Hirsch, Pugh and Shub, 1977, Kelley, 1967, ...).
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Fig. 8.1 Position (z) against parameter (u) for the saddlenode bifurcation.

(8.1) THEOREM (CENTRE MANIFOLD THEOREM)

Let f € C"(R™) with f(0) = 0. Divide the eigenvalues, A\, of Df(0)
into three sets, o,, o, and o,, where X\ € o, if Re(A) > 0, A € o,
if Re(A\) < 0 and A € o, if Re(A\) = 0. Let E*, E° and E° be the
corresponding generalized eigenspaces. Then there exist C" unstable and
stable manifolds (W* and W*) tangential to E* and E*® respectively at
z =0 and a C™"! centre manifold, W¢, tangential to E° at x = 0. All
are invariant, but W¢ is not necessarily unique.

The proof of the theorem is similar in style to the proof of the Stable
Manifold Theorem, but we will not give it here. For our purposes it
is enough to know that the centre manifold exists and in the rest of
this section we shall see how it can be used and constructed for simple
examples. The non-uniqueness of the centre manifold may appear to
be a little bizarre at first sight. It is, however, not as dangerous as it
sounds, and reflects the possibility of adding exponentially small terms
without changing the property of the manifold. Intuitively, it reflects
the fact that a number of trajectories can do essentially the same thing
tangential to £, and any one of these is a suitable choice for ‘the’ centre
manifold. This is shown explicitly in Example 8.2.

The Centre Manifold Theorem implies that at a bifurcation point,
where a stationary point is non-hyperbolic (o, # 0), the system can be
written locally in coordinates (z,y,z) € W¢Xx W* x W* on the invariant
manifolds as

§=—By (8.7b)
i=Cz (8.7¢)
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where B and C are positive definite matrices. The motion on W¥ is
unequivocally towards the stationary point and the motion on W* is
unequivocally away from the stationary point, so the local behaviour
can be understood by solving (8.7a). In order to do this we must find a
way to calculate the function g(z).

For simplicity we shall consider the situation when o, = @, so the
equations can be written (in coordinates z in the direction of E°¢ and y
in the direction of E*) as

&= Az + fi(z,y) (8.8a)
¥ =—By+ fy(z,y) (8.8b)

where the eigenvalues of A all have zero real parts, the eigenvalues of
B all have strictly positive real parts and the functions f;, i = 1,2,
represent nonlinear terms, so both f; and their first derivatives with
respect to the z and y variables vanish at (z,y) = (0,0). Since W¢ is
tangential to E¢ = {(z,y)|y = 0} it can be represented locally as the
graph of a function of z, so

W* = {(z,y)ly = h(z), h(0) =0, Dh(0) = 0}

where h : U — R? is defined on some neighbourhood U of the origin
in R¢ as illustrated in Figure 8.2 -and Dh is the Jacobian matrix of A.
Thus, on W€ the flow is approximated (projecting onto the z directions)
by

t = Az + f,(z, h(z)). (8.9)

This, then, is the equation for g(x) we have been looking for. All that
remains to do is to find the function A(z), which can be done in precisely
the same way as the stable and unstable manifolds were approached in
Chapter 4. Assume that h(z) can be expanded locally as a power series
in z, building in the conditions that h(0) = 0 and Dh(0) = 0, i.e. that
the manifold passes through the origin tangential to the linear centre
manifold, E°, at £ = 0. Then equate powers of x from the two forms
of y obtained by differentiating the equation y = h(z) and from the
definition of g in (8.8Db).

On the centre manifold y = h(x) and so y = Dh(z)&, where Dh(z) is
the s x ¢ Jacobian matrix of h and & is a ¢ dimensional vector. Substi-
tuting for < from (8.8a) gives

y = Dh(z)[Az + f,(z, h(z))]. (8.10)
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Fig. 8.2 Linear and nonlinear stable and centre manifolds.

But on the centre manifold (8.8b) implies that
y = —Bh(z) + fy(z, h(x)). (8.11)

Comparing these two equations and including the conditions on h(z)
yields the problem

Dh(z)[Az + f,(x, h(z))] = —Bh(z) + f,(z, h(z)) (8.12)

h(0) =0, Dh(0) =0. (8.13)

These equations can be solved, at least in principle, to arbitrary order
in x by posing a series solution and equating coefficients at each order.
This is probably best illustrated by a simple example.

Ezxample 8.2
Consider the equations

T=zy

§=-y—a*

The origin is a non-hyperbolic stationary point, and the linearization
about the origin is already in normal form, so E¢(0) = {(z,y)|y = 0}
and E*(0) = {(z,y)|x = 0}. The nonlinear centre manifold will be (at
least locally) the graph of a function y = h(z) which passes through the
origin tangential to the linear centre manifold (so h(0) = A’(0) = 0).
This suggests that we try a solution of the form

y = h(z) = az® + bx® + cz* + dz5 + O(z°).
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Substituting for y this gives
§ = h'(z)2 = h'(z)zy = zh(z)l'(z),
and using the trial solution we find

g = z(az® + bz +...)(2azx + 3bz% +...)
= 2a%z* + 5abz® + O(z).
On the other hand, § = —y — 22 so
y = —h(z) - 2?
= —(a+1)z? - b2® — cz* — dz® + O(=9).

Now, equating coefficients at order z2 gives (a + 1) = 0; the cubic terms
obviously give b = 0 and the quartic terms give 2a2? = —¢, so

a=-1;, b=0; ¢=-2; d=0;
giving an approximation to the nonlinear centre manifold of the form
y = h(z) = —x% — 22* + O(2®).

The motion on the centre manifold (which is tangential to the z-axis at
z = 0) is therefore given by the equation

& = zh(z) = —z(z® + 2z + O(28))

and so this shows that the motion on the centre manifold is (at least
locally) towards the origin. Since the y-axis is (approximately) the stable
manifold of the origin we see that the non-hyperbolic stationary point
is in fact a nonlinear sink (Fig. 8.3). Figure 8.3 also illustrates the point
about the non-uniqueness of the centre manifold made earlier. Any one
of the trajectories which tends to the origin tangential to

y = —2% — 221 + O(z®)

can be chosen to be ‘the’ centre manifold. For each such trajectory, the
the distance between the derived manifold (defined by a power series)
in a suffiiently small neighbourhood of the origin is exponentially small,
and so they all have the same power series expansion about the origin.
Hence any of them can be chosen as a centre manifold.

Remark: The lowest order approximation to the centre manifold for
this example could have been obtained by observing that on the centre
manifold g is approximately zero and so y is approximately —z2. This
sort of observation can often act as a useful way of checking that an
algebraic slip has not been made in the calculation of the centre manifold.
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Fig. 8.3 Phase portrait for Example 8.2.

8.2 Local bifurcations

The analysis of the preceding section allows us to determine the nature
of the non-hyperbolic stationary point by looking at the motion on the
centre manifold where the linear behaviour does not completely deter-
mine the flow in a neighbourhood of the stationary point. The next step
towards understanding local bifurcations is to introduce parameters, and
extend the idea of the centre manifold into parameter space in such a
way as to capture the behaviour of families of systems near bifurcation
values of the parameter. To this end we consider differential equations
which depend on one or more parameter, 4 € R™, so the differential
equation is w = f(w,p), where w e R* and f : R" x R™ — R" is a
smooth function with f(0,0) = 0, so that the origin (in R") is a sta-
tionary point of the flow. Now suppose that if 4 = 0 the linearized flow,
w = Lw near w = 0 has some eigenvalues with zero real part. In this
case we can choose coordinates (z,y, z) in the linear eigenspaces of L as
in the previous section such that

E*(0) = {(z,y,2)ly =2 =0},
E*(0) = {(z,y, 2)lz =y = 0},

and

E*(0) = {(z,y,2)lz =2 = 0}.
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In these coordinates the differential equation w = f(w, u) becomes

& =A(pz+ fi(z,y, 2 1) (8.14a)
y=—-B(uy + fr(z,y, z; 1) (8.14b)
z=C(u)z + f3(z,y, 2 1) (8.14c)

where all the eigenvalues of A(0) have zero real parts and there is some
open neighbourhood of 1 = 0 for which the eigenvalues of both B(u)
and C(u) have strictly positive real parts. (This means that we have
assumed implicitly that the eigenvalues of B(0) and C(0) have real parts
which are bounded away from zero. If n is finite this is not a problem,
but in infinite dimensional problems this has to be excluded explicitly.)
The functions f;(z,y,2; ) contain the nonlinear terms in z, y and z,
so they vanish, together with their first derivatives with respect to the
variables z, y and z at the bifurcation point (z,y, z; 1) = (0,0,0;0).

To describe the dynamics in a neighbourhood of (0,0, 0;0) we use the
centre manifold on an extended system of equations: we want to include
the u variables as part of the centre manifold. To do this, add the trivial
equations

4 =0. (8.14d)

On the face of it, this may appear to be a pretty useless thing to do.
After all, this trivial equation has a very easy solution, u equals a con-
stant. The point is that by including these equations we obtain a centre
manifold which stretches into our parameter space, so the centre man-
ifold can be used on the extended system in such a way as to be valid
for small |z| and |u|. We can then ‘solve’ the trivial equation (4 = 0)
without too much effort to get a simplified equation for the evolution of
z which involves the parameters.

The extended system has a centre manifold of dimension dim E¢(0) +
m which is tangential to £°(0) and p = 0 at (0,0,0;0). Thus, using
precisely the same arguments as in the previous section, we can try to
find an approximation to the centre manifold by solving for y and 2 as
a graph over z and y. So set

y= hs(x’”) (8.15)
" and

z = h,(z,u) (8.16)
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as the equation of the graph of the centre manifold and proceed as before.
Substituting (8.15) and (8.16) into (8.14a) and (8.14d) we find

& = A(p)z + fi(x, hy(z, 1), by (2, p); 1) (8.17a)

=0, (8.17b)

valid for sufficiently small |z| and |u|. As we have already remarked, the
second of these two equations is not hard to solve, and so we are left
with the (dim E*(0)) equation

& = AW + f1(2, hy(@, 1), hy (2, 1); 1) = G, ) (8.18)

which describes the local dynamics on the centre manifold for |z| and |u|
sufficiently small. The remainder of this chapter is devoted to the study
of such equations for particular choices of dim E°¢(0) and restrictions
on higher derivatives of the function G(z,u). This process will result
in a sequence of bifurcation theorems, each saying that if A(0) has a
particular form and certain genericity (or non-degeneracy) conditions
hold for G(z, 1) then particular changes in the dynamics of the family
must occur as u passes through zero.

8.3 The saddlenode bifurcation

Suppose that the equation w = f(w, 1) has a non-hyperbolic stationary
point (which we can take to be at the origin, w = 0) if u4 = 0. If the
Jacobian matrix of the linear flow at w = 0 has a simple zero eigenvalue
for 4 = 0 and all other eigenvalues lie off the imaginary axis, then
dim E€(0) =1 and the equation on the centre manifold is

& = G(z, p)

where x € R and we can take 4 € R so G : R x R — R. From the
definition of G above we see that G(0,0) = 0 and A(0) = G,(0,0) =0,
where the subscript denotes partial differentiation with respect to z. To
understand the local behaviour of the flow for (z, ) near (0, 0), expand
G as a Taylor series in both the variables about (z,u) = (0,0). Then,
since G(0,0) = G,(0,0) =0,

t=G,p+ (G2 + 2G,, pz + quz) + O(3). (8.19)

All the partial derivatives are, of course, evaluated at (z,u) = (0,0).
This is a simple differential equation in one dimension which can be an-
alyzed using the standard techniques developed over previous chapters,
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valid for |z| and |u| sufficiently small. The first step in any such analysis
is to determine the locus of stationary points of the equation. In this
case it is quite possible to do this rigorously without any serious problem
(use the Implicit Function Theorem). However, we shall leave this more
mathematical approach until the end of this chapter and concentrate
on developing asymptotic expansions for the locus of stationary points
in the (z,u) plane. We begin by rewriting the equation on the centre
manifold as

g=Y A(p)z* (8.20)

k>0

where

Ay(p) = Guu+ 3G, 12 +O0(i®), Ay(p) =G n+O0u?),

AZ(“) = %Gmm + O(/J')

and so on. Trying to solve the lowest order approximation, Ay+A;z ~ 0
gives solutions z ~ —A,/A; which is O(1) or larger if G, # 0, so
this will not give us a local solution.. Including the quadratic term,
Ay + Az + A,z? ~ 0 gives solutions

oo~ VAT 1A,
24,

and on substituting for the functions A,(u) we find the leading order
solutions

(8.21)

—2G,p
o

Hence if G, /G, > 0 there is a pair of solutions near the origin if u <0
and there are no solutions if 4 > 0. On the other hand, if G,/G,, <0
there is a pair of solutions near the origin if u > 0, and no solutions
exist if 4 < 0.

Suppose that G,,/G,, < 0, so solutions bifurcate into u > 0. We pose
the asymptotic series suggested by (8.22)

n
T~ E o, 12

n>1

z~=x (8.22)

T

which we can now substitute for the full equation, (8.19), to determine
the coefficients o, to whatever order of accuracy is desired. For example,
at order u the equations are

G, +3G, 0} =0 (8.23)



210 8 Bifurcation theory I:stationary points

giving of = -2G,/G,,, or o; = *,/-2G,/G,,, which we already

knew. At order u'g‘ we find that we need to include cubic terms from
(8.19) to obtain

G +Gpoq0p + 1G, 03 =0 (8.24)
and so _
1 1
=5 (G + 1G, .00 = 36T (GG —3G,,G,,) . (8.25)

T

Hence, provided both G,/G,, < 0 (and, in particular, G, # 0 and
G,, # 0) we obtain a pair of stationary points if 4 > 0 at

2G
G

T~y |- Eud + 3G2 (GuGazs = 3G,0Gy,) n+ O(u?).  (8.26)

T
In principle we could continue to find a3, oy and so on. Note that if

G, /Gy, > 0 then we would find a pair of solutions if y < 0 which could
be represented as an asymptotic series in powers of (— ,u)

Finally we should investigate the stability of these stationary points
(for small |p|). This is determined by the sign of the Jacobian matrix
which, for one-dimensional systems, is simply the function A; + 24,z +
... evaluated at the stationary points. From this it is clear that the
dominant term is A,z (which is of order | p|2) and so the positive (resp.
negative) stationary point is stable if G,, < 0 (resp. G,, > 0) whilst
the stationary point in z < 0 (resp. z > 0) is unstable.

This argument shows (informally) that if £ = 0 is a non-hyperbolic
stationary point of the family of differential equations & = G(z, 1) on the
real line when y = 0 then provided G ,(0,0) and G,,(0,0) are non-zero
a curve of stationary states bifurcates from (z,u) = (0,0), tangential to
the z-axis. The direction of the bifurcation is determined by the sign
of (G,/G,,) and the stability of the bifurcation solutions is determined
by the sign of G,. This set of results can be expressed as the following
theorem.

(8.2) THEOREM (SADDLENODE BIFURCATION)
Suppose that £ = G(z, u) with G(0,0) = G,(0,0) =0. Then provided
G,(0,0) #0 and G,,(0,0) #0

there is a continuous curve of stationary points in a neighbourhood of
(z, 1) = (0,0) which is tangent to p =0 at (0,0). If G,G,, <0 (resp.

vz
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G,G,, > 0) there are no stationary points near (0,0) if p < O (resp.
u > 0) whilst for each value of u > 0 (resp. p < 0) in some sufficiently
small neighbourhood of u = 0 there are two stationary points near z = 0.
For p # 0 both stationary points are hyperbolic and the upper one is
stable and the lower unstable if G, < 0. The stability properties are
reversed if G, > 0.

This is an example of a bifurcation theorem (this bifurcation is called
the saddlenode bifurcation). Typically such theorems state that pro-
vided some genericity conditions hold (in this case the non-vanishing of
two partial derivatives of the equations at the bifurcation point) then,
locally, certain changes in the flow will arise. In Section 8.7 we will
outline a different approach to such changes, but the next few sections
will be concerned with what happens if one or other of the genericity
conditions for the saddlenode bifurcation fails to be satisfied.

Example 8.3
Consider the equations
& =G(z,p) =z +2> - 2+ p)z +p

We want to locate bifurcations of stationary points for this system, so
we begin by looking for solutions to 22 + 2% — (2 4+ u)z + u = 0. This is
made easier by noticing that the cubic factorizes, so

(x—1)(x® + 2z —p) =0.

Hence x = 1 is a stationary point for all values of y whilst the quadratic
terms give real solutions

provided u > —1. This is strong evidence that there is a saddlenode
bifurcation from £ = —1 when g = —1. To confirm this we note that

G (z,p) =32 +2z - (2+p), G,(z,p)=-z+1

‘and ‘G, (z,p) =6x+2

and so, evaluating these quantities at the bifurcation value (z,u) =
(=1,-1) we find

G(-1,-1) = G,(~1,-1) =0, G,(-1,-1)=2
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and G, (-1,-1) = —4.

Hence there is indeed a saddlenode bifurcation from (-1, —1) and since
G,G,; < 0 the pair of solutions bifurcates into u > —1, as we knew
already from the form of the solutions z,. Furthermore, since G, < 0
z is stable and z_ is unstable for p+1 > 0 sufficiently small. This is all
we can determine from the local analysis, but note that if u =3,z =1
and so the stationary point x, coincides with the stationary point at
z = 1. Evaluating G, at (z,u) = (1,3) we find that this stationary
point is non-hyperbolic. Is there a further bifurcation? The answer to
this rhetorical question is, of course, yes, but since G,,(1, 3) = 0 it cannot
be a saddlenode bifurcation. Figure 8.4 shows what happens here. The
full analysis of this second bifurcation is left until the next section.

Remark: This example shows that a much more sensible way of deter-
mining the nature and existence of saddlenode bifurcations is simply to
look at the equations for a stationary point and find places where a pair
of zeros disappear (typically this will be when some discriminant van-
ishes). In effect, this is precisely what we have done above, but rather
than work with a particular example we have used the general form of
the (local) Taylor series of the system.

= -
—
—
-~
-~ —
-

-~

Fig. 8.4 Bifurcation diagram for Example 8.3.
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8.4 The transcritical bifurcation

The transcritical bifurcation is another bifurcation which occurs if
dim E¢(0) = 1 for a non-hyperbolic stationary point at the origin, but
in this case G,(0,0) = 0, and so the genericity conditions for the saddle-
node bifurcation do not apply.

Ezample 8.4

Consider the differential equation

& = pr — z2.
Looking for stationary points (solutions of = 0) we find that there are
two solutions, one at z = 0 and another at £ = u. So for u < 0 and
for u > 0 there are two stationary points and if u = 0 there is only one
stationary point (at z = 0). The (1 x 1) Jacobian matrix of the equation
is p — 2z, which is zero if x = u = 0, so the stationary point for 4 =0 is
not hyperbolic. From the Jacobian we can also see that the stationary
point at £ = O is stable if 4 < 0 and unstable if u > 0, whilst the
stationary point at £ = y is unstable if y < 0 and stable if 4 > 0. The
bifurcation diagram is shown in Figure 8.5. This bifurcation is usually
referred to as a transcritical bifurcation, but (for obvious reasons) it is
sometimes called an exchange of stability.

The important feature of this example is that the origin, z = 0, is
constrained to be a stationary point both before and after the bifurcation

Fig. 8.5 Bifurcation diagram for Example 8.4.
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(at u = 0) and it is easy to verify that if G(z,u) = ur — z? then
G(0,0) = G,(0,0) = G,(0,0) = 0 and G,,(0,0) = 2. This suggests that
the first attempt to generalize this example should be by considering
differential equations on the centre manifold,

& = G(z,p) = 3(Gpo” +2G uz + G, 4%) + O(3), (8.27)

i.e. assuming that the first derivative of G with respect to each variable
vanishes. As in the previous section we attempt to find the leading order
expressions for stationary points of this system near (z,u) = (0,0) by
solving the quadratic equation obtained by setting the right hand side of
the & equation to zero and ignoring terms of order z3 and higher. This
gives

-G puxu, /G -GG
7~ p,:t/l’ ﬂ\/ b TT ™ pp (828)
provided G, # 0. Set A? = G2, — G,,G,,,, then provided A% > 0
there are two curves of stationary points near (0,0) given by
T~ —g‘—‘f—i—éu + O0(u?). (8.29)
G(IKL‘
These two curves intersect transversely at (z,u) = (0,0). As with the
saddlenode bifurcation the stability of these stationary points is easy
to determine: the upper branch of solutions is stable if G, < 0 (with
the lower branch being unstable) and stability properties are reversed if
G, > 0 (see Fig. 8.6).
Taking a deep breath, it is now possible to give the conditions for
a transcritical bifurcation to occur at (z,u) = (0,0) for the system
& = G(z, p).

Fig. 8.6 Transcritical bifurcations (z against u): (a) Gzz < 0; (b) Gzz > O.
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(8.3) THEOREM (TRANSCRITICAL BIFURCATION)
Suppose & = G(z,p) and G(0,0) = G,(0,0) = 0. Then if

G,=0, G, #0 and G5, —G,,G,, >0

there are two curves of stationary points in a neighbourhood of (z, ) =
(0,0). These curves intersect transversely at (0,0) and for each pu # 0
sufficiently small there are two hyperbolic stationary points near r =
0. The upper stationary point is stable (resp. unstable) and the lower
stationary point is unstable (resp. stable) if G,, <0 (resp. G, >0).

Ezample 8.5
Consider Example 8.3:
& =G(z,p) =23+ - 2+ p)z+p

We have already shown that there is a saddlenode bifurcation when
u = —1 and that if u = 3 there is a non-hyperbolic stationary point at
z = 1 with G,(1,3) = 0. From the expression in Example 3 we see that
G,.(1,3) =8 and also

G (T, p) = -1 .and G, =0.

Hence G,,(1,3) # 0 and G2, — G,,G,,, = 1 > 0, so there is a trans-
critical bifurcation for u = 3 (this should be obvious from the sketch in
Fig. 8.4). Recall that the two stationary points involved in this bifur-
cation are x = land z, = -1+ T+ pandsox, <1if <3 and
z, > 1if u > 3. Since G, > 0 this implies that z__ is stable and z =1
is unstable if 4 < 3 and the stability properties are exchanged if u > 3.
This completes the full analysis of the bifurcations in this example.

8.5 The pitchfork bifurcation

The final example of bifurcations involving only stationary points of a
flow is often found in systems which are invariant under the transforma-
tion z — —=z. It occurs if both G, and G, vanish at the origin (together
with G and G, the standard conditions for existence of a bifurcation
which we assume all along).



216 8 Bifurcation theory I:stationary points

Ezample 8.6

Consider the differential equation

T = ur— z3.
The origin, x = 0, is always a fixed point, and the Jacobian is y —
3z2. Thus z = 0 is non-hyperbolic when x = 0 and is stable if u < 0
and unstable if 4 > 0. Provided p > 0 there are two other stationary
points: z, = %,/u, both of which are stable. This situation is shown
schematically in Figure 8.7, which also explains the name pitchfork.

The analytic approach to this bifurcation is similar to the saddlenode
bifurcation, in that the only thing we need to worry about is the cor-
rect asymptotic expansion for the stationary points. Recall that we are
considering bifurcations on the centre manifold of the system

& =G(z,p)

where G(0,0) = G_(0,0) = 0, so that = 0 is a non-hyperbolic station-
ary point when p = 0, together with the extra conditions G ,(0,0) =
G,.(0,0) = 0. Hence the Taylor expansion of G in a neighbourhood of
(z,p) = (0,0) can be written as
& = G(z, 1) = 3(2G o1z + G, 11%)
+ 31(G e’ + 3G, 270 + 3G, zu’ + G, 1%
+O((Jz] + [pl)*)- (8.30)

Fig. 8.7 Bifurcation diagram for Example 8.6.
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In the two previous sections there has been only one scaling of z which
leads to a natural balance in setting the right hand side of the  equation
to zero: T ~ O(Iu]’l‘) for the saddlenode bifurcation and z ~ O(|ul|) for
the transcritical bifurcation. Here, however, both of these possibilities
lead to coherent asymptotic expansions for curves of stationary points.
If we set z ~ O(|u|?) then we get

G ohiT + 3Gy’ = 0 (8.31)
at leading order, whilst if we set x ~ O(|u|) we find
2
2G pz+ G, p =0 (8.32)

at leading order. This suggests that we need to investigate both pos-
sibilities in order to determine the nature of stationary points near
"~ (z,u) = (0,0). The latter scaling of z is clearly easier, so pose the
solution

T~ Y ot (8.33)
n>1
for stationary points. Substituting into the right hand side of (8.30)
gives
G
= ——=£ (8.34)

2G,;

at order u? provided G uz 7 0. At order p3 the equation is

1
E(Gmxoa? + 3Gz:cp,a¥ + 3G

which, provided G, # 0 can easily be used to find o,. Hence there is a
curve of stationary points through (z, 1) = (0,0) of the form

a+G,,)=0  (835)

G uz Qo + Tup

G
T~ Gﬁ"‘ n+ O(u?) (8.36)

pz
if G, # 0. To investigate the other possibility, (8.31), we pose solutions
of the form

T 3

n>1

for p > 0 (we will consider the case u < 0 when we have understood this
case). This implies that

® ~ BRu + 28,5ou% + O(u?) (8.38)
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and
2 ~ B3uf +3p28,u% + O(u?). (8.39)
Substituting into (8.30) and setting © = 0 we obtain, at order ud,
1
GiaBy + 5Gozall =0 (8.40)
and so, provided G,,,G,,, < 0, we obtain the solution
6G
ﬁl =:ﬂ: —'(; Mw- (8-41)

TTT

Now, at order pu2,
GumlB2 + %Guu + §1'i(3Gm:c:c fﬂ2 + 3G:c:nuﬁ%) + %Gzzzmﬂf =0 (8'42)
or

5, L

4G, G?

TTT

Gopw + 3G

TTTT

(G, G2, — 6G,,G

u zzT

. G2,). (843)
We could continue to obtain higher order terms in the asymptotic ex-
pansion, but the moral should be clear. Provided G,,G,,, < 0 a pair
of stationary points bifurcates into x > 0 from y = 0 in a manner analo-
gous to the curve of stationary points in the saddlenode bifurcation. We
leave it as an exercise to show that these stationary points are stable
if G,,, < 0 and unstable if G, > 0. If G,,G,,, > 0 then a similar
curve bifurcates into p < 0 (this can be obtained by trying an asymp-
totic expansion in (— ,u)’li) We are now in a position to state the main

result suggested by this discussion.

(8.4) THEOREM (PITCHFORK BIFURCATION)
Suppose & = G(z,p) and G(0,0) = G,(0,0) =0. Then if

G,(0,0) = G5 (0,0) =0, G,;(0,0)#0 and G,,,(0,0) #0

zzz(

there exist two curves of stationary points in a neighbourhood of (x, ) =
(0,0). One of these passes through (0,0) transverse to the axis u = 0
whilst the other is tangential to p = 0 at (0,0). If G,,G,,, <0 then
for each p with |u| sufficiently small there is one stationary point near
z = 0 if p < 0 which is stable if G, < 0 and unstable if G, > 0,
and if u > 0 there exist three stationary points near x = 0. Of these the
outer pair are stable (resp. unstable) and the inner stationary point is
unstable (resp. stable) if G,,, <0 (resp. G,z > 0).



8.6 An example 219

If G ;G rpp < 0, then there exist three stationary points near x = 0
if B < 0 (the outer pair are stable and the inner one is unstable if
G.zz < 0) and one stationary point near x = 0 if p > 0 (stable if
Gz < 0). Stability properties are reversed if G, > 0.

TrT

The bifurcation is said to be supercritical if the bifurcating pair of
stationary points is stable, otherwise the bifurcation is subcritical. These
various possibilities are sketched in Figure 8.8.

8.6 An example

In this section we shall go through the calculation of the centre manifold
and determination of the type of bifurcation by projecting the flow (lo-
cally) onto the extended centre manifold in full detail. For our example
we take the two-dimensional differential equation
= (14 p)r -4y + 2% - 2zy
y=23:—4,uy—-y2—x2
which has a stationary point at the origin for all real values of u. The
Jacobian matrix evaluated at (0,0) is

("3 )

(b)

Fig. 8.8 Pitchfork bifurcations: (a) supercritical, Guz > 0, Gzzz < 0; (b)
subcritical, Guz > 0, Gzzz > 0; (c) subcritical, Guz < 0, Gzzz > 0; (d)
supercritical, Guz < 0, Gzzz < 0.
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with characteristic equation
§2 — (1 —3u)s —4u(l+p) +8=0.

The origin is non-hyperbolic for values of u at which s = 0 or s = iw
is a solution of the characteristic equation. Setting s = 0 we see that
the origin has a simple zero eigenvalue if —4u(1l + u) + 8 = 0, ie. if
@ = —2 or p = 1. Similarly, setting s = iw we find that the origin is
non-hyperbolic if u = 31; with a pair of purely imaginary eigenvalues. We
will ignore this case until the next section and concentrate on the case
4 = 1. what sort of bifurcation occurs as u passes through one? We
begin the calculation by changing coordinates so that the linear part of
the flow at the origin when p = 1 is in canonical form. Setting 4 =1 in
the Jacobian matrix we find that the linear part of the equation at the
origin is \

T\ _ (2 -4 T
) \2 -4/ \y
and so the linear flow has eigenvalues 0 (as we knew already) and —2.

The corresponding eigenvectors are e, = (2,1)T and e_, = (1,1)T. Now
let P be the matrix whose columns are the eigenvectors,

P=(11)
(> 4)e=2(5 %)

Hence if we set (Z) = p-! (z) we obtain the linear part of the

equation for u and v as

(5)=(5 %) ().

1 -1
-1 2

()= ()= (555) = (0) -2 () - (0),

Going back to the original equations and rewriting them in terms of the
new variables u and v using these equations gives (4 = £—9, ¥ = —£+27)

so that

Furthermore, P~! = ( ) and so

4 = (=1 + p)(6u + 5v) — 3u® — duv — v?
v = 10(1 — p)u + (7 — 9u)v — 10u? — 10uv — 3v2.
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Since we are interested in the bifurcation at u = 1 we define a new
parameter v by u = 14 v so that the bifurcation occurs when v = 0 and
we are able to treat |v| as small in our local investigation. Substituting
for 1 and adding the extra equation 7 = 0 we obtain the extended system

@ = v(6u + 5v) — 3u? — duy — v?

v = —10vu — (2 4+ 9v)v — 10u? — 10uv — 3v?

v=20.
Note that since we are now treating v in the same way as u and v, the
first equation has no linear terms, the only linear term in the second
equation is —2v and the third equation has no terms at alll The linear
centre manifold is thus E¢(0) = {(u,v,v)|v = 0} and the linear stable
manifold is E*(0) = {(u,v,v)|u = v = 0}. To find an approximation to
the nonlinear centre manifold we pose the solution

.., Oh Oh
v = h(u,v) with %(O, 0)= —3-1;(0,0) =0
ie. h(u,v) = au® +buv +cv?+.... Now, from the ¥ equation we have
v = —10uv — (2 + 9v)h(u,v) — 10u® — 10uh(u,v) — 3[h(y,v)]* -

but since, on the centre manifold, v = h(u,v) we also have that

._.0h Oh _Oh a2 _ 2
V=g Vs = o (v(6u + 5h(u,v)) — 3u® — duh(u,v) — [h(u,v)]?).

Substituting the series expansion of h into these two expressions and
equating powers of u? gives a = —5, powers of uv give b = —5 and
powers of 12 give ¢ = 0. Hence the centre manifold is given by

v = —5u(u +v) + cubic terms.

Finally we substitute this expression back into the equation of u to
obtain the projection of the motion on the centre manifold onto the u
axis: '

% = 6vu — 3u? + cubic terms

(note that the expression for the centre manifold does not contribute
any quadratic terms in this case, so we didn’t really need to calculate
the centre manifold). Hence on the centre manifold % = G(u, v) with

G(0,0) = G,(0,0) =G,(0,0) =0, G, =—6, G, =6and G,, =0.

This implies that the conditions for a transcritical bifurcation are sat-
isfied: the origin is stable in ¥ < 0 and there is a separate branch of
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unstable stationary points, in ¥ > 0 this other branch becomes stable
and the origin becomes unstable. When v = 0 the equation on the cen-
tre manifold is approximately 4 = —3u? and so the origin is stable if
approached from u > 0 and unstable if approached from v < 0. These
results are illustrated schematically in Figure 8.9.

8.7 The Implicit Function Theorem

In the previous three sections we have discussed various bifurcations by
finding stationary points as asymptotic series in the parameter y. In
order to prove such results rigorously we really need to invoke a result
from analysis called the Implicit Function Theorem, which states that
solutions to equations exist provided certain conditions hold. We have
already used the Implicit Function Theorem (implicitly) when discussing
the persistence of hyperbolic stationary points under perturbations of
differential equations in Chapter 4. In this section we will give a formal
statement of the theorem and indicate how it can be used to put the
preceding analysis on a rigorous footing.

(8.5) IMPLICIT FUNCTION THEOREM

Suppose that F : R® x R — R"™ is a continuously differentiable function
of the variables (y,,...,y,) € R™ and z € R, and that F(0,0) = 0. If
the Jacobian matriz DF(0,0) (where (DF);; = g—;;i ) is invertible then

Fig. 8.9
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there exists € > 0 and a smooth curve
yi "—'}/,;:(Z), 1= 11""n7

which is the unique solution of F(yy,...,y,,2) =01n |2| <, |y| <e.

All this theorem really says is that if we know a solution to an equation
and the Jacobian matrix of the equation is invertible (i.e. has non-zero
determinant) at that point, then there are solutions at nearby values of
the parameter which are continuously connected to the known solution.
A proof of this result can be found in any good book on analysis, but
essentially all we are saying is that if F'(0,0) = 0 then

F(y,z) = DF(0,0)y + F,(0,0)z +...
and so if DF(0,0) is invertible then solutions to F(y,z) = 0 are given
approximately (for small |y| and |z|) by
y ~ [DF(0,0)]7'F,(0,0)z.

This is, of course, precisely the sort of manipulation that we have been
doing in the last few sections, all the Implicit Function Theorem says is
that this procedure is justified.

To illustrate the use of the Implicit Function Theorem we consider the
transcritical bifurcation (the saddlenode bifurcation is trivial because the
condition G,, # 0 means that the theorem can be applied directly with
y = p and z = z). So we have

& = G(z,p)

with G(0,0) = G,(0,0) = G,(0,0) = 0. Stationary points are given by
the equation G(z, x) = 0 and for small |z| and |y|

26(, 1) = Cpy® + 26,1z + G yi® + O((Jal + [ul)?).

Since both G, and G, vanish at (z,u) = (0,0) we cannot apply the
Implicit Function Theorem to G(z, i) to prove the existence of contin-
uous families of solutions. To treat this case, define a new variable w by
wp = z and consider

9(w, u) = Glwp, p).

Zeros of g correspond to zeros of G and

9, (wy ) = WG (wp, p) + G, (wp, 1),
9w, p) = pG(wp, p).
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Thus both partial derivatives of g are zero if 4 = 0. To apply the Implicit
Function Theorem define

29(w,p) .
—_— if 0
Bww={ @ """
Guulw,p) if p=0
so H is smooth and H(w,0) =0if g, (w,0) = 0. Now,
G (Ws 1) = WGy (wp, p) + 2wG (Wi, ) + Gy, (wiy )

and so H(w,0) =0 if w = w,, where

~Gyy £4/G2, — GyuGy,
G

w:!: =
T

provided

{ D=G%, -G,G,, >0
Gyp #0 '
Furthermore,

OH

5 @:0) = 2G,0, +2G,, = +2v/D.

Thus, provided D > 0 we can apply the Implicit Function Theorem
(with y = w and z = p) at (w,,0) and (w_,0) to obtain two curves of
solutions to H(w, u) = 0 in the form

w=Wi(p), Wi(0)=wy,
and hence two branches of stationary points (solutions to G(z, u) = 0):
z = pW,(p).

These two curves intersect at (z, ) = (0,0) and the stability results of
Section 8.4 are straightforward to verify.

We leave it as an exercise for the interested reader to apply the Implicit
Function Theorem to the pitchfork bifurcation.

8.8 The Hopf bifurcation

All the bifurcations discussed so far have involved motion on a one-
dimensional centre manifold on which stationary points can be created
or destroyed as parameters vary. The Hopf bifurcation is several orders



8.8 The Hopf bifurcation 225

of magnitude harder to analyse since it involves a non-hyperbolic station-
ary point with linearized eigenvalues +iw, and thus a two-dimensional
centre manifold, and the bifurcating solutions are periodic rather than
stationary. All this implies that the algebra involved becomes signifi-
cantly harder, although it is not very different in any conceptual sense.
In order to make the results comprehensible this section is split into
several parts. First we look at a simple example which illustrates the
bifurcation and then go on to state the theorem and rehearse the steps
of the proof without going into any detail. Then we look at another
example suggested by the sketch of the proof and finally go through the
gory details. In fact, the essential part of the proof is relatively straight-
forward as it only needs the type of manipulations that were used in
the proof of Poincaré’s Linearization Theorem. The major headache is
caused by a need to relate the results back to the partial derivatives of
the two-dimensional differential equation on the centre manifold. This
manipulation, although straightforward, is lengthy and unexciting and
is left until the end of the section.

The Hopf Bifurcation Theorem has a slightly curious history. It is
named after Hopf, who gave the first proof in R™ in 1942, but had
been proved by Andronov and Leontovich in the late 1930s using tech-
niques due to Poincaré and Bendixson. Indeed, Poincaré makes it clear
in Méthodes nouvelles de la mécanique céleste, Vol. 1 (1892) that he
was aware of the result, but finds it too trivial to bother to write down!
Some authors refer to the theorem as the Poincaré—Andronov—Hopf bi-
furcation, or simply the oscillatory bifurcation. The proof presented
here is sketched in Wiggins (1991) and owes a great deal to the work
of Hassard and Wan (1978), who seem to have been the first authors to
use the complex notation adopted below.

Ezample 8.7
Consider the differential equation
‘ &= pz —wy— (22 + 19z
§=wz+py - (2° +y2)y.
A little linearization about the origin (z, y) = (0, 0) shows that the origin
is a stable focus if p < 0 and an unstable focus if ;1 > 0 (the eigenvalues
of the Jacobian matrix at the origin are u + iw). Hence the origin is

non-hyperbolic, with linearized eigenvalues +iw, when p = 0. From the
experience of the previous sections we expect some sort of bifurcation
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to occur when p = 0. In order to discover what happens it is easiest to
change into polar coordinates. This gives

7’“=ur—r3, 6 =w.

From the # equation it is immediately clear that provided w # 0 the
only stationary point is at the origin, » = 0, so there is no bifurcating
stationary solution. However, # = 0 if r = 0 or u = r2. Hence if u > 0
there is a periodic orbit at r = \/u. Plotting 7 against ur — 3 we see
that this periodic orbit is stable. This gives the picture illustrated in
Figure 8.10: a stable periodic orbit with radius /i bifurcates from the
origin from g = 0 into p > 0.

This is an example of a supercritical Hopf bifurcation (supercritical
because the bifurcating periodic orbit is stable). The general result is

stated below, but first note that the linearized differential equation at

the bifurcation point is £ = Lx where L = g -—()w) and so L is

invertible. Hence, by the Implicit Function Theorem (see Chapter 4 and
Section 8.7), there is a stationary point of the flow near the origin for
all parameter values close enough to the bifurcation value. This implies
that without loss of generality we can consider differential equations for
which the origin is always a stationary point for parameter values near
zero (which will be taken to be the bifurcation value) since we can always
arrange for this to be the case by a simple shift of the origin.

.

Fig. 8.10 Bifurcation diagram for Example 8.7.




8.8 The Hopf bifurcation 227

(8.6) THEOREM (HOPF BIFURCATION THEOREM)
Suppose that

ft:f(xay’ﬂ’)’ y=g(:1:,y,u)

with £(0,0,u) = g(0,0, 1) = 0 and that the Jacobian matriz (

sieFlR
22
~—

evaluated at the origin when p =0 is
0 —w
w 0

Juz + 94y #0

for some w # 0. Then if

and

a#0

where a is a constant defined below, a curve of periodic solutions bi-
furcates from the origin into p < 0 if a(flw + guy) >0o0rpu>0if
a(fuz + 9,y) < 0. The origin is stable for p > 0 (resp. p < 0) and
unstable for p < 0 (resp. p > 0) if f,, +g,, <O (resp. > 0) whilst
the periodic solutions are stable (resp. unstable) if the origin is unstable
(resp. stable) on the side of u = 0 for which the periodic solutions exist.
The amplitude of the periodic orbits grows like |,u|% whilst their periods
tend to ]2:)’-'[ as |u| tends to zero. The bifurcation is supercritical if the
bifurcating periodic orbits are stable, otherwise it is subcritical.

The genericity condition, a # 0, is the usual sort of condition
for a bifurcation, involving the partial derivatives of the vector field
(f(z,y, 1), 9(z,y, 1)) evaluated at (0,0,0). More explicitly

a= ilé(fmza; +vg:c:z:y + fa;yy + gyyy)
+ ﬁ (fmy(fa:a: + fy'y) - gxy(gma; + gyy) - fngzz + fyygyy) -(8.44)

This horrible expression will be the cause of not a little pain at the end
of this section. However, the most important part of the theorem, the
existence of bifurcating periodic solutions, is not too hard to prove and
the pain referred to above comes from the need to do lots of nasty al-
gebraic manipulation rather than any sophisticated conceptual trickery.
As promised we begin with an outline of the strategy of the proof.
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Step 1

" Concentrate only on the linear part of the equation. By assumption, the
eigenvalues of the Jacobian matrix at the origin are a(u) £ i6(p) with
a(0) = 0 and B(0) = w. Hence, using the linearization techniques of
Chapter 3, there is a linear change of coordinates (which may depend
upon u) which allows the equations to be written in the form

Z = ax — By + nonlinear terms

Y = Bz + ay + nonlinear terms.

Assume that this change of coordinates has been made.

Step 2

Rewrite the equations in complex notation by setting 2 = x + i¢y. This
gives an equation of the form

F= AW+ Y D mpl)2?2 P

m>2 p=0

where A(u) = a(u) + i6(n) and 2* is the complex conjugate of z. This
step is not really necessary, but halves the amount of algebra required
in later steps.

Step 3

Perform successive near identity changes of coordinate of the form

m
z=w+ E ampw”w*m—p

p=0

for m = 2,3,4... in such a way that as many of the nonlinear terms
in the equation from Step 2 vanish as is possible. This procedure is
precisely analogous to the proof of Poincaré’s Linearization Theorem.
After going through the calculations we are left with the system

&= Xpz + A’z + O(|zl°).

Step 4

Step three provides us with an autonomous system of differential equa-
tions in the plane which can be approached using the techniques of
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Chapter 5. Since
2= Mu)z + A(p)|2]*2 + O(|2)°)
setting z = re* gives
z= (7 +irf)e” = (a +iB)re” + A(u)r3e®? + O(r®)
and taking real and imaginary parts we obtain

# = ar + Re(4)r® + O(r%)

6 = B+ Im(A)r? + O(r?).

Provided 3(0) = w # 0 and Re(A) # 0 it is possible to use the Poincaré-
Bendixson Theorem from Chapter 5 to show that this system has a
periodic orbit in either 4 < 0 or 4 > 0 depending upon the sign of
aRe(A).

Step 5

The last step of the proof is to calculate ReA(0) explicitly in terms of
the partial derivatives of the defining vector field. This can be done by
performing the two successive changes of variable in Step 3 explicitly
and although trivial this takes a lot of patience and hard work.

Before going through these steps in greater detail we shall consider the
example defined in Step 4. The example is almost the same as Example
7, but with more constants floating about to confuse the issue.

Ezxample 8.8
From Step 4 we are led to consider
F=pr+ard, 6=w+by+cr?

for non-zero constants a and w. For small r and || the only stationary
point is at the origin as 6 is not equal to zero. Furthermore the origin is
stable if 4 < 0 and unstable if 4 > 0. From the 7 equation we see that
there is a periodic orbit when r? = —p/a, so the periodic orbit bifurcates
into 4 < 0if @ > 0 and into x > 0 if a < 0. The stability of the periodic
orbit is easily deduced from the 7 equation: it is unstable if a > 0 and
it is stable if a < 0. Thus there is a subcritical Hopf bifurcation if a > 0
(the unstable periodic orbit exists if 4 < 0) and a supercritical Hopf
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bifurcation if a < 0 (the stable periodic orbit exists if 4 > 0). These
possibilities are illustrated in Figure 8.11.

We now come to the proof of the theorem. Steps 1 to 4 are relatively
simple. Step 5 is too, but only after going through it several times!
It could be left out at a first reading without losing the thread of this
chapter.

Step 1. Assume that a linear change of coordinates has already been
made so that the differential equation has its linear part in normal form
at the bifurcation point. Since the origin has been constrained to be a
fixed point for all u the Taylor expansion of the defining equations can
be written as

&= f(xv Y, ll') = f:cp,/‘l‘x - (w - yu“’)y +... (8453‘)

Y=gy, 4) = W+ gpu)T + gy by + ... (8.45b)

where the dots indicate nonlinear terms in z and y and also terms of
order u?x and pu?y, which we will ignore. The characteristic equation of
the Jacobian matrix is therefore (to order )

s? - (fuz + 9y )ns + w? + (9w = Fuy)w =0 (8.46)

with roots a(u) £ i6(u) where
a(p) = 3(fuz + 9 )1 + O(u?), (8.47)
B =w (14 £=(90 = Fu)) +O2). (8.48)

Now, using the techniques of Chapter 3, it is clear that there is a u
dependent linear change of variables such that the differential equation

(a) (b)

N
\

Fig. 8.11 (a) Supercritical Hopf bifurcation; (b) subcritical Hopf bifurcation.
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takes the form

T=azx—LPy+...

y=—,3:1;+ay+... .

and that the first genericity condition in the statement of the Hopf Bi-
furcation Theorem is equivalent to

(W)l um0 £ 0. (8.49)

This is sometimes called a transversality condition; it implies that the
eigenvalues of the linearized flow at the origin cross the imaginary axis
when g = 0 with non-zero velocity. In the steps which follow we will
assume that this change of coordinates has been made.

Step 2. Now set z = z + iy. The differential equation for z is
t=%+1iy=(az—Py)+i(-Pz+ay)+...
=a(z+iy) +if(z+iy)+...=Az+... (8.50)

where A = a + i8. The nonlinear terms can all be written with terms
like 2¥2*J and so the full equation becomes

m
z=Az+ Z Z')'m,c(,u)z’“z:*"‘—'c (8.51)

m>2 k=0

for complex coefficients v,,,,,. As an example (which will be needed in

Step 5) consider the quadratic terms:
22 = (2% — y?) + 2izy, 22* = 2% + 9% and 2*? = (22 — ¢?) — 2ixy

so the quadratic terms in = and y can be rewritten in terms of z by first
eliminating the zy terms from the 22 and 2*? terms to get

x2_y — I(Z +z*2)’ xy—--z( *2 22)

and then using the z2* term with the first of these equations to get

z? = l('22 + 222" 4+ 2*?), y? = —1(22 —2z2" + z*z)'
Alternatively, simply note that z = $(z + 2*) and y = z — z*) and
)

AV )
:c’yk (=9) (z + 2*) (2 — z*)k.

9j+k

Step 3. In this step we want to use successive near identity transfor-
mations to eliminate as many of the nonlinear terms of the differential



4904 & Difurcation theory 1:stationary points

equation as possible. Recall that the (complex) differential equation,
(8.51), is

p=AWz+ Y > Ym(w)eF2m k.

m>2 k=0

Consider first the quadratic terms. Define a new complex variable w by

2
w=z+) ay22?k, (8.52)
p=0

which can be inverted locally to give

2
z=w-— Za2kwkw*2’k + O(|w|®). (8.53)
p=0

We aim to choose the coefficients a,; in such a way that the equation
for w contains as few quadratic terms as possible. Now

2
W=i+ Y ag (k212 7F + (2 - k)2 21 F) (8.54)
p=0

and we know the equation for z, (8.51), and the relationship between 2
and w, (8.53). The only unknown quantity in (8.54) is thus 2*, which
can easily be deduced from (8.51) by complex conjugation giving

m
=M+ Z Za:‘nkz*kzm'k. (8.55)
m>2 k=0

Substituting into (8.54) and retaining only terms of order two or less
gives

2 2
w=A (w - Z azkwkw*z"k) + Z'yzkwkw*z'k
k=0 k=0

2
+ ) ag(kdwFw* = 4 (2 — k)X wFw*?*) + O(|w|?). (8.56)
=0

Rearranging the summed terms to get a single sum gives

2
W=dw+ Y (Yo + age[(k = DA+ (2 — k)N wkw*2*
k=0
+ O(jw]?) (8.57)
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So, provided (kK — 1)A + (2 — k)A* # 0 in a neighbourhood of y = 0, all
the second order terms can be eliminated by setting

Yok

Y2k = F— DA+ (2= k) (8:58)
Now, when g = 0, A = iw and so (k — 1)\ + (2 — k)A* = (2k — 3)iw,
which is bounded away from zero for k£ = 0,1,2 and so the a,; are well
defined in a neighbourhood of y = 0. Hence, after this near identity
change of coordinates (and replacing w by z again), we are left with the
differential equation

m
p=Xz4 )Y Atk (8.59)
m2>3 k=0

where the complex coefficients +,,, are obtained by considering the
higher order effects of the nonlinear coordinate transformation defined
above. Having dealt with the quadratic terms we could now go on to
think about the cubic terms, then quartic terms and so on. In Step 5, the
modification of +;; due to the quadratic change of variable is given ex-
plicitly, but for the moment we need only go through this manipulation
once more for general mt" order terms. Suppose that after successive
near identity transformations of the form w = z + Y jr a2tz ™ F

have been used for m = 2,...,n — 1 the differential equation takes the
form
m
2=+ N,_(2,2")+ Z Z’ymkzkzm“k (8.60)
m>n k=0
where
n—-1 m
N, 1(2,2%) =) Y b2tz ™k (8.61)
m=3 k=0

contains those terms of order less than n which cannot be eliminated
by near identity transformations of order less than n. Now try the next
near identity transformation

n
w=2z+ Z a,, 252"k, (8.62)
- k=0
As before

n
z2=w— Zankwkw*n_k + O(|lw|™*1), (8.63)
k=0
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n
=i+ Y an(kez* 12k 4 (n— k)2t ARl (8.64)
k=0

and
#*=X2"+0(2%), N,_i(z,2*) = N,_;(w,w*) + O(|w|™*). (8.65)
Putting these expressions together we find

n n
w=A ('w - Z ankwkw*"_k> + N, _(w,w*) + Z’Ynk'wkw*“'k

n
+ Z a1, (EDw*w ™k 4 (n — k)M wkw*™=F) + O(jw|"*1), (8.66)
k=0

and collecting up the terms into a single sum gives

w=Aw+N,_;(w,w*)

n
+ 3 (@i[(k = DA + (n = K)A"] + ) w7
k=0
+ O(|w|™*). (8.67)
Hence, provided (k — 1)A + (n — k)A* # 0 in a neighbourhood of i = 0,

we can define a change of coordinates by

— ~Tn
Mk = D+ (’:z kA (8.68)

in (8.62) to obtain a new differential equation which has no terms of
order 2¥z*"~*, At u =0, A\ = iw and the condition becomes

(2k — (n+1))w #0. (8.69)

If n is even this poses no problems; however, if n = 2p + 1 is odd, it will
be impossible to define the required coefficient when & = p + 1. Hence
we can, in principle, remove all terms except those of order 2P*12*P by
successive changes of coordinates and we are left an equation of the form

P
=Xz+ Y A2z + O(|2[*+2). (8.70)
g=1
In particﬁlar, going only as far as the quartic terms,
2= Mu)z + Ap)|21*2 + O(|2°) (8.71)

as required.
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Step 4. The final step in proving the main substance of the theorem,
the existence of a bifurcating periodic solution, is to use the Poincaré-
Bendixson Theorem on the system found in the previous step. Note that
from Step 1 we have that A(u) = a(u)+i8(u) where a(u) = a;u+0(u?)
(with o, # 0 by assumption) and B(u) = w+ B u+0(u?) (with w # 0 by
assumption). Also A(p) = A(0) + O(u) where ReA(0) = a, the horrible
expression in the statement of the Hopf Bifurcation Theorem, and so
ReA(0) # 0. In polar coordinates, z = rei®, the equation derived in
Step 3 becomes

i = a(u)r + ReA(u)r® + O(r®) (8.72a)

8 = B(u) + ImA(u)r? + O(r4). (8.72b)

We begin the analysis of these equations by introducing functions P and
@ to make the error terms explicit, so

# = a(u)r + ReA(u)r® + P(r, 0, u)r® (8.73a)

0 = B(u) + ImA(p)r? + Q(r, 8, u)rt. (8.73b)

We shall assume that for small 7 and |u| both P and @ are continuously
differentiable functions, 27 periodic in §. We shall restrict attention to
the case

a; >0, ReA(0)=a<0. (8.74)

The other cases can be approached in the same way. Since all the
functions involved in this differential equation are continuous, they are
bounded for sufficiently small r and |u|. Given € > 0 sufficiently small
this enables us to choose § > 0 such that for u € (-6, 6) and r € (0,6)
the following inequalities hold.

i) (1 —€)|w| < |8(r) + ImA(u)r? + Q(r, 0, w)r*| < (1 + €)|w|,

so § # 0 and the origin is the only stationary point in r < & for all
b€ (_67 6)1

i) (1-¢?a; < -Oi(uﬂ <(1+e€’ay;
r 2
i) (1-¢ < (1+HT%))L> <(1+e);

iv) (1 -¢€)la| < |ReA(p)| < (1 + €)al;
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,,.2 2 3
v) (1—¢ < (1+ (@ I&IZJPT’" )> <(1+e).

Now, working locally with —6 < u < § and 0 < r < é we see that for
n<O0

i< (1—€)faur—(1—¢)lalr®(1—e¢)
and so
i < (1—€)r(ap—|ar?). (8.75)

Since a; > 0 by assumption this implies that 7 < 0 for all 7 in (0, §)
when p < 0 and so the origin is asymptotically stable.

The case p > 0 is more interesting. We want to construct an annu-
lar region in the plane on which we can apply the Poincaré-Bendixson
Theorem. By (i), the only stationary point in 7 < § is the origin, so pro-
vided the constructed region does not contain the origin it will contain
no stationary points. Using (ii), (iii) and (iv) we find that for u € (0, 6)
andr <é

i< (14 aur — (1—¢)?lalr®

and so 7 < 0 provided

1+e\’a u
2 1
_— —. 8.7
> (1) (876)
Hence, restricting attention to values of u satisfying
1-¢€\? |a|62
O<pu<|—| — 8.77
. (1 + e) ay ( )
we have 7 < 0 provided
1+e\ ap _ 5
<1_6) a] <1< 6% (8.78)
Furthermore
> (1—€)?apr — (1+¢€)|alr® (8.79)
and so 7 > 0 for all r with
1-e\?a u
0<r? L :
<r <(1+€) o] (8.80)

Now consider the region

_ 1-¢ 2a1u 2 1+e€ zalu
D‘{“”' (70) i << (+2%) -
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By (i) this contains no stationary points and by the inequalities derived
above trajectories enter but do not leave this region for each value of u
with 0 < p < (555 +€)2J3’6— Hence for each such u there is at least one
periodic orbit in D.

To show that for each such value of y there is in fact a unique periodic
orbit in D we use a simple adaptation of Dulac’s criterion based on the
divergence theorem. Suppose that there are two distinct periodic orbits
in D, I'; and T'y, say. Then since trajectories cannot cross there is a
simply connected annular region A with T'; and I', as boundaries. Now
suppose that the differential equation is v = f(w), where w € R? and
f : R? = R2. Then if n represents the outward normals on the curves
T,,i=1,2

(fnydl + | (fm)dl = V.fdA
| 5 T2 A

by the divergence theorem. But since both I'; and Iy are trajectories,

(f.n) = 0 and so we find
// V.fdA=0.
A

Hence if we can show that V.f > 0 or V.f < 0 in D we have a con-
tradiction (as A lies entirely in D) and so the periodic orbit is unique.
To evaluate V.f we need to take the divergence of a function in polar
coordinates: if + = R(r,0) and § = &(r,6) then f = (R,r®) in polar
coordinates and so

_1 0 6<I>

Evaluating this for the dlfferentlal equatlon obtained in Step 3 we find
1
V.f= ;[204(#)1" + 4ReA(u)r3 + 6Pr® + P.r% + [Q,r]

2 2 3
_ 2 Qyr“+6Pr<+ Pr
= 2a§u) + 4ReA(u)r (1 + TReA(R) . (8.81)

Using (v) this implies that

V.f<2(1+ e)?alu —4(1 —¢€)|a] ( ) al“(l —€)

for r in D. A little rearrangement of this expression glves

+

2044

i )2[(1+ )4 —2(1 —€)4. (8.82)
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A quick glance at the terms in square brackets should convince you that
this expression is negative for sufficiently small € (e < -11—6 is small enough)
and so V.f < 0 in D. Hence the periodic orbit is unique. Furthermore,
by the result of Section 6.3, the periodic orbit is stable for the choice of
the signs of @; and ReA(u) made here.

These results can be summarized in the following way for a; > 0 (see
Fig. 8.11). If ReA(0) < 0 then a stable periodic orbit of amplitude

1

%= (meien)

bifurcates from the origin into 4 > 0 as u passes through zero. The
origin itself is a stable focus if 4 < 0 and an unstable focus if 4 > 0. The
periodic orbit has period 27 /|w| as u tends to zero from above. This is
called a supercritical Hopf bifurcation.

If ReA(0) > 0 then an unstable periodic orbit of amplitude

1

ol

bifurcates into u < 0, where the origin is a stable focus, and there are no
periodic orbits in a small enough neighbourhood of the origin if y > 0.
This is called a subcritical Hopf bifurcation.

The case where o; < 0 is similar with the sign of p changed.

8.9 Calculation of the stability coefficient, ReA(0)

Step 5. The stability of the bifurcating periodic solution is determined
by the signs of o; and ReA(0), where ReA(u) = a,u + O(u?) and A(0)
is the coefficient on the cubic term which cannot be removed by near
identity coordinate transformations. Since it comes from the linear part
of the equation, o is easy to calculate, but A(0) is a different matter. To
calculate A(0) it is necessary to do the two near identity transformations
of order two and three and then identify the coefficient as a function of
the original equations. This is easier to do in principle than in practice
and could, perhaps, be left as an exercise. However, just to show that
it 4s possible to do this calculation, and as a check for the enthusiastic
reader who may have tried it already, we shall go through the motions
here.

Recall that after Step 1 the differential equation has been written as

T = f(x,y), Y= g(x,y)
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where
f(xvy) —wy + Z Z T 'f kyym— k-’ll y (8.83)
m2>2 k=0 k! (m k)
and
g(@,y) =wz+ ) Z k,(m » AT et T (8.84)
m>2 k=0
In Step 2 a complex variable, z = z + iy, was introduced so that
m
Z=iwz+ Z Z Vo 2¥ 2™ E (8.85)
m>2 k=0

One of the manipulations we shall be forced to do is the determination of
the complex coefficients 7,; and <3, in terms of the partial differentials
of f(z,y) and g(z,y), but this little complication will be left for the
moment since we are engaged in higher things.

To calculate A(0) we begin by going through the second order near
identity transformation which sets all the quadratic terms in the equa-
tion to zero, keeping track of the third order corrections which this
produces. Thus define

2
w=2z+ Z g2k 2*27k (8.86)

so that
2
w=2z+ Z gy (k2257 12727k 4 (2 — k)% 2k 2*17F), (8.87)
k=0
Inverting the equation which defines w gives

2
z=w-— Z agwkw* 2 + O(jw|*) (8.88)
k=0
so

2
3= jw ( Za wk *2— k) + 2,72k,wk,w*2—k
k=0

3
+ > yapwkw=F + O(jwl*), (8.89)
k=0

2
sk 102k {iw (w - Zazpw”w*2“’)

n=0
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2
+ 272pwpw*2—p} ,wk—l,w*2-—k
p=0

+ O(jw|*) (8.90)

and

z-,*zkz*l—k —

2
4 * * *p, 2—p
w (w E azpw w )
p=0
2

+ Z ,Y;pw*p,wZ——p:I ,wk'—l,w*2—k
p=0

+ O(|wl?). (8.91)
Substituting these expressions into the equation for w gives

2 2 3
W = iw <w - Z a2kwkw*2‘k> + Z’y2kwkw*2_k + Z 'y3kwkw*3_k
=0 k=0 k=0

2
+ Z aq (k(iw) + (2 — k)(—iw))wkw*2—k

k=0
2 2
+ Z a2kkwk-—lw*2—k Z ,szwpwa&—p
k=0 p=0

2 2
+ ) ag(2 - kywF w2k (Z 7;pw*pw2—r’) +O(jwl*) (8.92)

k=0 p=0
where the last two lines represent the modifications to the equation at
third order caused by the second order change of variables. Looking at
the second order terms we find (as in Step 3) that we can choose all
terms at second order to vanish by setting

((k=1)—(2—k))iwag, + 75, =0 (8.93)
or

_ — Yok
Qo) = (2]{5 _ 3)1(4) (894)

for k = 0,1,2. And that with this change of variable (8.92) becomes

, 3
W = iww + Z’y%wkw*a'k
k=0

2 2
+ Z a2kkwk—lw*2——k (Z 72pwpw*2—p>
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2 2
+ Z g (2 — k)wrw*1=k (Z ﬁpw*l’wz“") + O(lw|*) (8.95)
k=0

=0
or, defining new complex coefficients, 73,

3
W =iww+ Y Yywkw3F 4+ O(lw|*). (8.96)
k=0

This is the end of the nasty calculations: A(0) = ~v3,. If this is not
obvious consider the near identity change of coordinates defined by

3
g=w+ Z agwrw*3F, (8.97)
k=0

Going through the usual rigmarole, but not worrying about the effect
upon fourth order terms, we find

3
4 =iwq + Zask((k —1)(iw) + (3 — k)(—iw))gFq*3*
k=0

3
+ > ¥ad" g3 7F + 0(lg*) (8.98)
k=0

so we choose

M
Qg = (2k _ 4)%0 (8.99)

provided k # 2 to kill off the third order terms leaving
§ = iwg +Y350°¢" + O(lgl*). (8.100)

Comparing this equation with the equation obtained at the end of Step
3 we see that

A(0) = 7l (8.101)

To determine A(0) we still need to do two things. First, relate v, to the
original coefficients 7,, and 73, and then find the relationship between
these coefficients and the partial derivatives of the functions f(z,y) and
g(z,y) defined at the end of step 1.

The first step is easy. From (8.95) and (8.96) simply identifying those
terms which multiply w?w* gives

Va2 = Va2 + Go1Van + 2a09Ye1 + 2059750 + G2 75; (8.102)
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or, writing out (8.94) component by component,

Y20 Y21 —Y22
- —== = — = 8.
a’20 37;‘0’ a’21 'l;w ] a’22 'lw ’ ( 103)
this becomes
2

That was the hard work. All that needs to be done next is to identify
the coefficients v,, and <3, in terms of the original real functions f and
g where, at 4 =0,

T = f(xa y)v Y= g(xa y)

The complex coefficients are defined by the equation for 2, where z =
T + iy and

2= f(z,y) +ig(z,y), == 3(2+2%), y = —3i(z — 2*).

Expanding f and g as Taylor series and equating quadratic terms with
the equation for Z gives :

2
Z’Y ZF2k E(bzk"‘i%k)xkyz_k
k=0

k=0
where

boz = 3 fazr b21 = fays boo = 3y (8.105)
and

C22 = $9a0r Co1 = Guys C20 = 3y (8.106)

Using the expressions for z and y in terms of z and 2*, equating the
coefficients of 22, z2* and 2*? respectively gives

= §(bag +icgy) — ilbyy +icy;) — §(bag + i)

8((foz + 200y = fyy) + (90 — 2foy — 95)),  (8.107)
Vo1 = 5 (bog +icy) + 5 (bgg + icy)

= 3(foz + Fyy) + (950 + 9)] (8.108)
and -

(bgg +icg,) + li(bZI +icgy) — 3 (byg + icyg) .
[(faz = 290y — fyy) +9(9az +2f4y — 9y,)]-  (8.109)
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To deal with the cubic terms we simply repeat the same rigmarole,
setting

3 3
Z?’skzkz’ks—k = Z(b3k + icg, )z y®
k=0 k=0
where
b33 = '31—!fa:m:’ b32 = % zzTY’ b31 = %fmyw b30 = F%fyyy (8‘110)

and similar expressions hold for the c;;, with f replaced by g. The only
cubic coefficient we want is 73, and reading this straight off gives

Va2 = §(bs +iCs) — gilbag +icay) + §(bay +ica;) — §i(bgo + icgo)

= 16[(fozw + ooy + Foyy T 9uuy) T 9zzz = Fooy T Goyy — Fopy))- (8:111)

Finally, going back to the expression for 73, and using ReA(0) = Revs,
we get

ReA(0) = Revz, — %(Re’YmI MYy + ImyyRevy, ). (8.112)
Now,
Revsy = 15(foze + ooy + Foyy + Gyun): (8.113)
ReYooImygy = 35(foz + 295y — Fiu) (920 + 9yy) (8.114)
and
ImyyRevy = 35(9og — 2fay = 9y (foe + fy) (8115
S0

ReA(O) = Tle(fxmm + eay + fzyy + g'y"yy)
+ ﬁ (fa;y(fa;a; + fyy) - gmy(g:z:z + gyy) - fx:cga:-'l: + fyygyy)'(8'116)

This completes the final step of the proof of the Hopf Bifurcation The-
orem. The enthusiastic reader might want to try the following exercise.

(8.7) EXERCISE

~ Calculate ImA(0) and use this to find the order u corrections to the
period of the bifurcating orbit.
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8.10 A canard

In French, the word ‘canard’ has two meanings: first, the English ‘duck’,
but it can also mean ‘hoax’. Canard is the name given to a phenomenon
associated with the creation of periodic orbits in certain relaxation oscil-
lators (cf. Section 7.13) either because the phase diagrams can be made
to look like a duck, or because the phenomenon was widely misunder-
stood for a long time. Consider the forced van der Pol oscillator

ite(x®-Di+z=1+p (8.117)

for ¢ > 1 and u a real parameter. If 4 = —1 this system reduces to
the relaxation oscillator of Section 7.4, which has a stable periodic orbit
with approximate amplitude A = 2; but how is this orbit created or
destroyed as y varies? Writing (8.117) as

t=y—e(32°—2), y=—z+1+p (8.118)
we see that the system has a unique stationary point at
r=14p y=el+p)EA+p)?-1). (8.119)

The stability of this stationary point is determined by the eigenvalues

of the Jacobian matrix,
—€e(z?-1) 1
-1 0

which has characteristic equation
S +eu2+p)s+1=0 (8.120)

at the stationary point. Thus the eigenvalues of the Jacobian matrix
have strictly negative real parts if u > 0 or 4 < —2 (and so the stationary
point is stable) and strictly positive real parts if —2 < u < 0 (for which
values of u the stationary point is unstable). If uy = —2 or u = 0 the
characteristic equation is s? 4+ 1 = 0, which has solutions s = +4. Hence
we expect to find a Hopf bifurcation from y = 0 and from p = —2. To
investigate this possibility we begin by transforming the stationary point
to the origin so that we can apply the results of the previous sections.
Setting

u=z—(1+p) and v=y—e(L+p)EQ+p?-1)  (8.121)

we obtain



8.10 A canard 245

b= —u. (8.122b)
which, by design, has a stationary point at the origin. We shall concen-
trate on the case u = 0; the case u = —2 is similar and is left as an
exercise.

If 4 = 0 the Jacobian matrix at the origin is

0 1
-1 0)’
which is in the desired form if we take w = —1. Furthermore, writing
= f(u,v,u) and v = g(u,v, u) we obtain
Jup t 9p = —2¢<0 (8.123)
for (u.v.u) = (0,0,0), and so &; < 0. Looking at the higher derivatives
Suwu = —2€, fru = —2¢€ (8.124)
and all the other second and third derivatives of f and g vanish at the
origin if 4 = 0. Hence
a=-3e<0. (8.125)
Looking back at the results for the Hopf bifurcation we see that this
implies that a; = —e and |ReA(0)| = ie. Hence a stable periodic orbit
exists for 4 < 0 with an amplitude which scales (for small |u|) like 8|u|?.

So, where is the canard? Figure 8.12a shows a sketch of the amplitude
of the periodic orbit against u. Note that the amplitude of the orbit

(a) (b)

/N

©

AB C o #

Fig. 8.12 (a) Amplitude vs. parameter for the canard; (b) the relaxation
curve showing the position of the periodic orbit at three parameter values.
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jumps to 2 very abruptly (in fact, over a range of parameters which
scales like exp(—e) with € > 1).This abrupt change can be understood
by thinking about the relaxation curve y = %z3 — z as in Section 7.13.
Initially, the periodic orbit lies in the crook of the curve at £ = 1. As
p decreases the amplitude of the orbit increases with the usual scaling
until it hits the relaxation curve (see Fig. 8.12b). Thereafter it drops off
the minimum and so we have the relaxation oscillation of Section 7.13.
This change is continuous but very fast, and it was not fully understood
until the early 1980s! A full description is beyond the scope of this book.

Exercises 8

1. Find the stationary points and determine their stability for the
following examples. In each case sketch a bifurcation diagram and find
the bifurcation values of the parameter.

i) &=a(u—a?)(u—22%);

il) =p—x?+4z%

iii) = = z(x? — p)(x? + p? - 1);
iv) ©=p—|z|

2. For each of the following examples find an approximation to the
centre manifold at the origin and hence determine the local behaviour
of solutions. (You should develop the centre manifold to whatever order
is required to determine the nature of the flow near the origin.)

i) 1=-22+y-2% y=z(y-2z).
i) 2=y—-3z2+zy, ¥=-3y+y?+z2

3. Find the value of p for which there is a bifurcation at the origin
for the system

2

t=y-z-2°, y=pr—y-y>

Find the evolution equation on the extended centre manifold correct
to third order and hence deduce that the bifurcation is a transcritical
bifurcation.

4. Describe the bifurcations in the systems

i=xz(u - —?)
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and
i =xz(u—z?).

Discuss the effect of adding a small constant term to the right hand
side of each of these equations, i.e. for the second example consider the
equation & = z(u — x2) + € for some small, fixed €.

5. Consider the equations
T=2—-x+y
g = (2a — y?)(4a% — 4 + 2z + 1?).

Plot the loci of the stationary points in the (a, z) plane and hence deduce
that there are bifurcations when a = —-21-, a=0anda= % Investigate
the bifurcation at a = 0 in detail: find the extended centre manifold and
determine the type of the bifurcation. Assuming that there are no other
bifurcations, sketch a consistent bifurcation diagram in the (a,z) plane,
indicating where the different branches of stationary points are sources,
sinks and saddles.

6. Show that the system
F—(p—2i+zx=0

has a Hopf bifurcation at (0,0, 0). Indicate briefly, on the basis of energy
considerations, whether you would expect the bifurcation to be subcriti-
cal or supercritical. Confirm your prediction by calculating the stability
coefficient.

Given that the equation

F-p(l-zDi+z=0

has a periodic orbit of finite amplitude, estimate the amplitude and
period of this orbit. What periodic orbits does the equation have at
p=0?

7. Discuss the nature of the stationary point at the origin for
i =pr+w+y) - 222+ 2ry + )z
9= py —w(2z +y) - (22% + 22y + )y

as the parameter u is varied. Find a transformation which reduces the
problem to normal form and hence show that there is a supercritical
bifurcation at u = 0.
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8. Sketch the different phase portaraits which can arise near the origin
in the system
t=pz+y—zf(r), y=-z+py—yf(r),

where 72 = 22 + y2 and f is a continuous function such that f(0) =0

and f(t) > 0 for all ¢t > 0.

9. Find a transformation of the form
z =&+ € + Bién + 0’
Y =1+ a? + Byfn + 11
that reduces the equation
T =y+ a2+ bzy + ¢ 9°
y= a2x2 + byzy + c2y2
to the form

£=1+0(3)

i = AE? + Bén + O(3),
where O(3) denotes terms of third order and higher. A typical small
perturbation of this equation is

E=m, 1=+ un+ A& + Bén,

where A\ and u are small parameters. Discuss the local bifurcations
in the (A, u) plane for the cases (4,B) = (1,1) and (4,B) = (-1,1).
By considering the bifurcations on a closed loop about the origin in
parameter space, show that there must be other bifurcations.

10. Use the Implicit Function Theorem to obtain conditions for a
pitchfork bifurcation to occur.
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Bifurcation theory I1:
periodic orbits and maps

Since the flow near a periodic orbit can be described by a return map
(which is as smooth as the original flow) the bifurcations of periodic or-
bits of differential equations and fixed points or periodic orbits of maps
can be treated as one and the same topic. As we saw in Chapter 6, the
linearized map near a fixed point of a nonlinear map is a good model of
the behaviour near the fixed point provided the fixed point is hyperbolic,
i.e. no eigenvalues of the linear map lie on the unit circle. The eigen-
vectors associated with eigenvalues inside the unit circle correspond to
stable directions and those associated with eigenvalues outside the unit
circle correspond to unstable directions. Furthermore, since hyperbolic
fixed points of maps are persistent under small perturbations of the map
(a result analogous to the persistence of hyperbolic stationary points in
flows; cf. Chapter 4) there can be no local bifurcations near a hyperbolic
fixed point so, as in the previous chapter, we are forced to consider non-
hyperbolic fixed points. This is made easier by the centre manifold for
maps, which plays the same role in this chapter as the Centre Manifold
Theorem for flows did in the previous chapter.

(9.1) THEOREM (CENTRE MANIFOLD THEOREM FOR MAPS)

Consider the map x,,,, = f(z,) where z € R" and f : R® — R"
is a smooth invertible map (i.e. a diffeomorphism) with a fized point
at z = 0. Divide the eigenvalues, A of Df(0), into three sets in the
following way: A € o, if |[\| > 1, A€o, if[\|<1land A€o, if |A\| =1.
Let E®, E* and E° be the corresponding linear subspaces spanned by
the generalized eigenvectors. Then there exist smooth unstable, stable
and centre manifolds tangential to the corresponding linear subspaces
at x = 0. FEach manifold is invariant, but the centre manifold is not
necessarily unique. '
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This theorem (which we will not prove) enables us to work on the
centre manifold of the extended system

m'n+1 = f(xn’y’n)’ ll"n,+1 = p‘n (9'1)

near the bifurcation value of the parameter (or parameters) pu. The
bifurcation value is easy to determine since it is the parameter value at
which the map has a fixed point for with an eigenvalue of the Jacobian
matrix on the unit circle.

In this chapter we shall look at the simple bifurcations of maps, be-
ginning with the case for which there is a single simple eigenvalue of +1,
then looking at the case of a single simple eigenvalue of —1. The former
case will give bifurcations analagous to those already discussed for flows.
The latter case gives a completely new bifurcation: period-doubling. Fi-
nally we consider the Hopf bifurcation for maps, where a closed invariant
curve bifurcates from the fixed point (which gives a torus in phase space
if the fixed point corresponds to a periodic orbit of some flow). The
motion on this invariant curve can be either periodic or dense on the
curve.

9.1 A simple eigenvalue of +1

Suppose that if 4 = 0 a map w,,; = f(w,, 1) has a non-hyperbolic fixed
point (which we can take to be at the origin) and that the linearized map,
Df, has a simple eigenvalue of +1 and no other eigenvalues on the unit
circle. Then there is a one-dimensional centre manifold on which the
motion is of the form

T, =9, u), TER (9.2)

where, assuming that a coordinate change has been made so that the
fixed point is at = 0 and the bifurcation value is u = 0,

9(0,0) =0 and %Z‘—(0,0) =1 | (9.3)

Thus we can expand g as a Taylor series about (z,u) = (0,0) to get
9(@, 1) =T+ gup+ 59,7 + 205,08 + g, 40 + .. (9.4)
or

9(z, ) = A(p) + (1 + B(w)z + C(u)a® + O(a®) (9.5)
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where

A(p) = g,pu+ O(U?), B(u) = g,,1+ O(u?)

and O(u) = 30, +O(n).

Fixed points of g satisfy the equation z = g(z, u) and so they are solu-
tions to

A(p) + B(p)z + C’(u)xz +0(2®) =0. (9.6)

We can now consider (9.6) in precisely the same way as we did for the
continuous time cases in the previous chapters. Comparing the expres-
sion for fixed points of the map on the centre manifold with the expres-
sion obtained at the beginning of Chapter 8 for stationary points of flows
we see that they are exactly the same. This means that rather than go
through the same manipulations as before we can simply translate the
results obtained in the previous chapter (Sections 8.3, 8.4 and 8.5) to
the present case. The only difference is that the stability criteria need
to be recalculated, since fixed points are stable if the eigenvalues of the
linear map lie inside the unit circle (as opposed to in the left-half plane
for stationary points).

(9.2) THEOREM (SADDLENODE BIFURCATION)

Suppose that for u = 0 the origin, x = 0, is a non-hyperbolic fized point
of the (one-dimensional) map z,,, = g(z,,u) and that g,(0,0) = 1.
Then provided

9,(0,0) # 0 and g,,(0,0) # 0

there is a continuous curve of fized points in a neighbourhood of (z,u) =
(0,0) which is tangent to p = 0 at (0,0). If g,9,, < O (resp. > 0)
then there are no fized points near x = 0 if p < 0 (resp. p > 0) whilst
for each > 0 (resp. u < 0) sufficiently small there are two hyperbolic
fized points near x = 0. The upper fixed point is stable and the lower is
unstable if g, < 0 and the stabilities are reversed if g, > 0.

This is almost exactly the same situation as in Theorem 8.2 (see
Fig. 9.1). To complete the proof we need only verify the stability con-
ditions.
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Fig. 9.1 A saddlenode bifurcation.

From the form of the map we find that the Jacobian matrix (or linear
map) is

)
—é-g(x, B)=1+guh+gpeT+... (9.7)

and from Section 8.3 we know that the fixed points, z are

~2g,,
ga:a:

T, ~ % pt (9.8)
for g,9,, <0 and u > 0, and a similar expression in u <0 if g,g,, > 0.
In either case the dominant terms in the Jacobian are 1 + g,z and so
(for small |u|) z, is stable if g,, < O and unstable if g,, > 0. The
stability properties of _ are the opposite to those of z, .

Now, as in the previous chapter, we can consider what happens if one
or other of the genericity conditions for the saddlenode bifurcation does
not hold.

(9.3) THEOREM (TRANSCRITICAL BIFURCATION)

Suppose that if u = 0 the origin, x = 0, is a non-hyperbolic fixed point of
the (one-dimensional) map x,, | = g(x,,u) and that g,(0,0) = 1. Then
if

00 =0, Gop #0 and gl — 0,00, #0

there are two curves of fizred points in a neighbourhood of (0,0) which
intersect transversely at (0,0). If g, < O then the upper fized point is
stable and the lower fized point is unstable, whilst if g, > 0 stability
properties are reversed.
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Once again, we need only verify the stability properties. If A? =
gfw — 92z9uu > 0 (and A > 0) then from Section 8.4 we see that the
pair of fixed points are

Ty N ——g-ﬁ“—"——:-lf—é- U (9.9)

9z
and the dominant terms in the Jacobian matrix are therefore 1+g, .1+
9zoT+. Evaluating this for x, gives 1 — Ay, which is less than one if
p > 0 and greater than one if 4 < 0. Hence z_ is stable if u > 0 (where
it is the upper fixed point if g,,, < 0 and the lower fixed point if g,, > 0)
and unstable if x4 < 0 (where it is the lower fixed point if g,, < 0 and
the upper fixed point if g, > 0).
Finally we come to the pitchfork bifurcation.

(9.4) THEOREM (PITCHFORK BIFURCATION)

Suppose that if u = 0 the origin, x = 0, is a non-hyperbolic fixed point of
the (one-dimensional) map x,, | = g(x,,u) and that g,(0,0) = 1. Then
if

gu = gmz = 0’ gp,a: #0 a'nd ga;x:z,' # 0

there is a branch of fized points which passes through (0,0) transverse
to u = 0; these fized points are stable in y < 0 and unstable in p > 0
if 9,z > 0 with stabilities reversed if g,, < 0. A second branch of fired
points bifurcates from (0,0) tangential to p =0 intop > 04fg,, 90 <O
orinto p <0 if g, 9y, > 0 (s0 for each value of p > 0 sufficiently small
there are three fized points near * = 0 if g,,9,,, < 0). This second
branch of fized points is stable if it exists in p < 0 and g,,, <0 or in
p > 0 with g,,, > 0 (a supercritical bifurcation). Otherwise it is unstable
(a subcritical bifurcation).

It is easy to construct simple examples of maps with these types of bi-
furcation from the-examples in the continuous time cases of the previous
chapter. We shall go through these examples quickly; further examples
can be found in the exercises at the end of this chapter.

Ezample 9.1

Consider the map

= 2
Tpy1 =Ty + 1 — Ty
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Fixed points of the map are solutions to u —z% = 0, i.e. for u < 0 there
are no fixed points and for 4 > 0 there are two fixed points: . = £,/p.
The Jacobian matrix is simply 1 — 2z and so at 4 =0, £ = 0 is a fixed
point with Jacobian equal to 1. Hence it is non-hyperbolic, and there
is a bifurcation at u = 0. Writing g(z, u) for the righ thand side of
the equation defining the map we see that g(0,0) = 0, g,(0,0) =1 (the
general conditions for a non-hyperbolic fixed point) and furthermore
g, =1 and g, = —2. Hence the bifurcation is a saddlenode, creating
a pair of fixed points in u > 0, z,, which is stable, and z_, which is
unstable. Note that there is a further bifurcation if z, =1 (i.e. if u = 1)
since the Jacobian matrix is —1 at this point. The bifurcation associated
with an eigenvalue —1 is described in the next section.

Example 9.2
Consider
Tnt1 = xn(l +p- xn)'

Fixed points are solutions of z(u — ) = 0 so provided u # 0 there are
two fixed points, one at £ = 0 and the other at z = u. The Jacobian
of the map is 1 + u — 2z and so z = 0 is stable provided —2 < u < 0
and z = p is stable provided 0 < p < 2. Writing g(z, ) for the right
hand side of the defining equation as before we see that £ = 0 is a
non-hyperbolic fixed point of the map if 4 =0 and g, =0, g,, = -2,
9z, =1 and g, = 0. Hence there is a transcritical bifurcation if u = 0.
When p = £2 there is a further bifurcation; once again the Jacobian is
—1 and we defer discussion of this case to the next section.

Example 9.3
Consider
Tny1 = In(l +u- .'1:721)

Fixed points are solutions of z(u — z2) = 0 so = = 0 is always a fixed
point and if u > 0 there are two other fixed points, z, = +,/z. It is
not hard to see that this is a supercritical pitchfork bifurcation.

These three examples are sometimes referred to as normal forms for
the three bifurcations: they are the simplest models which undergo the
bifurcation at yu = 0. The evolution of these maps as u passes through
zero and the corresponding phase portraits for flows (if the problem
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comes from the return map near a periodic orbit) is shown in Figures
9.1-9.2.

9.2 Period-doubling bifurcations

Suppose now that the map has (for 1 = 0) a fixed point for which the
linear map has a simple eigenvalue of —1 and no other eigenvalues on the
unit circle. If the map were truly linear this would lead to the equation
T,,1 = —z, for which all points (except for z = 0) are periodic of period
two since x,,,, = x,,. This suggests that we might expect to find some
sort of oscillation of period two associated with this type of bifurcation.
The map on the centre manifold is of the form z, ,; = g(z,,u) where
9(0,0) =0 and g¢,(0,0) = —1. Expanding g locally about (z, u) = (0,0)
we find '

Tpp1 = AW) + (-1 + B(w))z + C(p)2? + D(p)z® + O(z*)  (9.10)
with

A(p) = g p+ 59,,4° +O(1®), B(p) = g,.u+O0?),

C(k) = 3945 + O(1) and D() = §guq5 + O(1).
Fixed points are therefore solutiops of
A(p) + (=24 B(u)z + C(u)z? + D(u)z® + O(z*) = 0. (9.11)
For (z, u) near (0,0) this has a single fixed point at * where

z* = L A() + O(4) = 39,6 + O(1?). (9.12)

(a) 4 (b)

Fig. 9.2 (a) A transcritical bifurcation; (b) a pitchfork bifurcation.
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To find the stability of this solution we look at the Jacobian matrix of
the map at the fixed point, the Jacobian is, for this one-dimensional
map, simply the derivative of the map with respect to z:

Dg(z) = -1+ B(u) +2C(p)z + 3D(u)z? + O(z?) (9.13)
and on substituting the appron'cimate value of the fixed point, z* =
39,6+ 0(u?),

Dg(z*) = =1+ B(u) + C(p)g,u + O(4?)
= =14 (95 + 39,9020 + O(4°). (9-14)

Hence if g, + % 9,9z > 0 this fixed point is stable if 4 > 0 and unstable
if u < 0, whilst stability properties are reversed if this expression takes
the opposite sign. Our first condition for a non-degenerate bifurcation
is the transversality condition

us + 39490z # O, (9.15)

which is equivalent to saying that the eigenvalue of the linear map at
the fixed point passes through the value —1 with non-zero velocity as u
varies. :

To investigate the possibility of bifurcating solutions associated with
this loss of stability we begin by making a change of variables to set
x* at the origin. Setting y = x — z* and noting that the effect of this
transformation is to set the ‘constant’, or p-dependent, term to zero
(y = 0 is a fixed point of the transformed map), a small calculation
gives

Ynt1 = (=1 + B'(w))y, + C'(u)y2 + D'(u)y3 + O(yp) (9.16)
where

B'(u) = B(p) + A(R)C(n) + O(u?), C'(1) = C(w) + O()
and

D'(p) = D(p) + O(p).

(9.5) EXERCISE

Using (9.12) prove this statement and show that

B'(4) = (95 + 39,9z0)1 + O(?), C'(0) = 3g,, and D'(0) = Lg,,..
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We already know that the only fixed point of the map in a neighbour-
hood of (y,u) = (0,0) is y = 0, corresponding to the fixed point z = z*,
but in the preamble to this section we suggested that there might be
periodic points of period two. These will be fixed points of the second
iterate of the map, so consider y,, . ,:

Unpa = (=14 B' (1)1 + C' (W41 + D' (W)Y 41 + Otya) (917)
and so, substituting for y,,,; and rearranging terms
Untz = (1+a(w)y, +b(u)ys +c(w)ys +O(yy)  (9.18)
where
a(u) = —2B'(n) + O(4®), b(p) = B'C' + O(u?)
and
c(p) = =2(C"? + D) + O(p). (9.19)

Fixed points of the second iterate of the map are therefore y = 0, which
we knew about already (it is a fixed point of the map and hence it is
also a fixed point of the second iterate) and solutions of

a(w) +b(u)y + e(u)y® + O(y®) =0. (9-20)
The quadratic part of this equation has solutions provided
b?> — dac = —16B'(C" + D') + O(u?) > 0. (9.21)

But B'(u) = (9, + %gugmm)u + O(u?) and the term multiplying u is
precisely the term which we have already assumed to be non-zero in the
transversality condition above and (C"? + D') = g2, + %g,,,. Hence
provided

202+ 300z #0 (9.22)

the quadratic has a pair of solutions in either x > 0 or x < 0 depend-
ing upon the sign of the two non-vanishing expressions. This then is
the genericity condition associated with the period-doubling bifurcation;
since both these solutions are local and are fixed points of the second
iterate of the map but not of the map itself they must form an orbit
of period two. The stability of this bifurcating orbit can be read off
from the equation for y,,,: they are unstable if the fixed point y = 0
is stable and stable if the fixed point at y = 0 is unstable. We leave
this as an exercise. One further remark: calculation of the locus of the
points of period two shows that the curve is tangential to the y-axis at

(¥, ) = (0,0).
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(9.6) THEOREM (PERIOD-DOUBLING BIFURCATION)

Suppose that if p = 0 the map w, ., = f(w,,u), w € R, has a fired
point at w = 0 and that the linear map at (w,pu) = (0,0) has a simple
eigenvalue of —1 and no other eigenvalues lie on the unit circle. Then
the equation on the centre manifold is x,,,, = g(z,,u), * € R, with
9(0,0) = 0 and 22(0,0) = —1. If

U =29, +9,95; 70
and

2
v= %gzx + %gwmm #0

(where the partial derivatives are evaluated at (0,0)) a curve of periodic
points of period two bifurcate from (0,0) into p > 0 if uv <0 or u <0
if uv > 0. The fized point from which these solutions bifurcate is stable
in u > 0 and unstable in p < 0 if u > 0, with the signs of u reversed
if w < 0. The bifurcating cycle of period two is stable if it coexists
with an unstable fized point and vice versa. The bifurcation is said to
be supercritical if the bifurcating solution of period two is stable and
subcritical if the bifurcating solution is unstable.

Ezample 9.4

Consider the map

Tpt1 = g(xn’/-"') = _(1 + ,J‘)xn - .’L‘i

When p = 0 the origin £ = 0 is a non-hyperbolic fixed point and the
linear map at the origin has an eigenvalue of —1. Furthermore, with
the notation of Theorem 9.6, u = —2 and v = —2. Hence we expect to
see an orbit of period two which bifurcates into p < 0 from the origin,
which is a stable fixed point in p < 0 since u < 0. It is easy to confirm
these facts by direct calculation for this example. First consider the
origin. Looking at the linear part of the map we see that the fixed point
at the origin is stable if 4 < 0 and unstable if u > 0 (for small |y|).
‘Furthermore (again for small |u|) the origin is the only fixed point of the
map. Now consider the second iterate of the map,

Tpyo = —(1+u)[-(1+ pe, — 3] - [-(1+ p)z, — 23]
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Expanding out this expression, keeping only terms of order three and
less, we find

Tppa ™ (L+ 4z, + (L+ e[l + (1 + p)?]
or
Tpio ™ (1+2p)z, +223.

This equation has fixed points at £ = 0 and 22 = —u, so there is a
bifurcating branch of solutions from z = 0 into 4 < 0. The stability
of these solutions (as fixed points of the second iterate of the map) is
determined by the Jacobian (1 + 2u) + 6z2 = 1 — 4y, so since p < 0 the
orbit of period two is unstable. This confirms that there is a subcritical
period-doubling bifurcation if u = 0.

Figure 9.3 shows the behaviour of this map and the corresponding
bifurcation for a periodic orbit of a flow. Note that this bifurcation can
only occur in flows in R®, n > 3, since trajectories cannot cross and, as
we saw in Chapter 6, the eigenvalues of a fixed point of a return map
for a two-dimensional flow are both positive.

9.3 The Hopf bifurcation for maps

A Hopf bifurcation occurs in maps if a simple pair of complex conjugate
eigenvalues of the linear map cross the unit circle. There are various
possible cases depending on whether these eigenvalues cross at roots of
unity or not. If they do not (the non-resonant case) it is possible to
choose a change of coordinates so that the map takes a particularly sim-
ple form analogous to the continuous time case described in the previous

} /@

Fig. 9.3 (a) (z,u) bifurcation diagram; (b) the flow for u < 0; (c) the flow
for 4 > 0.

(a)
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chapter. However, if the eigenvalues do cross the unit circle at a root of
unity then it is impossible to eliminate certain terms in the power series
expansion of the map. This leads to complications known as resonance,
which have their roots in the fact that the required coordinate changes
have small divisor problems similar to those encountered in Poincaré’s
Linearization Theorem. These resonant modifications do not manifest
themselves in any serious way provided the eigenvalues on the unit circle,
Ao and A§ do not satisfy A\ = 1 for n = 1,2, 3, 4 (the strong resonances).
In the next section we shall describe the differences between weak res-
onance (A} = 1 for some n > 4) and the non-resonant case (A\§ # 1 for
all n > 1). The strong resonances are still not completely understood;
Arnold (1983) has a good discussion of some of the cases.

Suppose that for 4 = 0 the map x,,,, = f(x,,u) has a fixed point
at the origin and that the linear map evaluated at (z,u) = (0,0) has a
pair of complex eigenvalues Ay and Aj on the unit circle with A\j # 1
for n =1,2,3,4 and that all the other eigenvalues lie off the unit circle.
Then the equation on the centre manifold is y,,, = g(y,,n), ¥y € R?,
with g(0,0) = 0, and Dg(0, 0) has eigenvalues A\, and A\j. By assumption,
Ao = cosfy + isinby, 0, # 2—';'2 for ¢ = 1,2,3,4. We shall assume the
standard transversality condition: that the eigenvalues pass through the
unit circle with non-zero velocity: This implies that the linear part of
the map in a neighbourhood of x4 = 0 can be written as

cosO(u) —sinf(u)
Mp) (sin@(,u) cos O(p) ) (9-23)

where M () = 1 + ap + O(u?) and 0(u) = 6y + 0,4 + O(p?). In other
words, the eigenvalues of the linear map are M (u)exp(+2mif(p)) and
the transversality condition is

dM . dM

Now, as in the Hopf bifurcation for continuous time, we choose to work
in the complex plane, identifying R? with C in the standard way and
treating z and 2* as independent variables. This leads us to consider
the maps

m
Zpi1 = G2y, 25, 1) = M)z, + Z Z'ymr(u)z;z;m'T, (9.25)
m>2r=0

where

Mu) = M(p)exp (i0(u)) . (9.26)
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This type of equation should look familiar and indeed we now simply re-
peat the arguments of the section on the Hopf bifurcation for differential
equations in order to obtain the following result.

(9.7) THEOREM (HOPF BIFURCATION THEOREM FOR MAPS)

Suppose that the map

(xn+1’yn+1) = (F(xmyn’/"')’G(xn’ynaN))

satisfies F(0,0, 1) = G(0,0, 1) = 0 on some neighbourhood of 4 = 0 and
that if u = 0 the Jacobian matriz of the map at (z,y) = (0,0) is

sinf, cosf,
where exp(niby) # 1 forn =1,2,3,4. If

cos 0y(F,, +G,,) +5inby(G,, — F,,) #0

and
ReA(0) #0

where partial derivatives are evaluated at (z,y, u) = (0,0,0) and A(u) is
a complez function of u defined below, then an invariant circle bifurcates
into either p > 0 or into u < 0, depending upon the signs of the non-zero
expressions above. This invariant circle is attracting if it bifurcates into
the region of p for which the origin is unstable (a supercritical bifurca-
tion) and repelling if it bifurcates into the region for which the origin is
stable (a subcritical bifurcation).

Proof: As with the continuous time case the proof splits neatly into a
number of steps:
Step 1: Check that the transversality condition holds (this will give the
first expression).

Step 2: By assumiption, the origin is a fixed point of the map for all
u near u = 0, so we can make a linear coordinate change to bring the
linearized map at the origin into the form described above the statement
of the theorem. Then, working in the complex plane, we do a series of
near identity coordinate changes so that the map becomes

Zng1 = A1)z, + A2, *2 + O(|2,[*).

Step 3. Show that an invariant circle bifurcates from the origin when
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p = 0 for this system providing ReA(0) # 0.
Step 4. Derive an expression for ReA(0) in terms of the partial deriva-
tives of F' and G.

Step 1. Note that by assumption F, = G, = cosf and G, = —F, =
sin 6,. Expanding F' and G as Taylor series, remembering that the origin
is always a fixed point for the values of u considered, we find that the
Jacobian matrix of the map at (z,y, ) = (0,0,0) is

(Fm+Fuw“ Fy+Fuy“)

G, +G i G, +G p

up to terms of order |u|. Now, |A(u)|? is simply the determinant of this
matrix (since it is the product of the eigenvalues), so

IAW)? = (F, + Fun)(Gy + G i) — (Fy + F, 1)(G, + G o)

= F,G, - F,G, + u(F,G,, +G,F,, — F,G,, — G,F,) + O(?).

From this it follows that d%l)\l # 0 if (z,y, 1) = (0,0,0) provided
cos0y(G, + F,,) +5inby(G,, — F,,) #0 (9.27)

(remember that F, = cosf, and so on).
Step 2. We now assume that a linear change of variables has been
made such that the linear part of the map takes the form

cosf(p) —sinf(p)
M0 (ot eastts) )

as defined above the statement of the theorem. Note that by assumption
the map is already in this form if 4 = 0 so there is no change of variables
in this case. Now write 2 = z + iy so that the map becomes

m
g1 = AWz + DD V(W25 i (9.28)

m>2r=0

where the coefficients +,,, are functions of u whose coefficients can be
written in terms of the partial derivatives of the map with respect to
z, y and y as in the continuous time case. We now try near identity
changes of coordinates to get rid of as many terms in the expansion as
possible. Since we have done this type of successive elimination of terms
twice before we jump straight to the general case. Suppose that after a
sequence of near identity changes of variable of order two, three and so
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on we have the system

Zny1 = M)z + Ny_y (20, 25, ) + ) Z'Ymk(u)zk R (929)

m2>s k=0

where the terms in N,_,(z,2*, ) contain those terms of order r (2 <
r < §) in z and z* which have not been removed by near identity trans-
formations of order less than s and the coefficients v, are the modified
coefficients resulting from the near identity tranformations already done.
Now try the next near identity transformation, :

8
w=z+ Z ag, 22"k (9.30)

with inverse

8
z=w-— Zaskwkw*"’k + O(jw|*+1). (9.31)
k=0

From the definition of w
8 .
Wpy1 = Zpy1 + Zasszl_'_lz:f;lk (9.32)
k=0
and since 2, = A1)z, +O(12, %) and 22,1 = Au)*z5 + O(lz,/2),

n+1 - A(,u)z +N nap') + Z Z’Ymk(:u') k *m —k
m2>s k=0
8
+ Y ag Mu) M)k ke + Oz, 1Y), (9.33)
k=0

Now, Az, = M0, = Pk Mg W) ™* + O(lw,[**?) so
Unt1 = )‘('u)w'n + Ns—l(wn’w;a“)
s
+ 3 (vor () + M) Ap)* ™ = Au)la,,) whwy*
k=0

+ O(jw,|**h). (9.34)
Hence if we can choose

_ Yok (1)
%ok = X(W) = MwFA(E)=F (0.35)

the terms of order w*w**—* can be eliminated. This can be done, at
least formally, provided A # A¥*A**—* in some neighbourhood of u = 0.
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Evaluatlng these terms at p = 0, using the fact that )\0 = Ao~ ! this
condition becomes

A2k £ g, (9.36)

If M # 1 for all ¢ > 1 then the only problems arise if the exponent is
zero. This happens if s +1 = 2k, so s must be odd, s=2p+1,p > 1,
with kK = p+ 1 and s — k = p. Thus, in general, we cannot get rid of
terms of order |z|?"z but all other terms can be set to zero by successive
near identity changes of coordinates. Thus if AJ # 1 for all ¢ > 1 a series
of near identity changes of coordinates can be made to bring the map
into the form

Znp1 = A2, + Y 0 ()2, [P 2,,. (9.37)

p21

On the other hand, if A} =1 for some g > 1 (the resonant case) we are
unable to get rid of the |z|?Pz terms as above, but we also have problems
if s+ 1 — 2k = ¢q. The first such term occurs for £ = 0, giving a term
with s = g¢—1, 2*9~! which cannot be eliminated. The second such term
(k = 1) has s = g + 1. Hence, after a series of near identity changes of
coordinate the map can be written in the form

Zng1 = MWz, + O ap(1)|2,)P 2, + B() 2237 + O(|2,|F).  (9.38)
p21

None the less, provided ¢ > 5 (the weak resonances) this takes the form
Zng1 = M) 2, + @1 (1)|2,]22 + O(|2,|*) (9.39)
as required.

Step 3. Assuming that A} # 1, ¢ = 1,2, 3,4 the map can be written
as

ter = M)z (1 + C;I(—(:)W) 10>zl (940)
SO
| B oy (1)
2l = AW)l12] (1+;(—m|znnz) + (2. (9.41)
Now

- = (1+ Sgher) (14 SEgteat)

= 1+2Re (58 ) 2,2+ (1,11

(1+ (?((u))' )
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and so
(o)
=1+Re (—1@> |z, 1% + O(|z,,|*)

’O+%ﬁ%mﬁ AW

for small |2,,|. Setting z, = r,exp(ip, ) this implies that

rois = M(u)r, [1 +Re ( S "))) rﬁ]' +0(rd) (9.42)

where M () is the modulus of A defined earlier. This difference equation
for the modulus of z is independent of the argument of z to lowest order,
so a fixed. point for the modulus will correspond to an invariant circle
for the two-dimensional map. Fixed points are given by

M(u)r [1 +Re ( * ((“))) r2] +0(r%) (9.43)

so we have the fixed point at r = 0, which is the fixed point at the origin
for the two-dimensional map and is stable if |M(u)| < 1 and unstable
if |[M(u)| > 1. Since M(pu) = 1 + ap + O(u?), where « is the non-zero
constant given by the transversality condition, the origin is stable in
4 < 0 and unstable in g > 0 if @ > 0 and the stability properties are
reversed if o < 0. A non-zero fixed point of the modulus of z satisfies

ReA(p)r? =1 - M(p) = —ap + O(u?) (9.44)
where
A() = oy (1)/A(w). (0.45)
Hence there is a non-trivial fixed point for the modulus of z if
(ap)/ReA(0) >0 (9.46)

corresponding to an invariant circle for the two-dimensional map on the
centre manifold.

(9.8) EXERCISE

Determine the stability of this fized point.

Step 4. All that remains to be done now is to determine the expres-
sion ReA(0) in terms of the partial derivatives of F' and G. As before
(in the continuous time case) this is a painful and unexciting process.
We have left it as a series of exercises which should enable the reader to
check at the end of each calculation whether s/he is on the right track.
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First note that ReA(0) = o;(0)/Ay = ;(0)\;. Hence
ReA(0) = cos 6y.Re(e; (0)) + sin 6y.Im(cx, (0)). (9.47)

We need to calculate 7v3,(0) obtained after performing the first near
identity coordinate change.

(9.9) EXERCISE

Show that

2 2ypyl? 2 — 1
' (0) = 1721 Y20 -0 -
19000 =%+ 775 o Ty Ty Ty

“

(9.10) EXERCISE

Now, a;(0) = 73,(0). So to calculate o, (0) we need the original coeffi-
cients v,,;. in terms of the derivatives of F' and G. Show that

Va2 = 5[(Fap +2Goy — Fyy) +i(Gop — 2F5, — Gy,
721 S %[(.Flamc + Fyy) + z(G(I:I: + ny)]’
Yoo = $[(Foz — 2G4y — F,y) +i(Gyq + 2F,, — Gy))

and

. 1 .
Y32 = E[(?’Fzzz'{'F +Gzzy+3G )+'L(3Ga::z:m+G szy_BFyyy)]'

: zyy yyy zyy

(9.11) EXERCISE

Finally, substitute these equations into the expression for Re A(0) to ob-
tain a really nasty expression which must not vanish if the above analysis
is to work.

If the Hopf bifurcation occurs in a map associated with the return
map near a periodic orbit of an autonomous flow then the bifurcation
is called a secondary Hopf bifurcation. In this case the invariant curve
corresponds to an invariant torus for the flow as shown in Figure 9.4.
This completes the description of the Hopf bifurcation for maps. We
have shown that there is an invariant circle with radius proportional to
\/M which bifurcates from the origin into 4 > 0 or 4 < 0 depending
upon the signs of two non-zero constants in the non-resonant and weakly
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resonant cases. The dynamics on this invariant circle have not been
discussed. This is what we attempt to understand next.

9.4 Arnol’d (resonant) tongues

In the discussion of the Hopf bifurcation above there are two essential
ingredients: a pair of complex conjugate eigenvalues of the linear map.
pass through the unit circle with non-zero velocity at a particular an-
gle, 8,. In some ways it is more natural to see this as a two parameter
problem: one parameter controlling the radial component of the eigen-
value through the unit circle and the other controlling the argument of
the eigenvalue when it intersects this circle. This leads us to consider
maps with linear part A(u,v)z in the complex plane close to a weakly
resonant Hopf bifurcation 8, = 27p/q, ¢ > 5. For convenience we choose
the parametrization so that

A, v) = (1 + w)exp (z [&’q—p + VD (9.48)

(a)

Fig. 9.4 Hopf bifurcation: (a) (z,y, u) bifurcation diagram; (b) flow for u <
0; (c) flow for p > 0.
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so |A(g,v)| = 1+ p and ArgA(p,v) = 2—;'2 + v. By precisely the same
argument as in Step 3 of the proof of the Hopf Bifurcation Theorem
there is a change of variable such that the map takes the form

Zn1 = A V)2, + Y (1, V)2, |2,
p>1

+ A1) 78 + O(12, 7). (9.49)

As before we want to write this equation in terms of the evolution of
the modulus of 2z, and also find the equation for the argument of z.
This means that we have to be a little more careful than before. Setting
z = rexp(iyp) we have

Pnt1 —
T'n+1€ n =

Ar, een (1+Z —kp2k rq “Ze “1"’”+0(rg)) (9.50)

k>1

where A = (1 + u)exp(i(zgl’ +v)) and o4, and B are functions of x and
v. Taking the modulus of both sides,

Tpyr =1+ p)r, |1+ Z 2k rik 4 frﬁ 2e=taen 1 O(rd)|.  (9.51)
k>1
Considering the modulus in (9.51) for small r we find that

1+ Skr2 4 rq-2 ~iaen L O(rd)| =
k>1

14 a4 i+ 0(r8)  (9.52)
k>1

where the coefficients (a,) are functions of the o; and A and so functions
of 1 and v alone, whilst b = b(u, v, ¢) and has the form

A(p,v) cos(gp) + B(u, v) sin(gp). (9.53)

(9.12) EXERCISE

Prove this last remark.
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Now, the non-trivial fixed point which gives the radius of the bifur-
cating circle is a solution of

1=(14u) |1+ apr® +br972 4+ O(r9) (9.54)
k>1

and so there is a slight dependence on ¢ through the br9=2 term. This
will be crucially important in the ensuing discussion. Now let ry(u) be
the solution of
[252]
1=1+p) [1+ ) aprd (9.55)
k=1

where [452] is the largest natural number less than %3 Assuming
a,(0,0) < 0 the (approximate) invariant circle exists for y > 0 with
r2 = p/(—a;) + O(u?). On the invariant circle
' . [422]
eiPntl = \ei?n | 1+ Z a Tk + br3‘2 + O(ro"l) . (9.56)
k=1

Hence

Pri1 = P+ Arg(d)
[452]
+Arg [ 1+ Z aref +bri 2o ). (9.57)
k=1

After some further manipulation of the third term, this expression can
be written as

2T -2~ _
Opy1 =Pn + _qE +v+Qu,v)+ ugTb(,u, v,p,)+ O(,usTl) (9.58)

where b is just a rescaled version of b in (9.53). So, using the obvious
notation and ignoring higher order terms

: 2mp
Pn+1 =<Pn+—q_+V+Q(/L,V)

+ ugi_z (A(u,v) cosqep, + B(u,v)singy,). (9.59)

We can now look for fixed points of this map with period g, correspond-
ing to periodic orbits of period g which lie on the invariant circle. To
lowest order

Prtq = Pn + v + 9, v)
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+ qu%z (A(u,v)cosqy,, + B(u,v)singyp,) (9.60)
and hence fixed points satisfy
v+ Qu,v) + ug’}z (A(p,v)cosqp, + B(u,v)singp,) =0.  (9.61)

For sufficiently small |v 4+ | this equation clearly has two families of
solutions which are small perturbations of zeros of

A cos(qp) + Bsin(gp) = 0. (9.62)

One of these families of solutions is stable and the other is unstable (see
Fig. 9.5a). These annihilate each other on curves of the form

lv+9Q| = (42 + B2 3, (9.63)

This situation is shown if Figure 9.5b: the circle represents the unit
circle in the complex plane, from each point exp(2mip/q) there is an
Arnol’d tongue centred upon the curve v = Q(u, v) and of width | ,u,l'rrz
in which the bifurcating invariant circle is resonant: there are two peri-
odic orbits of period ¢ on the circle, one stable and the other unstable.
Typically a one-parameter family of diffecomorphisms for which a pair of
eigenvalues of the linear map pass through the unit circle will also pass
through an infinite sequence of such Arnol’d tongues. Thus there will be
a sequence of parameter intervals on which the map is said to be phase-
locked: there is an invariant curve, but points on the curve are attracted
to a stable periodic orbit of period q. The study of circle maps (such as
the map in o) is a rich source of interesting dynamic phenomena. Some
properties of simple circle maps are described in the exercises. A more
complete description of these results, together with the best smoothness

(a) (b)

Fig. 9.5 (a) A resonant circle (¢ = 6); (b) Arnol’d tongues and a typical
parameter path, fu.
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hypotheses, can be found in Iooss (1978). Arrowsmith and Place (1990)
also contains a fuller discussion of the derivation of (9.59).

Exercises 9

1 In each of the following maps, z,, +1 = f(z,, 1), determine the type
of the bifurcation which occurs at the given value of u.

) f@u)=p-2u=—-%
i) flz,p)=p—2%pu=4%
ili) f(z,u) =psinz, p=1;

iv) f(z,p)=psinz, p=-1

v) flz,p) = ptanz, p=-1;
vi) f(z,u) =ptanz, p=1.

o |

2. Suppose that f(z,u) = —f(—z,p). Show that the map z,, , =
f(z,,, 1) has a fixed point at the origin for all u. If f(y,u) = —y, y #0,
show that y is a point of period two. Hence describe the bifurcation at

p=1for f(z,p) = —uzx + z2 and for f(z,u) = —pz — 3.

3. Compare the locus of the points of period two found in the examples
of the previous exercise with the approximation y = K(0)z? derived at
the end of Section 9.6.

4. The Hénon map is a map on R2? defined by

Lo+l = Yns Yny1 = —bxn +u- y121,’

where b and u are real parameters. Find the fixed points of this map as
a function of the parameters. Find the locus of saddlenode bifurcations
and the locus of period-doubling bifurcations of the fixed points in the

(b, 1) plane.

5. Suppose that f maps the interval [a,b] into itself and that f is
continuous and strictly increasing. Show that there is at least one fixed
point of f in [a,b]. Show further that the orbit of every point in [a b|
tends to a fixed point of f.

6. Suppose that f maps [a,b] into itself and that f is continuous and
strictly decreasing. Show that f has at least one fixed point in [a, b].
Show further that the orbit of every point in [a, b] tends either to a fixed
point of f or to an orbit of period two. Give an example of a strictly
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decreasing, continuous map of the interval which has no points of period
two. Give an example which has two points of period two.

7. Construct an example of a map g(z,u) for which ¢(0,0) = 0,
9,(0,0) = -1 and 2g,,, + g,9,, = 0. Investigate the number of fixed
points and points of period two near (z,u) = (0,0). How does the
behaviour of your example differ from the standard picture of period-
doubling described in Theorem 9.6? [Hint: You may find it easiest to
work with a symmetric example and use the results of Ezercise 2.]

8. Let F: R — R be the map F(zx) =z +a and 7 : R — S be the
projection 7(x) = exp(27iz). Show that the map f: S! — S given by

m(F(z)) = f(n(z))

is well-defined. Prove that

lim ——F (z) —2 = Q.
n—00 n

9. Let f: S! — S! be an orientation preserving diffeomorphism of
the circle and let 7 denote the projection operator defined in Exercise
8. A lift, F: R — R, of f is a map which satisfies 7F' = fr. Show

i) two lifts of the same map f differ by an integer;
ii) F'(z)>0and F(z+1)=F(z)+1;
iii) F*(z+1) - (z+1) = F*(z) — z;
iv) if |z —y| < 1 then |F™(z) — F™(y)| < 1.

10. Let f : S — S? be an orientation preserving diffeomorphism of
the circle and let F be a lift of f. Use (iv) of Exercise 9 to show that

n .
r(F) = lim Frz)—a
n—o00 n
is independent of z. Let F; and F, be two lifts of f with Fj(z) =
F,(z) + k for some k € Z. Show that F[*(z) = F}(z) + nk and hence
that r(F)) = r(F,) + k.

11. Let F be a lift of an orientation preserving diffeomorphism of
the circle, f. If f has a periodic point, 6, with fP(6) = 6 show that
FP(z) =z +k, k € Z, for some x € R. Hence show that

Fr(z)—z k

lim ———— = —.
n—o00 pn p
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Given j = pn+ s, 1 < s < p, show that |F’(z) — FP*(z)| is bounded
and hence deduce that
J -
lim F (a:? T _
j—oo 3j

k
>

12. Suppose that f is an orientation preserving diffeomorphism of the
circle with lift F. If f has no periodic points use Exercise 9 (iii) to show
that for all n > 0 there exists C,, such that

C,<F'z)-z<C,+1,
and so
C, < Fin(z) — FU-Yn(z) < C, + 1.
By adding these inequalities for j = 1,2,...,m show that

Co _F™ (@)= _ Cp+1
n mn n

and hence that
(Fm(z) —z)  (F"(z) —2) <1
mn n n’

Interchanging the roles of m and n find a second inequality and deduce
that (F™(z) — z)/n tends to a limit.

13. The rotation number of an orientation preserving diffeomorphism
of the circle f is the fractional part of r(F) for any lift, F, of f. Use
Exercises 11 and 12 to show that the rotation number is well-defined.

14. Let f be the circle map f(0) = 6 + o (modl), 6 € [0,1). For
o € [0,1) prove

i) the rotation number of f is ¢;
ii) if « is rational then every point 6 € [0,1) lies on a periodic orbit;
ili) if o is irrational then the orbit of every point 6 € [0,1) is dense.
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Bifurcational miscellany

As the title suggests, this chapter is devoted to a number of examples
and different approaches to bifurcations. Except for the first section,
there is nothing new in any theoretical sense and this chapter could be
ignored completely. None the less, a number of curious phenomena are
described which are worthy of mention.

10.1 Unfolding degenerate singularities

In previous chapters we have found general conditions for given bifurca-
tions to occur. All these bifurcations are associated with non-hyperbolic
stationary points for flows or non-hyperbolic fixed points for return
maps. Consider one-dimensional flows for the moment, then if there
is a non-hyperbolic stationary point the flow can be written (locally) as

i =z" + O(|z|"*!) (10.1)

for some n > 2. We can think of this as being a degenerate situation
because a ‘typical’ point would have a local expansion of the form
n—1
&= mat +2" +O0(|z["+). (10.2)
k=0
The vanishing of u, implies that the origin is stationary and the van-
ishing of x, implies that this stationary point is non-hyperbolic. This
latter equation is called an unfolding of the degenerate singularity =™,
and one could hope that by understanding the behaviour of systems in
a neighbourhood of y;, =0, k =0,1,...,n — 1, we would understand all
possible local behaviour for systems near the degenerate system. Thus
we are asking a different sort of question than in the previous chapters:
there we were interested in the changes that would occur in typical ex-
amples, whilst here we want a complete description of the behaviour of
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systems in a neighbourhood of the degenerate system. A second differ-
ence lies in the fact that in previous chapters we have been working with
a single real parameter, whereas here we appear to need n independent
parameters. The most simple unfolding is for n = 2, in which case we
have

T = py + pyz + 22 + O(|z[3). (10.3)

Thus there are two stationary points provided u? > 4y, and if p? =
4pq there is a saddlenode bifurcation which creates or destroys the two
stationary points. It should be obvious that there is really only one
exciting thing that can happen, since although we have two parameters,
the change of coordinates y = z — &' (i.e. completing the square) gives

y=v+y? (10.4)

where v = py — %i and so we effectively only had one parameter: the
sign of v determines the number of stationary points. Thus v + 32 is
a minimal unfolding of 32, since only one parameter is really needed to
capture all possible behaviours in a neighbourhood of the degenerate
system.

- New phenomena begin to be observed when unfolding the cubic sin-
gularity

&= —z3 (10.5)

Note that the sign of the coefficient of z2 here is arbitrary since we can
change the sign by reversing the direction of time. The general unfolding
of this singularity is

but it is always possible to get rid of either the z or z2? term by com-
pleting a square, so a minimal unfolding is

¥ =vy+ury—y° (10.7)

(10.1) EXERCISE
Find the coordinate change that brings the & equation into the form given
by the minimal unfolding. '

Stationary points of the minimal unfolding are solutions of the alge-
braic equation

vo+ry—-y>=0 (10.8)
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and so there are either one, two or three real solutions. A cubic can only

have two real solutions if one of these solutions is a double root, i.e. if
vo+vy—y>=0and v, —3y2 =0.

Thus we find two real solutions if »; > 0 and, substituting y% = v,/3
into the cubic equation, ‘

V== (10.9)

Hence there are three solutions in the cusp region of Figure 10.1. Outside
this region there is only one real solution.

(10.2) EXERCISE
Sketch the bifurcation diagram for (10.7) for v, fized and positive with

Vo varying.

The reader who has come across ideas in catastrophe theory will recog-
nise the two examples here (unfolding the singularities 22 and z3) as the
most simple catastrophes: the fold and the cusp.

10.2 Imperfection theory

In some experiments there are assumptions about symmetry properties
of the setup. If these are broken the bifurcations observed can be rad-

> vy

Fig. 10.1
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ically different. For example, consider a perfect rod being compressed
vertically (see Fig. 10.2a). At some critical value of the compression force
the rod will buckle, but there is no way in which we can tell whether it -
will buckle to the left or to the right. This is an example of a pitchfork
bifurcation, with symmetry between branches. Suppose that the rod has
some small imperfection (as in Fig. 10.2b), then we would expect the
buckling to occur more smoothly, and always towards the same side. A
simple model of the perfect bifurcation might be

&= pz - 25, | (10.10)

which is invariant under the transformations x — —z, whilst for the
second (imperfect) situation we might simply add a bias, v, so

i=v+uz—z° (10.11)

This is, of course, precisely the minimal unfolding of the singularity
—z3 considered in the previous section. However, here we want to con-
sider v as a small, fixed parameter, v > 0 for definiteness, and x small.
Stationary points (in the (u,z) plane) lie on the curve

9 V

| p=z - (10.12)
as shown in Figure 10.3a, which also shows the stability properties of
solutions (which we leave as an exercise). Notice that the bifurcation
fork of the pitchfork has been broken into two distinct curves, and that if
the parameter (u) is increased slowly, we are unlikely to notice the lower
branch of solutions, seeing only a gradual change of the displacement
as the compression force changes. Indeed, without the above analysis,
relying only on experimental data, we would not even realize that there

is a bifurcation.

(a) ' (b)

AN

Fig. 10.2 (a) A perfect rod; (b) an imperfect rod.



278 10 Bifurcational miscellany

(b) (c)
—7 .
, 7 -_—
el &

Fig. 10.3 (a) Pitchfork bifurcation with symmetry-breaking; (b) transcritical
bifurcation with symmetry-breaking (v > 0); (c) transcritical bifurcation with
symmetry-breaking (v < 0).

A similar bit of analysis can be done for the transcritical bifurcation,
% = px — 2 shown in Figure 10.3b. If a small, constant perturbation v
is applied which breaks the constraint that z = 0 is a solution we obtain
the system

& =v+uzx—z? (10.13)
which has stationary points on curves in the (u,z) plane given by
v
= - —. 10.14
p=z-— (10.14)

Once again, determining this locus is a simple exercise (see Fig. 10.3b,c)
and the simple crossing of branches associated with the transcritical
bifurcation is broken into two disjoint curves. If v > 0 there are no
bifurcations, whilst if v < 0 there is a pair of saddlenode bifurcations.
In a sense, both of these examples show that the saddlenode bifurca-
tion (sometimes called a fold bifurcation by analogy with catastrophe
theory) is the standard bifurcation: under perturbation both the tran-
scritical and pitchfork bifurcations break into systems which have only
saddlenode bifurcations.

10.3 Isolas

In Chapter 8 the quantity Ffu — F,,F,, arises in the condition for
transcritical bifurcations; this expression must be positive in order for

the (lowest order) approximation

& = §(Fppz® + 2F, pz + F, 1% (10.15)
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to have stationary points (real solutions to the right hand side of this
equation equalling zero). In the previous section we saw the effect of
small constant perturbations to this situation, but one can equally well
ask what happens if F:fu - F,,F,, is negative. If there is no external
perturbation (or imperfection) then the only local stationary point exists
for u = 0 (at the origin) and disappears if u # 0. However, if we now
add a small perturbation, v, as in the previous section, we are led to

consider the equation
& =v+ 3(F,,° + 2F, px + FW/LZ), (10.16)
which has stationary points in the (u,z) plane if
3 (Fop@® +2F, ux + F, pu%) = ~v. (10.17)

This equation defines a curve of ellipses in the (u,z) plane provided v
takes the right sign (see below), corresponding to a pair of stationary
points which are created and then destroyed in saddlenode bifurcations.
These are often hard to find in experiments since they may exist only
in small regions of parameter space. We can find the locus of the two
curves of saddlenode bifurcations by observing, as in Section 10.1, that
these occur if the equation for the stationary points has a double root,
i.e. if both (10.17) is satisfied and

Foz+F,,u=0. (10.18)

Putting these two equations together we find that the locus of the sad-
dlenode bifurcations is

(F2, = FpoF, )i = Fov (10.19)

and since, by assumption throughout this section, Fﬁz - Fp.F,, <0
this gives a parabola in v > 0 if F,, <0 and v <0 if F,, > 0.

10.4 Periodic orbits in Lotka-Volterra models

In Chapter 5 two-dimensional population models were described and it
was shown that isolated periodic orbits could not exist in these models;
if the system admits periodic orbits then these orbits are non-isolated
(or Hamiltonian). For many years it was believed that in three species
models it should be possible to find isolated periodic orbits, but there
are few general techniques for proving the existence of periodic orbits in
dimension greater than two and a proof of the existence of such orbits
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was not forthcoming until 1979. Coste, Peyraud and Coullet, of the Uni-
versity of Nice in France, realized that the Hopf Bifurcation Theorem
does prove the existence of isolated periodic orbits, so the problem re-
duces to showing that three species Lotka-Volterra models can undergo
standard Hopf bifurcations. The proof is really an extended exercise in
linear algebra, but it illustrates the application of the Hopf Bifurcation
Theorem and the Centre Manifold Theorem, so we will go through the
argument in some detail. Clearly we need a stationary point in the pos-
itive quadrant which will undergo a Hopf bifurcation. With some loss
of generality (which is made up for by the simplification in the manip-
ulations involved) the Lotka-Volterra models can be written as

3
X, =X,) A;(1-X;) (10.20)
j=1

for ¢ = 1,2,3, where A is a 3 * 3 matrix and the coordinates X; denote
the populations of the three species. This has been written in such a way
as to make the fact that there is a stationary point at (X, X,, X3) =
(1,1,1) obvious. The birth rate of the species X; is therefore 22___1 A
and so the only constraint on the coefficients of the matrix A is that this
sum should be positive for each ¢ = 1,2, 3, which implies that the origin
is an unstable node. Since we shall be concerned with the stability and
bifurcation of the stationary point at (1,1,1) it is sensible to transform
the coordinate system so that this point is at the origin. Set Y; = X, -1,
1 = 1,2, 3, then the equations become

3
Y, =—(14Y) ) AY; (10.21)
j=1
and so the Jacobian matrix at the stationary point (1,1,1) is simply
—A. To prove the existence of isolated periodic orbits in the model we
now have to choose A in such a way that this stationary point has a
Hopf bifurcation. We shall choose

3—pu 3 2

A= 2 1-4 o |, (10.22)
0 2 1—p

which has eigenvalues A\, = —p £4 and s = 5 — pu. Thus —A, which
is the Jacobian matrix for (1,1,1) has eigenvalues —\, and —s. The
stationary point has a pair of purely imaginary eigenvalues if 4 = 0 and
dRe()})

—g @ =1 (10.23)
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so the transversality condition for the Hopf bifurcation at u = 0 is
certainly satisfied. Note that (1,1,1) is stable (all eigenvalues have neg-
ative real part) for 4 < 0 and is unstable if u > 0 (at least for sufficiently
small values of y). It only remains for us to check the genericity con-
dition (ReA(0) # 0, where ReA(0) is the nasty expression involving
second and third derivatives of the equation on the centre manifold in
the statement of the Hopf Bifurcation Theorem). To do this we need
to do three things: first, make a linear transformation so that the Ja-
cobian matrix comes into the Jordan normal form at yu = 0, then find
an approximation to the centre manifold, and finally find the defining
equations on the centre manifold for 4 = 0 to calculate ReA(0). Since
ReA(0) depends only upon the equations with ;1 = 0 we can set 4 =0
from the outset and consider

3
Y,=(1+Y;) ) BY; ‘ (10.24)
Jj=1
where B=—-A at p =0, i.e.
-3 -3 -2
B=|-2 -1 o0 |. (10.25)
0 -2 -1

The eigenvalues of B are +i and —5 so we are looking for a change of
coordinate to bring the linear part of the differential equation into the
normal form

0 -1 0
N=[1 0 o). (10.26)
0 0 -5

This is done by using a matrix built from the eigenvectors of B, and it
is a simple exercise to show that the (complex) eigenvector associated
with the eigenvalue 4, e;, and the (real) eigenvector associated with the
eigenvalue —5, e_g, can be chosen such that

1 4
e,=| —(1—-i)| and e_;=|2
—2i 1

Now, write e; = e + ie; where ep and e; are real vectors; then the
matrix whose columns are e;, e and e_g should give the required co-
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ordinate change. So, let

0 1 4 1 1 -6
D=|1 -1 2] with 13D7'=|5 -8 -4,
-2 0 1 2 2 1

then we leave it as an exercise for the reader to check that BD = DN
or D™1BD = N. So, if we define new variable y;, with Y = Dy the
differential equation becomes

3 3 3 3
=Y Di'V, => Di' (Y B,Y;+) B,Y;Y; |. (1027
k=1 k=1 j=1 j=1
Now replacing Y by Dy and using D~!BD = N this gives

3 3 3 3 3
%= Nuve +)_ D' | D Dijy; (Z > BiiDjrt,
k=1 k=1 j=1r=1

J=
or
3 3 3
Z Yk + Z Dy} (Z ijy,-) (Z 3 ijNj,_y,,) . (10.28)
k=1 j=1 j=1r=1

From the definition of N we have that Ny = (—y,,¥;,—5y5)7 and so
the linear part of the equation is in the required form:

h=-Y+t..., Gp=y1+..., Yg=-5ys+....

The only tricky bit is working out the nonlinear terms. These are a
product of two sums:

Z DzkIPka (10.29)
k=1
where
P, = Z Dy;y; and Q= Z Z Dy Njryy- (10.30)
j=1 Jj=1lr=1
So
Py = Dy1y; + Dyoys + Dyays (10.31)
and

Qk = = D192 + Dyoyy — 5Dy 3ys. (10.32)
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To find the nonlinear terms we must calculate the products P,Q,, k =
1,2,3. Using the definition of the matrix D above these give

P,Q, = (y2 + 4y3)(y; — 20ys)
= Y13 + 41 Y5 — 20y,y3 — 8013, (10.33)

PyQy = (y1 — Y2 +2y3)(—y, — y; — 10y3)
= —y} + 3 — 2043 + 8y,ys — 12y, v, (10.34)
and
P3Q3 = (_2?/1 + ys)(2y2 - 5y3)
= —5u3 + 2u,u3 + 10y, 93 — 4y, v, (10.35)

With this information we can find the equations for g;, i = 1,2, 3 from

3
9= > (Nigty + Dzl PeQy). (10.36)

After some unexciting additions and subtractions, which we leave as an
exercise, we obtain

_ 1
U1 =~y + 3 (-l + 93 — 13005 — 28y, + 52y155)  (10.37a)

, 1

Yy =y + 1—3(8yf — 8y3 — 220y3 + 21y, y, + 6y, Y3 — 172y,y3) (10.37b)

. 1
Ys = —9Y3+ Tg(—%f +2y3 — 205y3 — 2y;95 — 6y,93 — 22y,y3). (10.37c)

Here endeth the first step of the procedure. These three equations give
the differential equation in the new coordinates for which the linear part
of the equation is in normal form. The next step is to find the centre
manifold, which is of the form y; = h(y,,y,) where h is tangential to
ys = 0 at (y;,y,) = (0,0). Hence we try an approximation to the centre
manifold of the form

Ys = h(¥1,Y5) = ay} + by, + a3 + hoott. (10.38)
and use the g3 equation to give (if y5 = h(y;,ys))

. ‘ 1
Yg = =5(ayt + by + cy3) + T3 (=21 + 205 — 201%5) + hoot. (10.39)

and also ¥3 = ¥ 5.+ 3y1 + y2§y_2 so
U3 = —Yo(2ay; + bys) + v, (by; + 2¢cy,) + hot. (10.40)
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Identifying the coefficients of y?, y,y, and yZ in (10.39) and (10.40) we
find that

2
—5a — = b (10.41)
2
—5b — &= —2a + 2c¢ (10.42)
and
—-5c+ 2 _ —b (10.43)
18 '
from which we get, with no real effort,
8 18
cC=—a= (].T)(23)- and b= —W. (1044)
Hence the centre manifold, to second order terms, is
_ 2 2 2

Now all we have to do is substitute this expression for y; on the centre
manifold into the equations for §; and g, to obtain the equation on the
centre manifold correct to third order. This gives

, 1
= —yp+ E(—yf — 23y,y, + ¥3)

8
W(—‘ly? — 9yly, + 4y, 93)

+ higher order terms (10.46a)

+

) 1
Y=Y + ‘1'3'(81/% +21y,y, — 81/%)
2
—304 3 4 2 2 _ 3
+ "“""""—(13)2(29)( 304yy + 4yiy, + 860y,y; — 688y3)
+ higher order terms. (10.46b)

Also, from Chapter 8 we know that if ¢, = f(y,,¥,) and 9, = g(y;,Y,)
then

1
RBA(O) = ﬁ(fzxm + f:cyy + ga::cy + gyyy)

1
+Té;[fmy(fmm + fyy) - g:z;y(g:l:z‘ + gyy) - fzmg:c:z: + fyygyy]

where iw is the purely imaginary eigenvalue of the linear problem, so
w = 1 here. Evaluating this quantity, noting that f,,. = —f, . and the
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whole of the term involving only second derivatives vanishes, we obtain
1 2 1368
— . (—688 + 4) = — .
16'13)229) - o8 t4) = ~ )
Hence ReA(0) < 0 and the eigenvalue (as a function of u) u =+ i, giving
the normal form for the r polar coordinate

. 1368
SNCEEeD)

Hence the bifurcation is supercritical and there is a stable (isolated)
periodic orbit if i > 0 for each sufficiently small |u|.

ReA(0) = (10.47)

= 3 +0(r). (10.48)

(10.3) EXERCISE

Coste, Peyraud and Coullet consider more general forms of the matriz
A, taking v

2%—p 2t t+1
A= 2 1—up 0

0 2 1-p

where t is a real parameter. This matriz has eigenvalues —u + i and
2(t + 1) — p. The worked example above is for the special case t = 3/2.
The masochistic reader might want to classify the Hopf bifurcations from
the stationary point (1,1,1) as a function of t. When is it subcritical
and when is it supercritical? For which values of t is ReA(0) =07

10.5 Subharmonic resonance revisited

In Section 7.11 we used perturbation theory to analyse the behaviour
of a forced oscillator and found that there are parameter regimes where
the period of the solution is smaller than the natural period of the un-
forced oscillator (subharmonic resonance). The non-resonance condition
at O(e), in terms of a complex function A(T), is

247 = (1 - La? +i6)A — |APA + LaA™? (10.49)

where we shall take a and § to be positive real parameters. Setting
A = re' gives two real equations

Ty = %r(2 —a® —arcos36 — 2r2) (10.50a)

7 = (6 + Larsin 36). (10.50b)
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These equations were analysed graphically, noting that since the depen-
dence on 6 is through cos 36 and sin 30 we need only consider values of
0 between 0 and ZT", since the dynamics in the other two-thirds of the
plane can be obtained from this by rotating through an angle %” and
%". When describing the dynamics of this system as a function of the
two (positive) parameters we made vague noises about what can happen
depending on whether § is large or small. Using some bifurcation theory
we ought to be able to make this more explicit.

Looking back at Section 7.12 it should be clear that there are two
problems that we need to address: where did the periodic orbit which
exists in a? < 2 come from (the answer must lie in the Hopf Bifurcation
Theorem) and when do the non-trivial stationary points exist?

In Cartesian coordinates, A = z + iy, the non-resonance condition
(10.49) becomes

zr =5 ((1-36°)z - 6y — (&® +y*)z + Ja(z® —y%))  (10.51a)

ur =3 (62 + (1 - 3a*)y - (2" +4*)y — azy) (10.51b)

and so the origin is always a stationary point of the system and the
linearized flow about the origin has eigenvalues

1(1 - 1a® £46). (10.52)

Thus if a® = 2 the real part of the eigenvalues vanishes and the origin
is non-hyperbolic with linear eigenvalues ii-g-. This suggests that there
is a Hopf bifurcation at a2 = 2. To verify this, and to discover whether
the bifurcation is subcritical or supercritical, we need to check the two
conditions for the Hopf bifurcation. First note that the origin is stable
if a2 > 2 and unstable if a® < 2. Now, the first condition for the Hopf
Bifurcation Theorem is that

dRel(a)

‘ da

at the bifurcation value, a = v/2. Since Re) = %(1 - %), the derivative
is —%, which is clearly non-zero. The second condition is the nasty one.
When a = v/2 the equation is

o=} (-0y— (@ +1)z+ (@2 -4) = f(z.y)  (1054a)

#0 (10.53)

vr = (62— (22 + ¥2y — V2oy) = 9(,4) (10.54b)
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and so the linear part is already in the correct form to apply the Hopf
Bifurcation Theorem. The second condition is that

1
'lg(f:czw + Yozy + Fayy + Gyyy)

1 :
+1—6_w(—fzzgmz + fyygyy + fa:y(fza: + fyy) - gzy(ga;z + gyy))

is non-zero at the bifurcation point (z,y) = (0,0). Here, w is the coeffi-
cient multiplying v in the linear part of g(z,y), i.e. w = %. Calculating
this quantity gives

1 1
3(~6-2-2-6)=-3 <0. (10.55)

Hence the bifurcation is supercritical and the periodic orbits bifurcate
into the region of parameter space in which the origin is unstable, i.e.
2
a® < 2.
We can now move on to determining the parameter values for which
the equation has non-trivial stationary points (r # 0). Looking back to
the equation in polar coordinates, (10.50), we see that 6 = 0 if

26

sin30 = o (10.56)
and since sin 3¢ > —1 this implies that any stationary point must satisfy
26
r>—
a
and that
462
cos230 =1— -7 (10.57)
Now, rp =0 if
arcos36 = 2 —a% — 2r? (10.58)
so, squaring (10.58) and using (10.57),
(2 —a?)? — 4(2 — a®)r? + 4r* = a%r? — 46°
or
4r* — (42 - a®) +a®)r? + (2-a?)? +46% =0. (10.59)

This is a quadratic equation for 2 which we can solve to obtain

, _ 8302+ /a®(16 — 7a?) — 6457
3 .
This equation has two real roots provided

a%(16 — 7a?) > 6462 (10.61)

(10.60)

r
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(see Fig. 10.4). We now léave to check that both of these roots are
positive and that r? > %. In the region for which roots are real,
8 — 3a2? > 0 and so at least one of the real roots is positive. The other

2
root has r2 > 4% provided

3262
8 — 3a% — 1/a2(16 — 7a2) — 6462 > —

or, setting b = %,

8 — 3a% — 32b% > 1/a2(16 — 7a2 — 64b2). (10.62)

The right hand side of this equation is always positive, so provided the
left hand side of the expression is also positive, i.e.

8 — 3a% — 320% > 0, (10.63)

we can square both sides to obtain, after rearranging terms a little, that
there are two non-trivial solutions for r if

(8 — 3a? — 32b%)% — a?(16 — 7a? — 64b%) > 0. (10.64)

Now, 2(8 — 3a2 — 32b2) > 16 — 7a? — 64b?, so 8 — 3a? — 32b? is positive
in the region of interest, 16 — 7a? — 64b> > 0. This means that the
only extra condition is the squared equation above. Simplifying this
condition gives

4 —4a? + a* — 32b% + 16a%b° + 64b* > 0,
which we recognise immediately as
(a® + 8b% - 2)2 > 0. (10.65)

Hence this condition is automatically satisfied and so there are two non-
trivial values of r for stationary solutions provided

16 — 7a® — 64b% > 0 (10.66)

(the condition for two real roots to exist).
This condition together with the line a? = 2 of the Hopf bifurcation
divides parameter space into four open regions (Fig. 10.4).

(i) a® < 2,a%(16 — 7a?) < 646°.

In this region there is the stable periodic orbit created in the Hopf bifur-
cation and a stationary point at the origin (which is an unstable focus).
This corresponds to beating in the original forced oscillator.

(i) a% > 2, a?(16 — 7a?) < 6462.
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62

!

(i) (i)

(iv) m

2 16/7

- a?

Fig. 10.4 The different regions of parameter space.

The origin is an asymptotically stable focus (there are no other station-
ary points and no periodic orbits). This corresponds to quenching in the
original equations.

(iii) a2 > 2, a2(16 — 7a2) > 6462,

The origin is a stable focus and there are six other stationary points, cre-
ated in three pairs (due to the dependence on 36) if a(16 — 7a?) = 6462.
Each pair consists of one stable stationary point and a saddle. This
corresponds to hard excitation in the original problem.

(iv) a? < 2, a®(16 — 7a?) > 6462.

This is the really interesting region: the origin is an unstable focus and
the phase portrait must also contain the three pairs of non-trivial sta-
tionary points and the periodic orbit.

(a) ~ (b) (c)

\@N

Fig. 10.5 (a) Region (i); (b) region (ii); (c) region (iii).
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Fig. 10.6 Region (iv).

Figure 10.5 shows the phase portraits of the system for parameters
in regions (i), (ii) and (iii). Figure 10.6 shows the phase portrait for
systems in region (iv).



Chaos

Solutions of simple nonlinear systems can behave in extremely compli-
cated ways. This observation, and the subsequent mathematical treat-
ment of ‘chaos’, is one of the most exciting recent developments of math-

ematics. | Loosely speaking, a chaotic solution is aperiodic but bounded'
and nearby solutions separate rapidly in time. | This latter property,

called sensitive dependence upon initial conditions, can be thought of as
a loss of memory of the system of the past history of any solution. It
implies that long term predictions of the system are almost impossible
despite the deterministic nature of the equations. Historically the pos-
sibility of aperiodic solutions with complicated geometric structure was
known to both Poincaré and Birkhoff in the late nineteenth and early
twentieth centuries, but it was not until computer simulation of differ-
ential equations became feasible that the subject really took off. This
is probably because it is extremely difficult to get any intuitive feel for
how a system behaves simply by looking at the equations. The computer
allows one to see the type of result one might try to prove and motivates
the development of conjectures and theorems.

Two important papers appeared in the 1960s, one on the applied
side of the subject and one on the pure. In 1963, Lorenz published a
paper called Deterministic Non-periodic Flows in which he described the
numerical results he had obtained by integrating a simple third order
system of ordinary differential equations on a computer (this was not
the first such paper, but it has become the most influential). These
equations were derived from a simple model of the weather and Lorenz
was trying to show that the solutions of differential equations could be
(in practice) unpredictable despite being deterministic. The equations
he considered are 4

z=10(y — x) (11.1a)

y=-y+28r—zx2 (11.1b)
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zZ= —-%z+xy. (11.1c)

Numerical solutions of these equations are shown in Figure 11.1, where
it is clear that although the solutions have some geometric structure,
they do not appear to settle down to any simple periodic orbit. We shall
return to a more detailed discussion of systems like the Lorenz equations
in the next chapter.

The second paper, Differentiable Dynamical Systems, was published
in 1967 by Smale. It is a review article about a particular class of maps
for which it is possible to prove rigorous mathematical results about
the existence of chaotic solutions. These two papers show up some of
the problems encountered when talking about chaos. For the applied
mathematician or physicist a system is not chaotic unless it has what is
called a strange attractor, so the complicated behaviour must be visible.
A pure mathematician may be more interested in the topological struc-
ture of solutions and so may call a system chaotic even if the chaotic
set is not attracting; it is enough to know that it is there. Hence the
class of systems studied by Smale and co-workers is not especially in-
teresting to the physicist since the chaotic behaviour is not attracting,
whilst the examples from physics such as the Lorenz equations are so
complicated that it is very difficult to prove any rigorous results about
the system. This difference in philosophy is reflected in the choice of
definitions used to characterize chaos. In order to prove results we shall
choose a topological approach, since it is remarkably difficult to prove
theorems about strange attractors in all but the most artificial of ex-
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Fig. 11.1 The Lorenz attractor.
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amples. None the less, we shall remain aware of the dichotomy between
the study of physical examples and the rigours of theory and wherever
possible give results about attractors.

This chapter begins with some basic definitions and examples, then
goes on to develop the theory of some particularly simple maps which
have complicated (or chaotic) behaviour.

11.1 Characterizing chaos

The first step towards developing any theory is to try to establish the
most important features of the problem. As remarked above this is not
completely clear for chaotic systems and depends crucially on whether
one takes a topological point of view or chooses to ignore anything which
is not an attractor (see, for example, Exercise 1 at the end of this chap-
ter). An example may help to crystallize ideas.

Ezxample 11.1
Consider the simple map T : [0,1) — [0,1) defined by
T(z) = 2z (mod 1).

Seen as a map from the interval to itself this map has a discontinuity at
z = 1 which can cause problems (see Fig. 11.2). However, this example

Fig. 11.2 The map T(x) = 2z(mod 1).
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can be thought of as being derived from the complex map

Zntl = z
by noting that if |2,| = 1 then |z,,,| = 1, so setting 2, = e*™**~ we find
that z,,,, = 2z, and since z is an angle it can be thought of as taking
values between 0 and 1. Hence although the map is a discontinuous map
of the interval it represents a continuous map of the circle. Any point
z € [0,1] can be written as a binary expansion in the form

Q

w .
-3
i=1

where a, € {0,1}, and so

oo
a;
2:13 = al + Z %:.—1.
=1

Hence, if we identify 1 with 0,

o0
a;yq
T(x) = -—’2'{-—
i=1
The effect of T' is now clear: if z has a binary expansion [a,,a,,as, ...]
then T(z) has binary expansion [a,,as, ...], T?(z) has binary expansion

[ag,...) and so on. It is now possible to deduce that

i) T has 2™ periodic points of period n (but not necessarily least
period n), since there are 2" different sequences of Os and 1s of
period n;

ii) if x # y then |T™(z) — T™(y)| grows initially like 2"|z — y|, since
the slope of the map is 2 everywhere;

iii) given any neighbourhood J of z, there exists a subinterval K of J
and n > 0 such that T"(J) = (0,1) and T™|J is a homeomorphism,
this is proved below;

iv) periodic points are dense in [0,1], this follows from (iii): given
z and a neighbourhood J, define K = [a,b] and n as in (iii),
then T"(a,) = 0 < a and T"(b_) = 1 > b, now since T™ is
continuous on K this implies that T™ has a fixed point in K (by
the Intermediate Value Theorem) and hence T has a periodic point
in K. Alternatively, simply note that the periodic points are points
with periodic binary expansions. Such points are dense in [0, 1];

v) T has a dense orbit; this is by construction: let A, be a list of
the possible sequences of 0Os and 1s of length m, so 1 < k < 2™,
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and let z be the point with binary expansion
[A11) A1y A1y Aggr Aggy Aggy Azy Asgys -]
then T™(z) passes arbitrarily close to every point in (0,1).

The only property that we have not proved is (iii). The proof
uses techniques which will be useful in a more general context, so we
will dignify the statement by calling it a lemma. Note that there
is an ambiguity in the binary expansion of some points, for example
(1,0,0,0,. \ ] =1[0,1,1,1,...]. This reflects the fact that T is really de-
fined on the circle on which the points 0 and 1 are identified. We will
not worry about this here.

(11.1) LEMMA

Consider the map T : [0,1) — [0,1) defined by T'(x) = 2z (mod 1), with
the convention that T(3) = 0. Then for all z € (0,1) and all e > 0
there exists an open neighbourhood, J, of x of length less than € such
that T™(J) = (0,1) and T™|J is a homeomorphism.

Proof: Suppose that z has binary expansion [a,, a,, .. .] and that z is not
a preimage of % (so the binary expansion does not end with an infinite
string of Os or 1s). All points close to  have binary expansions which
agree with the binary expansion of z up to some stage, N. By choosing
N sufficiently large we can arrange for all points with binary expansions
[ay,...,apn,by,by,...] to lie inside an € neighbourhood of z. Since z is
not a preimage of % we can choose M > N such that a),, ; = 0. Now
let y be the point with binary expansion

[ay,...,a,,,0,0,0,0,0,...].

It should be obvious that y < x since

oo

a.:
T—y= 22—:>0
M+1

and, by assumption, a, # 0 for some i > M.
Similarly, let z be the point with binary expansion

[ai,---,ap,1,0,0,0,0,.. ]

and note that since ay,,; = 0, z > z. (You should prove this: show in
general that if

T=[ay,...,0;,0,a5,,...) and z = [ay,...,a;,1,b54,.. ],
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i.e. if the binary expansion of  and z agree in the first £ terms and
then z has a 0 whilst 2 has a 1, then x < 2 regardless of the subsequent
expansion.)

We now claim that T™(y, z) = (0,1) and that T™|(y, z) is a home-
omorphism, which proves the lemma since T'(0, %) = (0,1) and T is a
homeomorphism on (0, %) The claim is proved in two parts.

i) First we show that if the binary expansions of two points agree for
the first k terms then T* is a homeomorphism when restricted to
the interval between these points.

ii) The definition of the action of T' on the binary expansion of points
then allows us to conclude that TM(y) = 0 and TM(z) = 1. This,
together with the fact that 7™ is a homeomorphism on (y, z), com-
pletes the proof.

The proof of (i) is the most difficult; (ii) is obvious. Suppose that the
binary expansions of y and z agree for the first k£ terms. This implies
that the binary expansions of all points between them also agree in the
first k terms. (If this is not obvious to you, prove it.) If the first term
of the binary expansion of a point is 0 then that point lies in [0, 3],
whilst if it starts with 1 then the point lies in [3,1]. Consider T (y, 2).
Since all points between y and z start with the same symbol, T'|(y, z) is
a homeomorphism and (if ¥ > 1) all points in the image of (y, z) start
with the same symbol and T'(y, z) = (T'(y),T(z)) since T is monotonic
and increasing on (y, z). Repeating this argument k times we find that
T*|(y, z) is a homeomorphism onto its image, which is (T*(y), T*(2)).

Now, for the choice k = M and y and z defined in the beginning of
the proof, we see that T™|(y, z) is a homeomorphism onto its image,
which is (0, 3) by construction. Hence TM+1(y, 2) = (0,1).

This example has picked out various properties that one might wish
to use as definitions of chaos. It is now only a question of choosing some
minimal list to define what we will mean by chaotic. The definition
of chaos below is based upon a generalization of the previous example,
which is called a horseshoe.

(11.2) DEFINITION

Let f be a continuous map of the interval, I. The map f has a horseshoe
iff there exists J contained in I and disjoint open subintervals K, and
K, of J such that f(K;) = J fori=1,2.
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Before describing the consequences of a map having a horseshoe we
give one further definition.

(11.3) DEFINITION

A continuous map f : I — I is chaotic iff f™ has a horseshoe for some
n>1.

Although this definition of chaos may seem to be a definition by ex-
ample we will see later that it is, in fact, equivalent to definitions which
give the impression of being considerably more general. In some sense,
for maps of the interval (and diffeomorphisms of the plane) the horse-
shoe is not simply an example of chaotic behaviour, it is the example of
chaotic behaviour. The consequences of a map having a horseshoe are
almost precisely the same as the results obtained for Example 11.1.

(11.4) LEMMA
Suppose that the continuous map f : I — I has a horseshoe. Then

i) f™ has at least 2™ fized points;
ii) f has periodic points of every period;
iii) f has an uncountable number of aperiodic orbits.

The proof of this lemma is the same as the proof of the equivalent
statements for Example 11.1. However, f may not be monotonic on K,
and K, and may have stable periodic orbits which complicate some of
the more exciting parts of the proof. We leave the proof as an exercise.

As remarked above there are many other definitions of chaos. For
completeness we shall give three other characterizations of chaos and
give an idea of how they relate to the definition given above.

(11.5) DEFINITION

Let f be a continuous map of the interval or a smooth map of the plane.
A set S is (n,€)-separated iff for all z and y in S, = # y, there exists k,
0 < k < n, such that |f*(z) — f*(y)| > €.

Thus the cardinality of (n, €)-separated sets gives an idea of the num-
ber of distinguishable orbits of f at resolution e. Now let C(f,¢,n)
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denote the maximal cardinality of (n, €)-separated sets for f. If the or-
bit structure of a map is complicated then we expect C(f,¢€,n) to grow,
so define the growth rate of C(f, €, n) to be

h(f,€) = limsup E log C(f,€,n). (11.2)
n—oo N

This is positive if C(f, e,n) grows exponentially with n.

(11.6) DEFINITION

Let f be a map of the interval. Then the topological entropy of f, h(f),
is defined by

B(f) = lim h(f, ).

Thus the topological entropy gives the asymptotic growth rate of the
cardinality of (n, ¢)-separated sets for f. A common mathematical defi-
nition of chaos is simply that a map is chaotic iff h(f) is positive. The
topological entropy of maps can be very difficult to calculate, but as the
next result shows, it is equivalent to the definition of chaos above.

(11.7) THEOREM

Let f : I — I be a continuous map of the interval. Then h(f) > 0 iff f*
has a horseshoe for some n > 0.

The proof of this theorem goes far beyond the scope of this book, but
the statement shows that the property of having a horseshoe is a great
deal deeper than one might imagine.

The definitions given so far are topological; they do not distinguish
between observable or attracting chaotic behaviour and cases where the
chaotic set is unstable. For some purposes attractors are the only objects
of interest and it is more useful to use a characterization of chaos which
takes this into account.

(11.8) DEFINITION

Let f: I — I be a continuous map of the interval. For oll x € I define
the Liapounov exponent of x, L(f,x) to be

L(f,z) = limsup E log |Df™(x)|.
n—oo N
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Note that by the chain rule

n—1
log |Df™(z)| = Y _ log |Df(f*())I.

k=0

If L(f,z) is positive, then the average local expansion of points near z
is exponential: |f*(z) — f*(y)| ~ e"Lf2) for y near z. A map is then
called (Liapounov exponent) chaotic if L(f,z) is positive for almost all
z (with respect to Lebesgue measure).

Finally, one last set of definitions based upon topological ideas is given.
These form the basis for the definition of chaos used by Devaney (1989).

(11.9) DEFINITION

Let f : I — I be a continuous map of the interval and let A be an f-
invariant set. Then f is topologically transitive on A iff for all open sets
U andV such that UNA # 0 and VN A # 0 there ezists n > 0 such
that fr(U)YNV # 0.

(11.10) DEFINITION

Let f and A be as in Definition (11.9). Then f has sensitive dependence
on initial conditions (sdic) on A iff there exists 6 > 0 such that for all
x € A ande > 0 there existsy € A, y # £ andn > 0 such that |z—y| < €

and |f"(z) — f*(y)| > 6.

A further definition of chaos is to say that f is chaotic if there is an
f-invariant set A such that f has sdic on A, f is topologically transitive
on A and periodic orbits are dense in A. For all intents and purposes this
definition gives the same results as the definition we are using if the set A
is defined appropriately, but there are examples which are chaotic by this
definition but not by the definition involving horeseshoes above. This
is because sdic only demands that some nearby points move away from
the orbit of a given point under iteration and that this divergence need
not be exponential, whilst the equivalence between having horseshoes
and positive topological entropy shows that for horseshoes one needs
exponential local divergence.
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11.2 Period three implies chaos

The aim of this section is to show how the simple definitions of the previ-
ous section can be used to prove quite general results about continuous
maps of the interval. In particular we shall show that if a continu-
ous map of the interval has a periodic orbit of period three then it is
chaotic. The main mathematical tool of this section is the Intermediate
Value Theorem (IVT).

(11.11) THEOREM (INTERMEDIATE VALUE THEOREM)

Let f : [a,b] — R be a continuous map of the finite interval [a,b] with
f(a) = c and f(b) = d. Then for any x between ¢ and d there erists
y € [a,b] such that f(y) = x.

The proof of this result can be found in any elementary text book of
analysis. The IVT can be used to prove the following simple fixed point
lemma.

(11.12) LEMMA (FIXED POINT LEMMA)

Let f : [a,b] — R be a continuous map of the finite interval [a,b] with
f(a) > a and f(b) < b (or f(a) < a and f(b) > b). Then there exists

Yy € [a,b] such that f(y) =y.|

Proof: Set g(z) = f(z) — z. Then g : [a,b] — R is continuous and
g(a) > 0 and g(b) < 0 (or g(a) < 0 and g(b) > 0) so by the IVT there
exists y € [a, b] such that g(y) = 0. Hence f(y) = y.

These two results will enable us to prove the following theorem, first
- proved (under slightly different definitions) by Li and Yorke (1975).

(11.13) THEOREM

Suppose f : [a,b] — R is continuous and has an orbit of (least) period
three. Then f is chaotic.

Proof: Let x,;, ¢ = 1,2,3, be the three distinct points of period three

with z; < z, < z3. Then either

f(zq) =z, f(zy) =5 and f(m3).= z,
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or

f(z1) = z3, f(z;) =z, and f(z3) = z,.

These two cases are equivalent after reversing the direction of the z-axis,
so without loss of generality consider the first possibility.

Since f(z5) > 4 and f(z3) < x5 the fixed point theorem implies that
there exists a point 2 € (z,,z3) with f(z) = 2. Also

f(z;) =2, <z and f(z,) =253> 2

so by the IVT there exists a point y € (z,,z,) with f(y) = z. Thus we
have points

T, <Y<z <2<1x4
which satisfy

f(z1) =25, f(y) =2, f(z;) =23, f(2) =2 and f(z3) =z,

purely from the continuity of f and the existence of the periodic orbit
of period three. These five relations will be enough to show that f2 has
a horseshoe. '

Consider f2|[y, z]. Since f is continuous, f2 is continuous and the five
relations above show that

f2(y) =2z, f2(11:2) =z, <Y, and f2(2!) =2z.

Hence, by the IVT again, there exists a (smallest) r € (y,z;) such
that f2(r) = y and a (largest) s € (z,,2) such that f2(s) = y. Let
K, = (y,r) and K, = (s,z). Then K; and K, are both in J = (y, 2)
and f2(K,) = f*(K,) = J. Hence f2 has a horseshoe and so f is
chaotic.

(11.14) COROLLARY

Let f be as in Theorem 11.13. Then f has periodic points of period 2n
for alln € N.

This corollary follows from the fact that f2 has a horseshoe and hence
(Lemma 11.4) orbits of all integer period. Hence f has orbits of all
period 2n. In fact, by working a little harder it is possible to prove that
if f has an orbit of period three then it has orbits of all possible periods.
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(11.15) EXERCISE

Let f be as above. With the labelling of the orbit of period three as in the
proof of Theorem 11.18, show that there is an interval J; C (x4, z,) with
f(J1) = (=5, z3) and an interval J, C (x4,25) with f(Jy) = (x4, Z3).
Use arguments similar to those of Example 11.1 to show that f has
orbits of period n for all n > 1. [The methods used to prove this will be
described formally in Section 11.8.]

This exercise is a particular case of a beautiful theorem. Consider the
order on the natural numbers defined by

1<2<4=<22<...<2"<ontl o |
o= ontlg gontl 7 contl g contlg o

...<2".9<2”.742”.5<2”.3<...<9<7<5<3

i.e. powers of 2 ascending followed by ...2"*! times the odd numbers
(except 1) descending followed by 2" times the odd numbers (except 1)
descending ... followed by the odd numbers descending to three. This
order is called the Sharkovskii order.

(11.16) THEOREM (SHARKOVSKII)

Let f : [a,b] — R be a continuous map of the interval. Suppose f has
an orbit of period n, then f has an orbit of period k for all k < n in the
Sharkovskii order.

I still find this theorem remarkable. The proof involves some new
techniques which are left to the end of this chapter.

11.3 Unimodal maps I: an overview

Unimodal or one-hump maps are probably the best understood maps of
the interval which can have chaotic behaviour. They form an important
class of examples for which it is known how and why certain phenomena
occur and hence are worth studying both in themselves and as a means
of understanding more complicated classes of maps. Roughly, a map
f : I — I is unimodal if there exists a point ¢ € I such that f is
monotonically increasing for x < ¢ and decreasing for z > ¢. An example
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which displays all the possible topological behaviour associated with
unimodal maps is the family gu(a:) = p — 22, In this section we shall
consider some of the features of this typical example for different values
of u.

(11.17) EXERCISE

Show that g, (z) = p — z2 is a unimodal map of the interval for —% <

p < 2 and find the mazimal interval mapped into itself by g, in this
parameter region as a function of .

Computers can be an important means of examining the behaviour of
simple maps, although they do have drawbacks. Figure 11.3 shows the
picture obtained numerically by choosing many values of the parameter
1 between 0 and 2, and iterating the turning point of 9us = =0, for 30
iterations without printing anything (to allow any transient behaviour
to die down) and then printing the next 200 values of z. This is repeated
for different values of u to give a picture of the evolution of attracting
behaviour with u. There are a number of features of this diagram,
which has become one of the icons of modern dynamical systems, which
we would like to understand.

First, note that for u less than some value, p, the system seems
to settle down to a periodic orbit of period 2™ for some n > 0, and
that as u increases there is a sequence of period-doubling bifurcations
which appear to accumulate on u,,. For values of u greater than p
the attracting behaviour is more complicated, but there are at least two
features which are immediately striking. If u = 2 the system is chaotic:
g has a horseshoe. As u decreases from 2 towards p,, a band structure
emerges; initially, for u near 2 iterates of the map lie in a single band, but
as u is decreased this splits into two bands, then four bands and so on. It
is as if there is some sort of noisy periodicity of period 2" with n increas-
ing as u tends to ., from above. For parameter values above u there
are obviously windows in which the attracting behaviour is periodic.
Looking at the window of parameter values for which g,, has an orbit of
period three (and a little further beyond) we see that there appears to
be a copy of the original diagram, but on a smaller scale. Each periodic
orbit has its own period-doubling cascade and band structure associated
with it. Figure 11.3 has therefore suggested three problems which might
be worth considering in more detail: period-doubling cascades for small
1, band structure for larger u and the existence of parameter regions in
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which some periodic orbit of the map goes through the same process.
In this section we shall sketch reasons for believing that these features
are more general than they might appear at first sight. Subsequent sec-
tions will go into more detail of the mathematical structure of orbits for
unimodal maps.

Given a nonlinear map, the first step is almost always to try to find
the fixed points and their bifurcations. This is often the only step which
can be done analytically and will at least give some concrete information
about the system. For the family of maps g,(z) = p — z2, fixed points
are solutions of the quadratic equation z = p — 22 and so there are two
fixed points, z., where

provided p > —.

(11.18) EXERCISE

Show that there is a saddlenode bifurcation at p = —-;11 which creates a
pair of fized points z,. in p > —;{-. Show that x_ is always unstable

whilst z is stable 1 —% <p< %.

When u = % there is a supercritical period-doubling bifurcation which
creates a stable orbit of period two. This then loses stability by another
supercritical period-doubling bifurcation giving a stable periodic orbit
of period four.

=21 .
0.5

Fig. 11.3 The attractor as a function of u for the map gu(z) = p — z?.
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(11.19) EXERCISE

By considering gﬁ find the value of p for which the orbit of period two
loses stability by period-doubling.

This is about as far as we can go by hand. All we have so far is that
two fixed points are created in a saddlenode bifurcation at 4 = —1/4, one
of these has a supercritical periodic-doubling bifurcation when yu = 3/4
and the system is chaotic when y = 2.

This may not appear to be a great achievement but, together with a
little thought, it will enable us to understand some of the gross features
of Figure 11.3 described above. To use these results consider the graph
of g, for p = py = =4, p = p; = § and p = pj = 2 as shown in
Figure 11.4. In each case the box B, = [—gq, g] is mapped into itself by
g, Where ¢ is the left hand fixed point of the map, ¢ = ~—% (1++/T+4p).
Let P, = [upg, ] and consider the graph of gz for parameter values
between u; and g (see Fig. 11.5). For u = p, there are two boxes,
B;, i = 1,2, which are mapped into themselves under gﬁ and to each
other under g,. Furthermore, g2 |p,, i = 1,2 looks like g, |p, and by
the time p = pg the map has come out of the top and bottom of the
relevant boxes. Hence, by the continuity of the family g, with u there
exists a parameter value uj € (u;, ug) such that gﬁ,l | g, looks like g%| Bo
as shown in Figure 11.5c.

Now consider g2 for 4 € P; = (u;,4}). Restricted to either of the
invariant boxes B;, ¢ = 1,2, this must evolve in the same way as 9y
evolves for u € P,. In particular, there is a parameter value y, where the
fixed points of gﬁ inside each of the invariant boxes (points of period two
for g“) period-double producing points of period 22 for g, This is the
value calculated in Exercise 11.19. Also, there is a parameter value u at

(@) . (b) (c)

Fig. 11.4 (a) p = po; (b) p = p1; (c) p = pp.
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(a) (b)

’ 1
f2 ’f\\ 2 f2 / f \\
/ / \
/ \ /
/| / \\ / \\
/
// / B1 \ / / \\

Fig. 11.5 (a) p = p1; (b) = pg; (c) p = pi.

which gu = ( gu)2 breaks its own box within box i 1nvanance Hence there
is a parameter interval P, = (i, t5) on which g” evolves (restricted to
appropriate invariant boxes) exactly as gu evolves for p € P; which is
exactly as g, evolves for p € F,. Continuing in this way we construct
a sequence of nested open intervals Py D P, D P, D ... such that for
uePr, gﬁ" evolves (restricted to any one of 2" invariant boxes) as g,
evolves for u € F,. This nested sequence of intervals converges to a
point, p,, = lim,_,  p, =lim,_,  p., which is called the boundary of
chaos: for u < p,, the map is not chaotic and for u > p_, the map is
chaotic (although there may be attracting periodic cycles).

We can now explain some of the features of Figure 11.3 noted earlier:
at u,, there is a period-doubling bifurcation in which an orbit of period
271 loses stability, creating an orbit of period 2". This sequence of
bifurcations accumulates on u,. Furthermore, for u € P,\P, ,, there
are 2™ attracting boxes for gﬁ" giving rise to the band structure described
above. To understand the parameter regimes with similar structure
consider (for example) gz. There is some value v, such that when p = v,
a pair of orbits of period three is created in a saddlenode bifurcation
(see Fig. 11.6) and when p = v, gﬁ (restricted to one of three boxes)
is similar to g,,. Hence for u € M3 = (Vos 5)s gﬁ evolves in the same
way as g, for u € F,. Thus the entire picture is repeated (on a smaller
scale and in three invariant boxes), giving cascades of period-doubling
bifurcations creating orbits of period 3.2", boxes within boxes and so
on. :

This is not, by any means, a rigorous argument, but it can be made
rigorous. In the next few sections we shall expand on some of the phe-
nomena observed, providing proofs of results which support this general
picture.
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Fig. 11.7 A tent map.

11.4 Tent maps

There is a class of particularly simple unimodal maps for which it is pos-
sible to prove results about chaos and other topological properties ana-
lytically. They are piecewise linear unimodal maps with constant slope
and are called tent maps for obvious reasons (see Fig. 11.7). Specifically,
a tent map is a map T, : [0,1] — [0, 1] defined by

sz, fo<z<i
T,(z) = 1 (11.3)
s(l-z), if;<z<1

where the parameter s is usually restricted to the interval (1, 2].
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If 0 < s <1 then the only recurrent dynamics consists of fixed points
(which are boring) and if s > 2 the interval [0, 1] is not mapped into
itself. We shall prove a number of results for tent maps: they are chaotic
for s > 1, periodic orbits are dense in a union of subintervals of [0, 1]
and there is a band structure similar to that described in the previous
section. Figure 11.8 shows a parameter sweep for tent maps where the
band structure is particularly noticeable.

(11.20) LEMMA

If V2 < s < 2 then T, is chaotic.

Proof: The proof of this result is almost exactly the same as the proof
that period three implies chaos. First note that there is always a fixed
point z € (3,1) for T, where z = s/(s + 1). There is also a point
y € (0, 3) such that T}, (y) = z. A little calculation shows that this point
is y = 1/(s + 1). We will now show that for v/2 < s < 2 the second
iterate of T, has a horseshoe and so T, is chaotic.

By construction, T2(2) = T2(y) = z. Furthermore, T,(3) = 1s and
so T2(3) = s(1 — 4s) = 1s(2 — s). Hence T2(3) <y if

38(2—s) < — PR (11.4)
Rearranging this inequality gives
s2>2 (11.5)
and so provided s2 > 2 we have
T2(3) <y <} <z=T2y) =T2() (11.6)

%‘\/5

Fig. 11.8 The attractor as a function of s for tent maps.
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Now we are finished, since these are precisely the conditions needed to
show that T2 has a horseshoe (cf. Theorem 11.13). We can, in fact, find
the intervals K, and K, explicitly (such that T2(K,) = [y,2]). These
are given in the next exercise.

(11.21) EXERCISE

Show that K, = [y,y + (2 —y)/s] and K, = [z — (z — y)/s, 2].

To deal with tent maps with 1 < s < /2 we will make use of the
idea of renormalization described in the previous section. The most
important remark, illustrated in Figure 11.6, is that the second iterate
of T, restricted to appropriate intervals is a tent map with slope 52,
Hence if 2% < s < 2% the second iterate of T, looks like T}, and since
T, is chaotic (by Lemma 11.20), 7, is chaotic. An inductive argument
then leads to the conclusion that T, is chaotic for all s € (1,2]. The first
step is to prove the important remark. This is done by calculating 7'

explicitly.

(11.22) LEMMA

Suppose 1 < s < /2, then there exist intervals J, and J, such that

T,(J,) C Jy, T,(Jy) C J; and T2|J; is (after a linear rescaling) T, .

Proof: Let y and 2 be as in the proof of Lemma 11.20 and let w be the
point greater than z with T,(w) = y (see Fig. 11.8). So

s(l-w)y=y=1/(s+1)
i.e.
_s24s-1
s(s+1)
Now set J; = [y;2] and J, = [2,w]. A little manipulation (which is left

as an exercise for the unconvinced) or a glance at Figure 11.9 completes
the proof.

w (11.7)

This lemma makes the following proposition almost trivial.

(11.23) PROPOSITION

Let T, be a tent map with 1 < s < 2. Then T is chaotic.
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/ T,
4

Fig. 11.9 T, and T,? for 1 < s < 2.

Proof: If 2% < s < 2 then T2 has a horseshoe and T, is chaotic (Lemma
11.20). If 1 < s < 2% then by Lemma 11.22 there exist intervals J;, i =
1,2, such that T2|J; is a tent map with slope s2. Hence if 21 <5< 2%
then 2% < 52 < 2 and so the induced map T2|J; has a horseshoe and T,
is chaotic.

If 1 < s% < 2% consider T2|J;. After rescaling this is a tent map with
slope s2 and 1 < s% < 2%. So provided 2% < 52 < 2% (i.e. 2% < s < 21)
T2|J, is chaotic and hence T}, is chaotic. The induction argument should
be clear by now: suppose that it has been shown that T, is chaotic for
91/2" < g < 2. Consider s with 21/2""" < s < 21/2". By Lemma 11.22
there exist intervals J;, i = 1,2, such that T2|J, is a tent map with
slope s2. Hence T?2|J, is chaotic (since it has slope s? and 21/?" < 52 <
21/ 2"—1) and hence T is chaotic. This completes the proof.

It is actually possible to prove rather more than this. Figure 11.10
shows that given a tent map all points (except 0 and 1) tend to the inter-
val [T2(3),T,(3)] = [35(2—s), 3s]. Call this interval A (for attracting).

(11.24) LEMMA
Let T, be a tent map with 2% < s < 2, then given any interval J in A
there exists n such that T;'(J) = A.

Thus any interval eventually expands to the whole of A. This has
the simple corollary that periodic orbits are dense in A for 2% < s < 2,
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>

Fig. 11.10 A tent map showing the attracting interval A.

since given any neighbourhood of a point x € A there exists n such
that T7*(N) = A. Hence, using the fixed point lemma of Section 11.2
(Lemma 11.12), there is a fixed point of T7* in N, which is a periodic
point for T,. The proof of the lemma is surprisingly simple.

Proof of Lemma 11.24: Take any interval J and let |J| denote the
length of J. Since the slope of T} is s, if J does not contain the turning
point of the map, z = %, then |T,(J)| = s|J|. However, if J does
contain the point z = % J is split into two intervals, U and V by z = %
and |T,(J)| = mazx {|T,(U)|,|T,(V)|} as shown in Figure 11.11. Now,
|U| + |V| = |J|, so there exists a € (0,1) such that

|U| =alJ| and |V|=(1-a)|J|
But z = 1 does not lie inside either U or V so
IT,(U)| = sa|J| and [T, (V)| =s(1-a)lJ].
Now, the smallest possible value for |T,(J)| = maz {|T,(U)|, |T,(V)|} is
clearly obtained when |T,(U)| = |T,(V)|, i.e. when a = 1. Hence
T,())] = 3sJ].

That was the hardest part of the proof. We now want to show that
for any J there exists n such that 3 € T*(J) and & € TP*+1(J). If this
is proved we are finished since if 3 € T"(J) then T,(1) € Tr+1(J), but
is also in TT+1(J), so TP+2(J) = A.

To prove that for all J in A there exists n such that % € T#(J) and
€ TP*1(J) we need to go back to the expansion results. Take any

=

=
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interval in A. Then the sequence |J|, |T,(J)|, |T2(J)|, ... is increasing
unless % € Tk(J) for some k. Since the intervals expand by a factor of s
on each iteration and must remain in A (which is finite) such a k must
exist. Now suppose that 3 € T¥(J) but 1 ¢ TF+1(J) then [T*¥*+1(J)| >
1s|T*(J)| and [TE+2(J)| > 1s?|TF+1(J)|. But since s > 23, s2/2 > 1
and so the interval continues to expand. Hence, to avoid the length of
the interval blowing up, there must exist n such that 1 € T7(J) and
3 € T**1(J). This completes the proof.

After so many lemmas it is probably time for a theorem.

(11.25) THEOREM

Let T, be a tent map with U2 « 5 < 9Y/2" > 0. Then T, has
periodic orbits of periods 2%, k = 0,1,...,n—1 ifn > 0 and an attracting
set which consists of 2" intervals which are permuted by T, on which
periodic points are dense.

We leave the full proof of this theorem as an exercise. The proof is
very similar to the proof of Proposition 11.23, based on induction. If
2% < s < 2 the theorem is true by Lemmas 11.20 and 11.24. Suppose
that it is true for n = m and consider the statement for n = m + 1. By
Lemma 11.22, Tf restricted to either one of two intervals is a tent map
with slope s2. Hence the induction hypothesis is valid for these maps
and the result follows after a little thought.
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(11.26) EXERCISE

Write out a complete proof of Theorem 11.25.

11.5 Unimodal maps II: the non-chaotic case

In this section the structure of non-chaotic unimodal maps of the interval
will be described. To do this we must first formalize precisely what is
meant by a unimodal map, a task that has been avoided hitherto.

(11.27) DEFINITION

A unimodal map of the interval is a continuous map f : [0,1] — [0,1]
such that

i) there exists ¢ € (0,1) such that f|(0,c) is strictly increasing and
fl(e,1) is strictly decreasing;

ii) f(0)=f(1)=0.

Property (i) is really the only important property, since any continu-
ous function which satisfies (i) can be extended (or restricted) to some
other interval in such a way that property (ii) is satisfied. The choice
of [0,1] as the interval is equally arbitrary, since any interval can be
rescaled to [0,1] by a linear transformation. We will often abuse this
definition by referring to maps as unimodal regardless of the interval
on which they are defined. So we shall speak of unimodal maps of an
arbitrary interval J without further comment.

The main result of this section can be stated in terms of chaotic maps
in the following way.

(11.28) THEOREM

Let f be a um’mbdal map. If f has a periodic orbit of period m which is
not a power of 2 then f is chaotic.

This surprising result is just a corollary of the detailed study of non-
chaotic unimodal maps which we are about to undertake. It is worth
noting that this result remains true if f is any continuous map of the
interval.. Rather than prove the theorem as stated we shall prove the
following theorem.
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Fig. 11.12 f(c)<ec.

(11.29) THEOREM

Let f be a non-chaotic unimodal map. Then there exists M, 0 <
M < oo such that every periodic point of f has period 2" for some
ne€ {0,1,2,...,M}.

If M is infinite then f can have complicated attracting behaviour
which is not periodic but is not chaotic. We shall come to this a bit
later. The proof of this theorem requires three ingredients. The first
is the idea of renormalization introduced in Section 11.2 and used in
Section 11.3. The second is a small bit of analysis for the most simple
unimodal maps (it is really little more than a remark).

(11.30) LEMMA

Let f be a unimodal map with critical point c. Then if f(c) < c all points
are attracted to fixed points of the map.

This is illustrated in Figure 11.12. The explanation of this lemma
(which cannot really be dignified by the term proof) is that since f(z) <
f(e) for all z € (e,1), f((c,1)) € (0,c). For points in (0,c) either
f(z) < z or f(z) > = or f(z) = z. In the latter case z is a fixed
point and the lemma is done so assume that f(z) > z. Since f is
increasing on (0,¢) and f(z) < f(c) < c for all z in (0, ¢) the sequence
(z, f(z), f%(z),...) is increasing and bounded above by f(c) hence it
tends to a limit, y, and by the continuity of f, f(y) = y.
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(11.31) EXERCISE

Complete the proof for the case f(x) < z.

The last ingredient involves a definition.

(11.32) DEFINITION

A unimodal map has an orientation reversing fired point (ORFP) if it
has a fixed point y with f strictly decreasing at y.

Thus an ORFP is a fixed point in (¢, 1). Mathematics is full of deep,
meaningful statements. The proof of the non-chaotic unimodal map
theorem is based about the following statement:

either f has an ORFP or it does not.

The strategy is: either f has an ORFP or it does not. If it does not
then f(c) < c (since if f(c) > c the intermediate value theorem together
with f(1) = 0 < 1 implies that there is a fixed point in (¢, 1)) and so by
Lemma 11.30 all points tend to fixed points of the map and we stop. If f
has an ORFP then we renormalize, looking at f2 restricted to a suitable
pair of intervals. We can then ask whether the renormalized map has
an ORFP and continue. ..

We need two further remarks before beginning the proof of the the-
orem. First note (see Fig. 11.13) that if f is not chaotic and f(c) > ¢
then the interval [f2(c), f(c)] is mapped into itself by f and that all
points which do not tend to fixed points of f outside this interval map
eventually into the interval. This follows from Figure 11.13b; if f does
not map the interval [f2(c), f(c)] into itself then f has a horseshoe. The
second remark is that if f has an ORFP, z, then there exist points y < ¢
and w > z such that f(y) = z and f(w) = y so f? has the form shown
in Figure 11.14.

Proof of Theorem 11.29: Either f has an ORFP or it does not. If
f has no ORFP then all points tend to fixed points of the map, so f
has orbits of period 2° and no other periods and the theorem is proved.
If f has an ORFP, z > c, then consider f2. By the remark above the
statement of the theorem and Figure 11.14, there exist points y < ¢ and
w > csuch that f(w) =y, and f(y) = 2. Consider f2|[y, z]. The critical
point ¢ lies in [y, z] and f?2 is decreasing on (y, ¢) and increasing on (c, 2).
If f2(c) < y then (see Fig. 11.14b) f2 has a horseshoe, contradicting the
hypothesis that f is not chaotic. Hence f2(c) > y and f2 is a unimodal
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(a) (b)

/s

Fig. 11.13 (a) No horseshoe; (b) a horseshoe.

map of the interval [y,z]. Similarly, f?|[z,w] is a unimodal map with
maximum value f(c) < w. These statements lead to two conclusions.
First, the attracting interval [f2(c), f(c)] is contained in [y, w] and second
that the dynamics of f in [y, w] can be deduced from the dynamics of
either f2|[y, 2] or f2|[z,w], since for all z € [y, 2], f(z) € [z, w] and vice
versa.

So, if f has an ORFP then f has fixed points (points of period 2°)
outside the interval [y, w] and all other points tend under iteration to
a set contained in [y, w]. To find the dynamics of f in [y, w] consider
the induced unimodal map f2|[y,z]. Either it has an ORFP or it
does not. If it does not then all points in [y, 2] tend to fixed points of
f? under iteration (by f2). Hence f has an orbit of period 2° in [y, w],
which is the orbit of the ORFP, 2, and possibly other orbits of period
21, Again the process stops here. On the other hand, if f2|[y, 2] has an
ORFP then this is an orbit of period 2! for f and we can look at f*|[y, 2]
and f?|[z,w]. We are now in precisely the same situation as before but
using f2 instead of f and the proof is completed by induction. There are

(a) (b) ~

/ /

Fig. 11.14 (a) f2 does not have a horseshoe; (b) £ has a horseshoe.
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two possibilities: either this process ends or it does not. (Another
deep mathematical statement!) If it ends, then f has orbits of period 2*
for k =0,1,2,..., M, whilst if it does not end then f has orbits of period
2" for all n > 0.

Although this completes the theorem as stated it is not quite the end
of the story. If the process does not end then the attractor, the set of
points to which most points tends, is not a periodic orbit. This shows
that it is possible to have non-chaotic but aperiodic behaviour. This
‘extra’ limit set can be described by taking the analysis of this section a
little further. In the construction above suppose that f has an ORFP.
Then to a first approximation the limit set is contained in the two inter-
vals (y, z) and (2, w). Since f2 restricted to either of these intervals is a
unimodal map with an ORFP there exist four intervals, two inside each
of these intervals, joined at the ORFPs of f2. Since f restricted to any
of these four intervals is unimodal and has an ORFP each of these four
intervals contains two subintervals, joined at the ORFPs. On each of
these intervals f& acts as a unimodal map with an ORFP. .. Continuing
in this way and introducing an inductive labelling of the successive ap-
proximations of this limit set it is possible to give a complete description
of the dynamics on this set. This is not easy and the interested reader
is referred to Devaney (1989) for details.

11.6 Quantitative universality and scaling

In the mid-1970s Coullet and Tresser and Feigenbaum noticed a remark-
able property of the period-doubling cascades described in 11.3. If the
parameter values of successive period-doubling bifurcations are labelled
(u4,,) then the quantity

lim An = Hn-t

. n—=00 iyt~ Hy

converges to 4.667 . . . independent of the family of maps being considered

(in fact, this quantity does depend upon the nature of the critical point,

the number 4.667. .. is for maps with quadratic maxima). We shall not

be able to give a complete explanation of this phenomenon, but can at

least indicate why it is true. Indeed, at the time of writing, formal proofs

are only just becoming available. The proofs use a formidable arsenal

of mathematical techniques and the interested reader should refer to de
Melo and van Strien (1993).

(11.8)
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The key comes from the proof of the non-chaotic unimodal map the-
orem. At the accumulation of period-doubling cascades the map has
periodic orbits of period 2" for all n > 0 and hence it can be renor-
malized infinitely often (i.e. the inductive process in the proof never
stops). This implies that at the accumulation value the dynamics of f2
restricted to a suitable subinterval is essentially the same as the dynam-
ics of f; both can be renormalized infinitely often, both have periodic
orbits of period 2", n > 0, and, of course, both are unimodal maps. If
the two maps, f and f2, were exactly the same then f would satisfy an
equation of the form

A(f(2)) = f*(A(=)) (11.9)

where A represents a suitable scaling factor and shift of the origin. This
is easier to see if we take a slightly different convention for unimodal
maps and restrict attention to symmetric maps (this is not essential,
but makes the calculations more tractable).

(11.33) DEFINITION

A unimodal map f : [-1,1] — [-1,1] is in class D, if there exists
€ > 0 and a homeomorphism g : [0,1] — [0,1] such that g(0) = 1 and
f(z) = g(lz|**e).

Note that symmetric unimodal maps with quadratic maxima are in
class D, and that the critical point of the map, c, is at £ = 0. Maps in
this class are shown in Figure 11.15 (after Collet and Eckmann, 1980).
Now, f2(0) = f(1) = —a~}, say, and we can now consider f? restricted
to [~a~!,a~1]. This is again a symmetric unimodal map only upside
down and with the direction of z reversed. In order to obtain a map
in class D, we must change variables so that the map is the right way
up and the interval [~a~!,a~!] maps to [~1,1]. This can be done by
setting y = —ax. With this change of variable, —af?(—a~ly) is a map
in D,. The statement that f and f2 are equivalent is the same as saying
that for all y € [-1,1]

f(y) = —af?(-a"ly). (11.10)

Another way of saying this is that the map Tf(y) = —a~! f2(—ay)
has a fixed point with T'f = f.

Assumption 1: For each € > 0 there exists o, > 1 such that there is a
map F, € D, with TF, = F,.
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Fig. 11.15

We can now think of T' as a map of D, in function space and F, as a
fixed point. As always, the first step in analyzing a fixed point of a map
is to determine the spectrum of the linear map (or operator) evaluated
at the fixed point.

Assumption 2: The derivative of T' evaluated at F, has an eigenvalue
6. > 1. All the other eigenvalues lie inside the unit disc.

This assumption implies that T has a one-dimensional unstable man-
ifold and a codimension one stable manifold, see Figure 11.16. Strictly
speaking this assumption is false, but the eigenvalues on the unit circle
represent symmetries which are preserved in the class D, and do not
alter the structure of the argument. _

Maps on the stable manifold of T" are precisely those maps which are
infinitely renormalizable in the sense of the previous section, that is, they
have periodic orbits of period 2™ and an invariant attracting Cantor set.
We will now go through a similar argument to the one used in Section
11.4, but this time we shall work in terms of the map T and use the
properties of T assumed above.

We want to understand the structure of maps near F, the fixed point
of T'. To do this we will identify some important features of these maps
and use T to deduce further properties.

Assumption 8: The surface
¥y = {f € D,| there exists z with f(z) = z and f'(z) = -1}

is non-empty and intersects the unstable manifold of F, transversely.
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Fig. 11.16 Local structure near the fixed point Fe (after Collet, Eckmann
and Lanford).

This assumption simply states that the geometry of a neighbourhood
of F, is as shown in Figure 11.16. X, is the set of maps in D, which
have a non-hyperbolic fixed point which is about to undergo a period-
doubling bifurcation. Now let £; = T~!%,. Then maps in ¥, are
those which, after renormalization, have a fixed point which is about to
period-double. But this fixed point must be an orbit of period 2 for the
map (as it is an orientation reversing fixed point of Tf) and so maps
on ¥; have a periodic orbit of period two which is about to period-
double. Furthermore, since T'f is in ¥, f must lie closer to the fixed
point, F,, of T by (approximately) a factor § (by Assumption 2) and we
have the picture in Figure 11.16. We can now continue. Defining ¥,, =
T-'%, _, and going through the same argument, we find that maps on
¥,, have a periodic orbit of period 2" which is about to lose stability by
period-doubling. Moreover, the surfaces £ accumulate on the stable
manifold of F, at the rate §. Now consider any family of maps f, in D,
which pass through the stable manifold of the fixed point of T. Such
a family can be represented as a curve in D, which is parametrized by
u. Assuming that this curve intersects the stable manifold transversely
it must pass through an infinite sequence of the manifolds ¥, , giving
an infinite sequence of period-doubling bifurcations. We can actually
do even better. Since the manifolds ¥,, accumulate on the unstable
manifold at the rate 4, given by the unstable eigenvalue of the linearized
map T at F,, this property is transferred to the parametrization of the
family, u. Thus, if p is the parameter value at which the curve fu
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intersects X, and the curve intersects the manifolds ¥, at parameter
values p,, then, asymptotically,

Bp = Ho = 6(#n+1 - iuoo) (1111)
or

lim Fn = Bn-1

=6 (11.12)
n=00 ity — He

The astonishing feature of this result is that it is independent of the
family of maps being considered: it depends only upon the order of the
critical point (i.e. the value of €) and the transversality of the family
to ¥ at p,,. This property is often referred to as universality. As
the exercises below show, there are other sequences of bifurcations or
behaviour which can be treated in similar ways. In particular, there is a
sequence of parameter values v,, which accumulate on p, at the same
rate as the sequence (u,,) but from the other side of the stable manifold
of F, at which h = T™ f satisfies h%(0) = h3(0), and so h has a horseshoe
(cf. 2 — z2). \

This universal behaviour refers to universality in parameter space.
Similar arguments can be applied to show that there is also universality
in the spatial structure. Consider a map on the stable manifold, ¥, of F..
In the previous section we saw that infinitely renormalizable maps leave
a Cantor set invariant. One way of thinking about the construction of
this Cantor set is to concentrate on a neighbourhood of the critical point
z = 0. To a first approximation the Cantor set lies inside the interval
[—1,1]. By renormalization, the Cantor set lies in two intervals, one of
which is [f2(0), —f2(0)]. After rescaling, f2 restricted to this interval is
again a map in D,, r = T f, with the same basic structure. So part of
the Cantor set at the next step in the induction procedure lies in the
interval [—r2(0),72(0)]. Now as n — oo, T"f — F. and so the ratio of
successive bits in the construction of the Cantor set near x = 0 scale like
2F?2(0). But this is just the constant 2a~! which depends only upon the
universality class of f, and so we obtain (asymptotic) universal scaling
properties for the spatial structure of the dynamics.

Proofs of the statements given above are extremely lengthy and it is
not easy to obtain good analytic expressions for either o or §. However,
it is possible to get a very crude estimate of both é and a when e = 1
(the ‘typical’ quadratic case) by expanding power series solutions to the
fixed point equation and retaining only the leading order terms.
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We begin by looking for the fixed point. By assumption this will be a
function of 2 (since € = 1) and so we pose the solution
fx)=1—az®+... (11.13)
with
fA(z)=1-a+2a%2% +... (11.14)
where the dots denote terms in x2*, n > 2. Hence
Tf(z) = —af?’(-a~'z) = —a(l —a +2a%a722% +...). (11.15)
For f to be a fixed point of T' we need

1-az’= -0l —a+2d%a 222 +..)) (11.16)
and so, equating coefficients of 2™, n = 0, 2, we find
afa—1)=1and 2a0~ ! =1. (11.17)
Solving for a gives 222 — 22 — 1 =0, or
a=1(1+v3) (11.18)
and since o = 2a,
a=1+V3 (11.19)

(but remember that this is only a first approximation). This gives a
value of a as approximately 2.7 whereas the true value is just greater
than 2.5. We can see this another way. Suppose that f(z) = 1 — b,z
is a unimodal map with some particular property (for example, there is
a period-doubling bifurcation from period 2"~! to period 2"), then the
map

—a, fA(—a;'z) = —a,(1 - b, + 2620 % +...) (11.20)
is approximately the unimodal map
1-b,_,2° (11.21)
provided
a,(, —1)=1andb,_, =220 L. (11.22)

The equations above for a and o, (11.17) and (11.18), are obtained
by looking for fixed points of this approximate renormalization scheme
(bp—y = b,). However, if the map 1 — b,z? has a period-doubling bi-
furcation from period 2"~! to period 2™ then the map 1 —b,_,z% has a
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period-doubling bifurcation from period 2"~2 to 27!, In other words
(from the relationship between § and p,, above)

bn—l—boo
b, —b

n
where b, = a, the value of b for the fixed point of the renormalization.
Substituting for b,,_; gives

6~ (11.23)

(o, ¢]

262(b, — 1) —a

6 b —a (11.24)
Now let b, = a — € for some small ¢, then
6N2(a—e)2(a—e—1)—a (11.25)
or : |
—e6 ~2(a—¢€)?(a—e—1) —a. (11.26)
Looking at terms of order €° gives
0=12a%-2a-1, (11.27)

which we know to be correct, whilst terms of order € give
§ ~ —2[~2a(a — 1) — a?] = 2[3a* — 2a]. (11.28)

Evaluating this expression we find § ~ 4 + /3 ~ 5.7. This should be
compared to the true value of around 4.667; clearly we have not obtained
a particularly good approximation, but it is the right order of magnitude,
and taking the calculation to higher order gives a much better result. It
is possible to do a similar exercise for functions f(]z|'*€) when € is very
small; we leave this as an exercise. '

These results can be seen in yet another way, which brings out the
relevance of § as an eigenvalue associated with the derivative of the
operator T. Using the first equation of (11.22) to eliminate «,, from
the second gives b, _; = 2b2(b, — 1). Thus T induces a map on the
coefficient of 22 in our approximation of the form

b— 2b%(b—1).

A fixed point of this map, a, satisfies a = 2a%(a—1) from which we obtain

a=1(1+4+/3) as in (11.18). The derivative of this map is 652 — 4b, so
the stability of the fixed point is determined by 6§ = 6a2 — 4a = 4+ /3,
cf. (11.28). The interpretation of this eigenvalue is essentially the same
as the original interpretation for the eigenvalues of the derivative of T’
above.
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It is also possible to obtain a universal scaling law for the growth of
measurements of chaos in y > p . We shall concentrate on the growth of
topological entropy (Definition 11.6). Recall that the topological entropy
is the growth rate of the number of (n, €)-separated sets for the map f,
C(f,e,n). Now,

C(f™,e,n) =C(f,e,nm) (11.29)
so

h(f’",e)-hmsup logC(f L€y 1)

n—00

= limsup — logC’(f, e, mn) ~ mh(f,e€). (11.30)

n—oo

This suggests that
h(f™) ~ mh(f) (11.31)

where we have used the symbol ‘~’ because we have not been careful
about the way limits have been taken. Furthermore, the arguments of
the previous section show that when restricted to a suitable subinterval
and rescaled the map fﬁ_ 4o, Das the same dynamics as f5( p—po,) a0d SO

W(Fumpes) ~ 30 p) ~ 3P(Fs(umpien))- (11.32)

If we now pose the solution
h(fp,-—-p,oo) ~ ("l’ - iu'oo)ﬁ
equation (11.32) gives

(1= too)’ ~ 36 (1 — 1og)? (11.33)
and taking logs gives
log2
B=ioss (11.34)

Hence the topological entropy in u > p_, grows roughly according to
the power law

P(Fuep) ~ (1 = op) BEE. (11.35)

11.7 Intermittency

Numerical simulations of many maps show that there are parameter
regions in which the dynamics of the map is as shown in Figure 11.17.
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The interesting feature of these experiments is that the system appears
to spend a long time close to a periodic orbit (the so-called laminar
region), then oscillate in some complicated manner and then come close
to the same periodic orbit again.

To understand this type of behaviour we stay with one-dimensional
maps and look at the behaviour of maps near a saddlenode bifurcation.
In a neighbourhood of a saddlenode bifurcation the map (or an iterate
of the map) varies as shown in Figure 11.18: for u < 0 trajectories get
caught near the impending tangency and spend a long time close to
the ghost of the periodic point, at u = 0 there is a tangency between
the graph of the map and the diagonal, creating a non-hyperbolic fixed
point which is stable from one side and unstable from the other, and
in g > O there are two fixed points locally, one stable and the other
unstable. Intermittent trajectories are observed for 4 < 0 provided
there is some global reinjection mechanism which allows orbits which
pass close to the point where the periodic point will be formed to come
back close to that point (in fact, the existence of this global reinjection
implies, for continuous maps of the interval, that the map is chaotic,
so intermittency is not a route to chaos in the same sense as period-
doubling). Assuming that the tangency at u = 0 is quadratic, it is
possible to use arguments similar to those of the previous section to
show that there is a characteristic time spent in the laminar corridor of
Figure 11.18a, which increases to infinity as y tends to zero from below.

Let us suppose that for values of u near zero and for z close to the
point at which the non-hyperbolic periodic point will appear when y =0
the map takes the form

f 2

fu@)=p+z—2° (11.36)

X
A

Q.;....'.
.

Fig. 11.17 Time sequence for a map showing intermittent laminar regions.
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(a) (b) (c)

Fig. 11.18 (a) p < 0; (b) = 0; (c) > 0.

Now, the second iterate of f, is
fAx)=p+(p+z-2°) - (p+z-2%°
~ 2u+ 1 — 227 (11.37)
where we have kept only the leading order terms in the approximation.
Now if we set y = 2z,
Yny2 = 2"En+2 ~Ap+ 2xn - 4xr21, =4p+ Yn — yrzr,‘ (11'38)

In other words

F1, () = 2F2(30). (11.39)
Hence, if an orbit spends on average N(u) iterations in the laminar
region this equation implies that

N(4u) ~ $N () (11.40)

where the factor of % comes from the fact that if the orbit spends on
average N(u) iterations in the laminar region for f, it will spend %N (1)
iterations in the laminar region under fﬁ . Now looking for a power law,
N(p) ~ c|ul? gives

4P| ul? ~ 3elul?

or
4 =1 (11.41)
This equation has the obvious solution 8 = —7 (take logs!) and so we
obtain the scaling law, valid for small |u|, © <0,
1
N(p) ~ |p|72. (11.42)

This scaling relationship has been observed in numerous examples, both
in maps and in flows (where a periodic orbit plays the role of the fixed



11.8 Partitions, graphs and Sharkovskii’s Theorem 327

point or periodic point). Other more fundamental and universal types of
intermittency have been found, associated with saddlenode bifurcations
of maps of the circle (cf. Chapter 9). Guckenheimer and Holmes (1983)
contains further details and references for the interested reader.

11.8 Partitions, graphs and Sharkovskii’s Theorem

In this section we will develop some simple tools which will enable us to
give a proof of Sharkovskii’s Theorem (Theorem 11.16). The treatment
follows the proof by Block, Guckenheimer, Misiurewicz and Young (in
Nitecki and Robinson, 1980) with modifications from Nitecki (in Katok,
1982). We begin with three definitions which will form the basis for the
rest of the analysis.

(11.34) DEFINITION

A partition of the interval [a,b] is a finite set of points (z;), i =
0,1,...,n, with

a=2y<z2;<...<zZ, 1<z, =b

The n closed intervals J; = [z;_;,%;], i =1,...,n are called elements of
the partition.

(11.35) DEFINITION

Suppose that f : [a,b] = R is a continuous map and let J; be elements
of a partition of [a,b]. Then J; f-covers J,, m times if there erist m -
disjoint open subintervals K,,...,K,, of J; such that f(cl(K,)) = J,
r=1,...,m.

(11.36) DEFINITION

Let f and J; be as in Definition 11.85. An A-graph of f is an oriented
generalised graph with vertices J; such that if J; f-covers J, m times
then there are m arrows from the vertex J; to the vertex J,.
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We have already met an example of this in the definition of the horse-
shoe (Definition 11.2). If f has a horseshoe then there exist intervals J,
and J,, such that J, U J, C f(J;) for i = 1,2. Hence each of these two
intervals f-covers both itself and the other interval at least once, and the
resulting A-graph of f must contain the subgraph shown in Figure 11.19.

An allowed path for an A-graph is a sequence J;1)J,(g) - - - J4(s) Where
a(i) € {1,...,n} such that there is an arrow from J,; to J,;4q) on
the A-graph for 4 = 1,...,s — 1. For the A-graph of the horseshoe
(Fig. 11.19) every possible sequence of J;s and J,s is an allowed path.

(11.37) LEMMA

Let Jy1yJa) - Ja(s+1) be an allowed path and suppose that a(l) =
a(s + 1). Then there is a point T € J, ;) such that f*(z) = z and
fi(l') E Ja('l')’ i == 2, . .,S.

Proof: Working backwards, using the definition of an f-cover (Defini-
tion 11.35), we see that there are subintervals K; C J,(;) which sat-
isfy f(K;) = Kiyy, 0 = 1,...,8, and K ) = Jye41) = Jo(1)- Hence
f*(Ky) = Jy(1) and (by definition) K; C J,(). Applying the Fixed
Point Lemma (Lemma 11.13) to K; we see that there exists z € K
with f*(z) = z. Since f(K;) = K1 C Jy;41) the last part of the
lemma follows immediately.

This lemma is the main ingredient of the proof of Sharkovskii’s Theo-
rem. It needs to be applied with a little care: although it can be used to
prove the existence of a fixed point for f° in some element of the parti-
tion, this point may not have minimal period s. As an example, consider
the path J,J,J;J,J; allowed by the horseshoe A-graph of Figure 11.19.

CJ 4D

Fig. 11.19 The subgraph for the horseshoe.
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Applying Lemma 11.37 we find that there is a fixed point of f4 in J,.
However, this closed allowed path (or loop) is simply the shorter loop
J;J,J; repeated twice, and applying the lemma to this loop we find that
there is a fixed point of f2 in J,. There is no way of distinguishing the
two fixed points using Lemma 11.37, so we cannot deduce the existence
of a point with minimal period four from this loop. On the other hand,
Figure 11.19 allows the loop J,J,J,J,J;, which cannot be a repetition
of the same orbit of lower period twice, so there is an orbit of minimal
period four associated with this A-graph.

To resolve this ambiguity we say that a loop is irreducible if it is not a
periodic repetition of a shorter loop. As an example we can give a short
proof of Exercise 11.15.

(11.38) LEMMA

Suppose that f : [a,b] — R is a continuous map and has an orbit of
(minimal) period three. Then f has orbits of period n for all n € N.

Proof: Let p; < py < p3 be points on the periodic orbit of period three
and assume (without loss of generality) that

f(pl) = P2 f(Pz) = p;3, and f(pa) =P

Let J; = [py,p,] and J, = [p,,p3]. By the Intermediate Value Theo-
rem, J, C f(J;) and J; UJ, C f(J,). Hence f has the A-graph given
in Figure 11.20. From Figure 11.20 we see immediately that f has a
fixed point (J,J, and Lemma 11.37), a point of period two (J,J;J;)
and f has a point of period three by assumption. For any n > 3 the
loop J,J;(J5)"~2J, is irreducible and allowed. Hence f has an orbit of
(minimal) period n for all N > 1.

This lemma, as described in Section 11.2, is a particular case of
Sharkovskii’s Theorem (Theorem 11.16). The proof of Sharkovskii’s
Theorem involves a slightly more sophisticated application of the same
principles.

(11.39) LEMMA

Let f be a continuous map of the interval and suppose that f has an
orbit of odd period m. Then f has orbits of all even periods less than m
and all periods greater than m.
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Jye— 4, D

Fig. 11.20 The A-graph for Lemma 11.38.

Proof: Without loss of generality we assume that f has no periodic
orbits with odd period less than m. Let p; < p, < ... < p,, be points
on the orbit of (odd) period m and note that f(p;) > p; and f(p,,) < Pp,-
This implies that there exists j < m such that f(p;,) < p,; for all i > j
and f(p;) > p;. In particular

f(p;) >p; and f(pj41) <Pjy1-

We are going to use the periodic points (p;) as a partition. Let I, =
[p;,P;41] and note that I} C f(I), so the A-graph of f has an arrow
from I, to itself and there is a point z € I, with f(z) = z. Next we want
to show that there is an allowed path from I, to every other element of
the partition. Let V] = {I;} and let V], be the set of elements of the
partition which are f-covered by I}, so I} € V, but V,, # {I } as p; is not
periodic of period two. In general, let V, be the collection of partition
elements which are f-covered by some element of V;_;, soif I}, € V,
for some i > 0 then there is an allowed path from I, to I; of length i.
It should be clear that V; C V,,, so the sets V, get larger, and since
there are only a finite set of partition elements there exists r such that
V.41 = V.. If V, does not contain some element of the partition then
we get a contradiction (the point p; would have period less than m) and
hence there is a path from I, to every other partition element.

We now want to show that there is an element of the partition, I,
say, which f-covers I,. To do this we use the fact that m is odd. Since
m is odd there are more elements of the partition on one side of z than
on the other side, and so there must exist p, such that f(p,) > z and
f(p,41) < z or vice versa. (If this were not the case then all the points
p; less than 2 would have to map to points greater than z and vice versa
and so the number of points on each side of z would have to be the same,
which is impossible if m is odd.) Let I} = [p,,p,,,], then I, C f(I).
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Putting the results of the previous two paragraphs together we obtain
the A-graph shown in Figure 11.21: I; has an arrow to itself, and since
there is an allowed path from I, to every other vertex, there is an allowed
path from I, to I, which we shall assume to have length k and pass
through I,, I3, ..., I_,. Finally, we have an arrow from I to I,.

We now want to investigate k further. Assume that this path is the
shortest path from I; to I, then each of the intermediate partition
elements I,, I, ..., I,_; are distinct, otherwise we could find a shortcut
contradicting the assumption that we have chosen the shortest path.
Hence k < m — 1. However, if K < m — 1 then one of the allowed loops
LI,...I.I or I,1,I,...I, I, would give rise to an orbit with odd period
less than m; a contradiction. Hence kK = m — 1 and each element of the
partition appears once in the loop from I, to itself via I.

The final step of the proof is to show that there exist arrows from
I}, (which we will now refer to as I,,_;) to every odd vertex of the A-
graph, giving the A-graph shown in Figure 11.22. The is the only tricky
bit of the proof. First note that since we have constructed the shortest
non-trivial loop from I, to itself there can be no arrows from I, to I, if
s > r + 1 since if there were such an arrow then we could find a shorter
loop back to I;. In particular, I, f-covers I, but no other element of the
partition. There are two ways of achieving this, which turn out to be
the same after a change of orientation (z — —z). Either f(p;) = p;;,
and f(pj+1) = Pj_1, Or f(pj) = DPjt2 and f(pj+1) = Pj- Assume that
the former possibility holds. Then I, = [p;_;,p;]. Now, I, cannot f-
cover I; (unless m = 3, in which case the lemma is already proved by
Lemma 11.37) nor can it f-cover any of the intervals I, r > 3, or there
would be a shortcut in the non-trivial loop from I; to itself. Hence I,
f-covers I3 and no other intervals of the partition. But I, = [p;_;,p;]

@

I
| R §

vy

Ik;L ‘/ 12

- - -

Fig. 11.21 The A-graph halfway through the proof of Lemma 11.39.
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and f(pj) = P;+1, S0 we must have I3 = [pj+1apj+2] and f(pj-—l) = Pjya-
Continuing in this way the images of each of the intervals I, are forced
to swap sides and move out from I, and we find that the order of the

intervals on the real line is

I, I o . LILI.. I

m—2

and that I, f-covers I, and no other element of the partition for 2 <
r < m—2. Now consider I,,_; = [p;,p,]. Since I,,,_5 = [p,,ps] f-covers
I,,_, and no other interval we find that f(p,) = p,,. The only point
which has not been assigned a preimage by the above argument is P
and the only point without a prescribed image is p,. Hence f(p,) = p;.
Thus [p;,p,] € f([p1,P2]) and so I,,,_; f-covers all the elements of the
partition to the left of I, including I,. This gives the arrows from I, _,
to every odd vertex as shown in Figure 11.22.

The proof of the lemma is now complete, since periodic orbits of all
~ even periods less than m exist (using the arrows to odd vertices, then
the loop back to I,,_,) and orbits of all periods greater than m exist

(going once round the loop and then any number of I;s).

Now we need to deal with the case where f has no orbits of odd period.

(11.40) LEMMA

Suppose that f has an orbit of period 2"m, where r > 1 and m is odd.
Denote the points on the periodic orbit by (p;) in the usual way. Then
[ has a fized point, z, in the interval [pyr—1,;, Por—1p41]. Furthermore

(D) = pyr-tpmyy if i <27 Im

Fig. 11.22 The final A-graph of Lemma 11.39.
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and

f(pi) < Dor-1p, if 7> 7~ lm + 1.

Proof: The only place that the odd property of m was used in the proof
of Lemma 11.39 was in showing the existence of an interval I, which
f-covers I;. Hence the same argument as in Lemma 11.39 establishes
the existence of an element of the partition, I}, which f-covers itself,
and paths from I, to every other element of the partition. Suppose
that there does exist another element of the partition which f-covers I;.
Then we obtain the A-graph of Figure 11.20 and so f has periodic orbits
with odd period, contradicting the assumptions of the lemma.

So no other element of the partition f-covers I;. In order for this to be
the case, all the points (p;) on one side of I; must either stay on the same
side of I; (a contradiction as the partition is a periodic orbit) or they
must map to the other side of I;,. Thus I; must be symmetrically placed
in the middle of the partition, i.e. I} = [pyr-1,,,Por-1/p41]- Since I; f-
covers itself f has a fixed point, 2, in this interval and since the periodic
points must map to the other side of I; we obtain the inequalities of the
lemma.

The inequalities of this lemma have an important consequence: when
constructing the A-graph of f we see that we are only able to assume that
an interval [pj,pj 41 f-covers another interval if they are on opposite
sides of the central interval, I;. Indeed, were it to f-cover an interval on
the same side as itself then it would have to f-cover I, leading to the
contradiction used in the proof of the lemma.

This suggests that to gain further information we should look at the
induced A-graph of f2. The fixed point of f in I, divides the set of points
on the periodic orbit in two. Those on the left move over to the right and
vice versa. Hence the points p;,...,psr-1,, (or equivalently the points
Dor—1ma1r- -+ »Pyry,) are periodic with period 2™"1m under the second
iterate of f. The induced A-graph of f2 is the A-graph induced by the
action of f2 on this periodic orbit for f2, i.e. there is an arrow from one
element of the partition, I;, to another, I, if and only if I, f-covers some
interval I; and I ; f-covers I,.. There are two things worth noting about
the induced A-graph of f2 when f has no odd periodic orbits: first, if
it has an irreducible loop of length n, then f has an irreducible loop of
length 2n. Second, the induced A-graph of f2 is slightly different from
the A-graph of f2, which may contain more (but not fewer) arrows.
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(11.41) EXERCISE

- Prove the two remarks made above.

We can now prove Sharkovskii’s Theorem, which we restate here for
convenience.

(11.42) THEOREM (SHARKOVSKII)
Consider the order on the natural numbers defined by

1<2<4=<282<...<2m<ontl o,
L=< ontlg gontly contly contlg o

=M <AMBE <23 <...<9<T<5<3.

Let f : [a,b] — R be a continuous map of the interval. Suppose f has
an orbit of period n, then f has an orbit of period k for all k < n.

Proof: If n is odd then the theorem is proved by Lemma 11.39.

If n = 2"m, where m is odd, then (without loss of generality) f has no
orbits with odd period. By Lemma 11.40 f has a fixed point (an orbit
of period one) and we look at the induced A-graph of f2. The partition
for this A-graph has period 2" ~'m. If r = 1 we apply the techniques of
Lemma 11.39 to the induced A-graph and the theorem is proved.

If » > 2 then proceed inductively. Look at the induced graph of the
induced graph (the induced graph of f*) restricted to the partition on
one side of the fixed point of the induced A-graph of f2. This has a. fixed
point (a point of period four for f) and the partition points have period
2"~2m. Continuing in this way we obtain, inductively, points of period
2%k < r, until the induced A-graph of f2 has a partition of odd period.
Applying Lemma 11.39 again completes the proof if m > 3, whilst if
m = 1 we find (looking at the induced A-graph of fzr_l) that this has
a partition of two points, each of period two, giving the trivial graph
with a single vertex and an arrow from that vertex to itself (implying
the periodic point of period 2"~!). In either case the theorem is proved.
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Exercises 11

1. By showing that the map f,(z) = p — z2 has a stable point of
period three if 43 — 2u% + u —1 =0, (4 > 1), prove that a map with a
stable periodic orbit can be chaotic.

2. Using methods similar to those of Section 11.4, describe the at-
tracting set for the family of maps L, : [0,1] — [0,1], 1 < s < 2, defined
by

_J1-s(z-3), ze€[0,4]
Ls(m)_{s(x_%), 2$€(%,1] .

3. Consider the map

3z, z€l0,4]
H(z) = 2 1 -
—-243z, z€ (5,1]

Prove that the only points which remain in [0, 1] under iteration have
the form

o0
a
m=23—:, a, € {0,2}.

n=1
If a(z) = a,a,a3. .., where a,, € {0,2} as above, show that
a(H(z)) = oa(z)
where ca = b if b, = a,,;. For what value of z is a(z) =

002002002002 ...7 Show that this point is periodic of period three for
H.

4. Repeat Exercise 3 for the map
3z, ifze(0,i]
F(z) = . 2 L
31-=z), ifze(s1]

Show that the set of points which remain in [0, 1] under iteration is the
same and find a(F(z)) in the cases a; = 0 and a; = 2. Consider the
point with a(z) = 002002002... as before. Show that this point is not
periodic, but is eventually periodic with period three.

5. Consider the map

_f2z, ifzelo,3)
f(x)_{2(1—:1:), ifze(3,1]



336 11 Chaos

Show that f has a horseshoe, and hence that f is chaotic. Let U be any
open interval in [0,1]. Show that if 3 ¢ U then the length of f(U) is
twice the length of U and hence deduce that there exists m such that
1 € f™(U). Prove that there exists n such that f*(U) = [0,1]. Use this
to prove that periodic points are dense in [0, 1] and that f has sensitive
dependence on initial conditions. Show that given any € > 0 there exist
points z and y in [0,1] with 0 < |z — y| < € but f*(z) = f*(y) for all
n > 0.

6. Let (p;), 0 <4 < n, be a partition of the interval into n intervals
I, = [p_1,Pi)- Define the n x n transition matrix, A, by

1 if I; f—covers I;
A'L] = . .
0 otherwise

Prove that (Ak)ij gives the number of independent paths of length k
from I; to I; in the A-graph of f. Deduce further that TrAF gives the
number of closed loops of length k& and hence that the number of fixed
points of f* is greater than or equal to TrA*.

7. Let (p;), 0 <4< 2, be a partition of the interval by a periodic orbit
of period three, with f(py) = py, f(p;) = P, and f(p,) = p,. Show that
the associated transition matrix is

01
A= (" 1).
By calculating TrA5 show that f has at least two orbits of period five.
Show that the number of fixed points of f™ grows like

(%(1+\/5))n.

8. Classify the different orbits of period four (defined by permutations
of the points on the orbits). Which permutations can be realised by
unimodal maps? Which permutations imply the existence of orbits of
period three? '

9. Repeat Exercise 6 for those periodic orbits of period five which can
be realised by unimodal maps. Show that the existence of one of these
orbits implies the existence of another.

10. By integrating the differential equation & = pu —z2 for y < 0 show
that the amount of time spent in the interval [-1,1] as 4 — 0~ scales

1
like (—p)~ 2.
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11. Consider a unimodal map which has periodic orbits of period
2" for all n > 0 and no other periodic orbits (i.e. a map with u =
loo). Show that the second iterate of this map, restricted to a suitable
subinterval containing the critical point, ¢, has the same property. The
orbit of the critical point can be labelled in the following way: let

L if f is increasing at z,
ko(z) { if f is decreasing at z,
C otherwise.

Now let K(f) = ko(c)ko(f(c))ko(f?(c)).... If F denotes the restric-
tion of f2 to the subinterval referred to above, show that K(f) can be
obtained from K(F') by the replacement operations

C—CR, R—LR, L— RR.
Hence show that

k(f) = CRLRRRLRLRLRRRLR..
What sequence do the odd terms of k(f) give? What of the even terms?

12. Let S denote the space of differentiable maps of an interval [a, b]
which have a hyperbolic fixed point. Show that chaotic maps are dense
in S in the C%topology, but that this is no longer the case in the C1-
topology.

Hint: Distances in the C°-topology are defined by
do(f,9) = sup |f(z) - g(z)|

z€|a,b)
and in the C*-topology by
dy(£,9) = sup, |f(z) — g(z)| + sup |f'(z) - g'(2)I.

€ a,, ze[a,b]
Show that given any map f € S and € > 0 it is possible to construct a
map g € S with dy(f,9) < € and g is chaotic by modifying f in a small
neighbourhood of a fixed point of f but that this construction is no longer
possible if d,(f,9) <e.

13. Use the methods of Section 11.8 to prove Lemma 11.4.
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Global bifurcation theory

The treatment of bifurcations in previous chapters has been based on
a local analysis of the flow near a stationary point or a periodic orbit.
There is another class of bifurcations which is just as fundamental as
these local bifurcations but which depends on global properties of the
flow. A simple example of such a bifurcation is shown in Figure 12.1. We
consider a planar flow depending upon a parameter y such that for 4 > 0
there is a stable periodic orbit enclosing an unstable focus and a saddle
outside the periodic orbit with stable and unstable manifolds as sketched
in Figure 12.1a. As u decreases to zero the periodic orbit approaches
the saddle and when u = 0 the periodic orbit collides with the saddle
to form an orbit called a homoclinic orbit. So at u = 0 one branch of
the stable manifold of the saddle coincides with a branch of the unstable
manifold of the saddle. By Peixoto’s Theorem (Theorem 4.13) this is
structurally unstable, and so typical small perturbations of the system
will not have a homoclinic orbit, and in 4 < 0 (Fig. 12.1c) this connection
has been broken and we see that the periodic orbit has disappeared.
Hence the homoclinic bifurcation at u = 0 has destroyed the periodic
orbit. We shall see that more complicated homoclinic bifurcations can
create chaotic behaviour, but to begin with we shall stick to the two-
dimensional situation, starting with an example. Note that homoclinic
bifurcations are considerably harder to detect than local bifurcations,
since we need to know global properties of the flow, but their effect is
just as important. Much of the work on global bifurcations was done by
a group in Nizhnii Novgorod, initially under Andronov and then under
Shil’nikov, who proved that it is possible to have chaotic behaviour in a
neighbourhood of a certain type of homoclinic orbit (Shil’nikov, 1970).



12.1 An example 339

(a) (b) (c)

© )@

Fig. 12.1 A homoclinic bifurcation: (a) u > 0; (b) u = 0; (c) u < 0.

(12.1) DEFINITION

A homoclinic orbit is an orbit p(z,t) such that (z,t) — x5 ast — oo
and t — —oo, where x is a stationary point of the flow (x # x,).

12.1 An example

As remarked above, it can be very difficult to determine the locus of
homoclinic bifurcations analytically. In the rest of this chapter the effect
of global bifurcations will be described. This analysis will give an idea of
the type of behaviour associated with the bifurcations that might enable
one to give strong evidence for the existence of a global bifurcation, in
terms of the behaviour of simple periodic orbits and so on. In this section
we will go through the analysis of a system for which it is possible to
show that there are global bifurcations. Even for this simple prototype,
the algebraic manipulations are messy. The theoretical analysis of the
~ later sections is considerably more tractable.

Consider the equation

t=y, §=—a+z°+eby+zy) (12.1)

where € > 0 is a fixed small parameter and a and b are real parameters.
This is a simplified version of a more general problem which can be found
in Guckenheimer and Holmes (1983). We begin, as ever, by determining
the stationary points of solutions and the local bifurcations. Stationary
points are solutions of y = 0, z2 = a and so there are two stationary
points, (£+/a,0) provided a > 0. Hence the b-axis, a = 0, is the locus of
a saddlenode bifurcation in parameter space, with a pair of stationary
points being created as a increases through zero. Note that if a < 0 there
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are no stationary points and hence (using the Poincaré index) there are
no periodic orbits, as any periodic orbit in the plane must enclose at least
one stationary point. So all the non-trivial behaviour of this example
occurs for a > 0. To study this region of parameter space it is convenient
to set a = c2, ¢ > 0, so the equations become

t=y, g=-c+z2+ e(by + zy) (12.2)

with stationary points at (—c, 0) and (¢,0). The Jacobian matrix of the

flow at (c,0) is
0 1
2¢c eb+c) )’

which has eigenvalues given by the roots of the equation
s2—e(b+c)s—2c=0. (12.3)

Hence the product of the eigenvalues is —2¢ < 0 and the stationary point
is a saddle for all ¢ > 0. The Jacobian matrix at (—c,0) is

(% who)

with eigenvalues given by the roots of s2 — (b —c)s +2c =0, i.e.
e(b—c) £ +/e2(b—c)? — 8¢
Sy = .
2
Hence (—c,0) is stable if ¢ > b and unstable if b < ¢. If b = ¢, the
eigenvalues are s, = +44/2c and so we expect to see a Hopf bifurcation

on the curve b = ¢. Note that ¢ > 0 so this corresponds to the curve
b= +/a, b > 0 in the original (a,b) parameter plane.

(12.4)

(12.2) EXERCISE
If b= ¢ > 0, the Jacobian matriz of the flow at (—c,0) is

0 1

2¢ 0/
Find a coordinate transformation which brings this matriz into the nor-
mal form

V2e 0

and hence use the standard theory of the Hopf bifurcation to show that
there is a subcritical Hopf bifurcation in the system if b = ¢ which creates
an unstable periodic orbit in the region ¢ > b (i.e. \/a >b).

(& 0)
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Putting these local results together we obtain the picture of the (a, b)
parameter plane shown in Figure 12.2. This may look perfectly reason-
able at first glance, but consider a path in parameter space from the
curve of the Hopf bifurcation into a < 0, b < 0 as shown on the dia-
gram. By the Hopf bifurcation we know that at point A there are two
stationary points and a periodic orbit for the system, and at point B,
having crossed the b-axis, the two stationary points have annihilated
one another, and (by the Poincaré index argument above) there are no
periodic orbits. But we did not notice any bifurcation on this curve
which could have destroyed the periodic orbit. To solve this dilemma
we claim that this curve in parameter space must cross a curve of ho-
moclinic bifurcations which removes the periodic orbit from the system
(this sort of accountancy argument is very useful in bifurcation theory).
This bifurcation would be the same as that sketched in Figure 12.1 but
with the direction of time reversed.

To support this claim we will use the techniques of perturbation theory
developed in Section 7.6. When € = 0 the defining differential equation
becomes

t=y, y=-c+z° (12.5)

where ¢ = a, ¢ > 0. This unperturbed system is in fact Hamiltonian
with

1 1
H(z,y) = §y2 +c*z - §m3. (12.6)
b
4 Hopf
? b=va

Fig. 12.2 Locus of local bifurcations in the (a,b) plane.



342 12 Global bifurcation theory

(12.3) EXERCISE

Verify that & = %—ff and § = f%'};!-

Trajectories of the unperturbed system therefore lie on curves
H(z,y) =F, (E constant)

as sketched in Figure 12.3. A little manipulation shows that different
* values of the constant define five possible classes of orbits.

i)If E< —%c"3 then there are no real solutions to H(z,y) = E.

if) If E = —2c® then the set H(z,y) = E has a single solution, the
stationary point (—c,0).

iii) If —2¢® < E < 2¢ then the set H(z,y) = E is a closed curve, T'g,
which is a periodic orbit of the system.

iv) If E = 2¢3 then the set H(x,y) = E is the union of four trajectories:
the stationary point (c,0), one branch of the unstable manifold of
this stationary point which extends to infinity, one branch of the
stable manifold of this stationary point which extends to infinity
and a homoclinic orbit, I';,, which is bi-asymptotic to (c,0).

v) If E > 2¢3 then the set H(z,y) = E is the union of two unbounded
trajectories. :

We now use the perturbation theory of Section 7.6 to determine at
which parameter values (if any) the homoclinic orbit is a solution to the

(v)

(v)

Fig. 12.3 Trajectories of the Hamiltonian system, H(z,y) = %yz +c2z— 31)::1:3.
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perturbed equation. Recall that if

&= fi(z,y) + €9, (2,9), ¥ = fo(x,y) + €gy(z,9) (12.7)

and the unperturbed equation (¢ = 0) is Hamiltonian, then the per-
turbed equations have a closed solution I'y; (near the closed solution
with H(z,y) = E of the unperturbed system) if

T
/0 (f192 — f291)dt =0 (12.8)

where the integral is evaluated over a period of the unperturbed periodic
solution (z(t),y(t)). For the homoclinic orbit I',, with E = §c3 and
infinite period this becomes

/ : (Fo(@n(6), Un ()92 (@ (0), n (8))
- f2(xh(t),yh(t))g2(xh(t), yh(t)))dt =0 (12-9)

where (z,(t),y),(t)) is the homoclinic orbit. For our example it is easy
to see that

fi(@,y) =y, g,(z,9) =0, fo(z,y) = - + 2%, gy(z,y) = (b+2z)y
and so the integral is simply
oo
/ y ()2(b + T, (£))dt = 0. (12.10)
—00

Usually the analysis would end here because of the difficulty of finding
the exact solution for the homoclinic orbit (z(t),y,(t)) even for the
unperturbed system. Fortunately, solutions are known for this particular
example.

(12.4) EXERCISE

Show that (x,(t),y,(t)) defined by

(c — 3¢ sech? (t\/—g—) ,3v/2¢3 sech? (t\/§> tanh (t\/g))

is a solution of the unperturbed equations & = y, § = —c? + 2% with
(,(0),y,(0)) = (—2¢,0) and

Jim (25(8),un(8)) = ,lim_(24(8), 94 (8)) = (c,0).
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Substituting this solution into the integral gives

°° 4 ¢ 2 ¢
/ 18bc®sech (t\/:) tanh (t\/j> dt
—o0 2 2
o4 2 ¢ 4 c 2 c
-+ / 18¢* (1 — 3sech” | t4/= ) | sech® [ t4/= ) tanh® { ¢4/ = | dt
—0 2 2 2

=0. (1211

Setting 7 = t\/g and dividing out by some miscellaneous constants we
obtain

o0
/ b sech*r tanh’rdr
—00

o0
+/ ¢(1 — 3sech®r)sech*r tanh®rdr = 0. (12.12)

—00

This may look a mess, but using sech?r = 1 — tanh?r and

o o]

00 k+1
2
/ sech®r tanh*rdr = tanh”” 7 =— (12.13)
—o0 k+1 | k+1
all the integrals can be evaluated to give
b=25c>0. ' (12.14)

Hence there is a homoclinic bifurcation if b ~ g\/c_z, b > 0, and assuming
that the bifurcation acts as described in the introduction to this chapter
this bifurcation destroys the unstable periodic orbit created in the Hopf
bifurcation at b = v/a, b > 0, leaving us with the parameter space shown
in Figure 12.4.

12.2 Homoclinic orbits and the saddle index

The behaviour of solutions near a homoclinic orbit is dominated by
the behaviour near the stationary point, since solutions slow down in
the neighbourhood of this point. Hence it is not surprising that the
different bifurcations involving homoclinic orbits depend on the type of
stationary point that the orbit tends to as ¢t — +00. Assume that the
stationary-point is at the origin and that the eigenvalues of the Jacobian
matrix evaluated at the origin are distinct and can be divided into two
sets, (A;) with 1 <4 < m,, and Re); > 0 and ('yj) with 1 < j < my,
and Rey; < 0. We can choose the labelling of these eigenvalues such
that 0 < Re); < Re);y,, (i <m, — 1), and 0 < —Rey; < —Rey;,,
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b
A Hopf
Homoclinic
» a
/GX

Fig. 12.4 Locus of bifurcations in the (a,b) plane.

(j < m, —1). Then typical trajectories approach the origin (as t — o)
tangential to the eigenspace associated with the eigenvalues with Revy; =
Re~,;, the eigenvalue whose real part takes the smallest absolute value,
and typical trajectories approach the origin as ¢ — —oo tangential to
the eigenspace associated with the eigenvalues with Re\; = Re)A;. By
assumption the eigenvalues are distinct, so these tangent eigenspaces
are either one-dimensional (if the eigenvalue is real) or two-dimensional
(if the eigenvalue is one of a pair of complex conjugate eigenvalues).
Thus if we assume that the homoclinic orbit approaches the stationary
point tangential to the eigenspace associated with the eigenvalues whose
real part has the smallest possible value we find that there are three
possibilities: either both of these eigenspaces are one-dimensional, in
which case the behaviour is typically two-dimensional (a saddle), or one
is one-dimensional and the other is two-dimensional (a saddle-focus) or
both are two-dimensional (a bi-focus). These are sketched in Figure 12.5.
As we shall see, the stability of solutions depends critically on a quantity
called the saddle index, which is defined for each of the three possibilities
in the following way.

(12.5) DEFINITION

i) If the stationary point is a saddle then the saddle indez, 8, is the
ratio of the leading eigenvalues, § = —vy,/A,.
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(@) (b) (c)

&

Fig. 12.5 Homoclinic orbits: (a) a two-dimensional saddle; (b) a saddle-focus;
(c) a bi-focus.

ii) If the stationary point is a saddle-focus then it is always possible
(after reversing the direction of time if necessary) to make A, real.
The saddle index is given by § = —Revy, /).

iii) If the stationary point is a bi-focus then 6 = —Revy, /Re;.

Note that in cases (i) and (4i¢) the direction of time can be chosen
such that 6 > 1 so the saddle index will not play an important role in
the qualitative picture of the bifurcations apart from stability properties,
but that in case (i¢) the two possibilities § > 1 and § < 1 are completely
different. These differences will reappear later in the chapter.

As well as the saddle index and the type of the stationary point there
is one further complication which may occur. If the system is symmet-
ric (so the differential equation is invariant under a transformation like
(z,y) — (—z,—y)) then the existence of one homoclinic orbit may im-
ply the existence of a second which is the image of the first under the
symmetry. More generally one can consider configurations of pairs of
homoclinic orbits as drawn in Figure 12.6. Note that Figure 12.6b,c can
only be realized for flows in three dimensions or higher. Such configu-
rations can lead to interesting (and chaotic) dynamics in cases such as
the saddle, where a single homoclinic orbit only creates a single periodic
orbit.

12.3 Planar homoclinic bifurcations

In this section we consider differential equations

&= fi(@,9,1), 9= fol@,y,p) (12.15)
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(a) (b) (c) @
Fig. 12.6 Symmetric pairs of homoclinic orbits: (a) the figure eight; (b) the
butterfly; (c) the symmetric saddle-focus.

(a) (b) (c)

Fig. 12.7 (a) p < 0; (b) p=0; (c) u > 0.

for which the origin is always a hyperbolic saddle if 4 is in some neigh-
bourhood of 4 = 0 and such that if u = 0 there is a homoclinic orbit
biasymptotic to the origin. We assume further that as y passes through
zero the behaviour of the branches of the stable and unstable manifolds
of the origin which form the homoclinic orbit is as shown in Figure 12.7.
Note that we know nothing about the other branches of the invariant
manifolds. If the eigenvalues of the Jacobian matrix of the flow at the
origin are A(u) and v(p), with y(u) < 0 < A(u) for p in some neigh-
bourhood of y = 0, then we can use Poincaré’s Linearization Theorem
to obtain a coordinate system in which the flow is

=Mz, 9=y (12.16)

in some neighbourhood U of the origin. This linear differential equation
is easy to solve and so the flow in U is given by

oy (T, y,t) = (X WP,y ), (12.17)

We now want to use this local flow and the geometric information of
Figure 12.7 to derive a return map on a suitably chosen local transversal
inU.
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Let & = {(z,y) € Uly=h} and &' = {(z,y) € U|lz = h}, where h
is some positive constant sufficiently small so that ¥ and X’ are non-
empty (Fig. 12.8). The local flow ¢;; induces a map Tj, : ¥ — ¥’ given
by Ty(z,h) = (h,y’). To find y’ we note that a trajectory starting at
(=, h) strikes ¥’ after a time T given by

h= a:e’\(“)T,

i.e.

T = N )log(h> (12.18)

and at this value of ¢, the y coordinate of a point which started at y = h
will have reached a value y’ where

h v/A
y=heT=h (E) . (12.19)
Hence
z\ %
Ty(z, h) = (h, h (E) ) . (12.20)

For sufficiently small |u| trajectories which leave ¥’/ with |y| small
return to ¥ and do not pass close to any other stationary point. Hence

Fig. 12.8 Geometry of the return map.
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we obtain a map T : ¥’ — X induced by the global flow outside U.
When p = 0 we know that T} (h,0) = (0, h), since this is the condition
that ensures that the trajectory which leaves ¥’ on the local unstable
manifold of the origin returns to ¥ on the local stable manifold of the
origin to form the homoclinic orbit. By the geometric assumptions of
the behaviour of the stable and unstable manifolds of the origin as u
passes through zero we see that the = coordinate of T (h,0) is greater
than zero if 4 > 0 and less than zero if 4 < 0. Now, since trajectories
are bounded away from any other stationary point as they move from ¥’
to ¥ the map T is as smooth as the original flow and so we can expand
it as a Taylor series in x and u,

Ty(h,y) = (a(w)p + b(u)y + O(y?), h). (12.21)

The assumption about the behaviour of the stable and unstable mani-
folds as p passes through zero implies that a(0) > 0, and the fact that
the flow is planar implies that 5(0) > 0 (otherwise trajectories must
cross). Hence, putting the two maps T; and T, together we find a map
T : ¥ — X where T'(z,h) = T; o Ty(z, h), valid for sufficiently small |u|
and z > 0. (Remember that if £ < 0 trajectories move off to the left,
close to the branch of the unstable manifold about which we have no
information and so are lost from the analysis.) Computing T" explicitly
by composing the maps Tj, and T} we find

T(z, h) = (a(ﬂ)u +b(u)h (%)’” g O(a:""’”"),h) . (12.22)

For sufficiently small z > 0 and |u/| this can be rewritten to leading order
as

T(z,h) = (a(0)u+ Bz’ +...,h), >0 (12.23)

where B > 0 and 6§ = —v(0)/A(0) is the saddle index.

This map can now be analysed like any other map (see Fig. 12.9).
First consider the case if 6 > 1. If u > 0 there is a fixed point in z > 0
with £ = ap + O(u®). As u tends to zero from above this fixed point
tends to z = 0 and if 4 < 0 there are no fixed points (at least for z > 0
sufficiently small). A fixed point of the return map corresponds to a
periodic orbit of the flow and so we deduce that there is a periodic orbit
in g > 0 which tends to the homoclinic orbit (i.e. z = 0) as u tends to
zero. The stability of the fixed point is obtained from the slope of the
map at T ~ ap, i.e. 6Bz, For sufficiently small y, § > 1 implies that
the slope of the map is less than one and so the fixed point is stable.
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(b)

Fig. 129 (a) p < 0; (b) > 0.

—> u

Fig. 12.10 Period against parameter for the periodic orbit.

We can also deduce information about the period of the orbit. The time
taken from (au,h) € T to its image in ¥’ is T' where, from the linear
analysis above,

T= —§ log (ﬁh‘-‘) (12.24)

and the time taken to return to ¥ from ¥’ is of order 1. Hence the total
period of the periodic orbit is, to leading order,
1
D)
This information is conveniently encoded in a graph of the period of the
orbit against the parameter value as shown in Figure 12.10. The period
increases exponentially with y and there is a sense in which we can view
the homoclinic orbit at u = 0 as a periodic orbit of infinite period. The
case § < 1 is similar except that the periodic orbit exists for 4 < 0 and
is unstable. We leave this analysis as an exercise.

log p. (12.25)
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12.4 Homoclinic bifurcations to a saddle-focus

In this section we shall consider the bifurcations associated with a ho-
moclinic orbit which is biasymptotic to a saddle-focus. Recall that the
leading eigenvalues for a saddle-focus are A > 0 and the complex conju-
gate pair v and v*, where Rey < 0. Hence we can take v = —p+iw with
p,w > 0 and, working with flows in three dimensions, choose coordinates
such that in a neighbourhood, U, of the origin the flow is given by

T=—pr—wy (12.26a)
Y =wz—py (12.26b)
2= Az (12.26¢),

which can be solved to give the local flow

‘pU(ma y7 Z, t) =
(e [z coswt + ysinwt],e”* [~z coswt + ysinwt], ze™) (12.27)

As in the previous section we shall derive a return map on a local
transversal in U by composing two maps, one induced by the local flow
and the second by the flow near the homoclinic orbit outside U. Note
that the local stable manifold in U is {(z,y, z) € U|z = 0} and the local
unstable manifold is {(z,y,2) € Ulr = y = 0}. We shall assume that if
p# = 0 the upper branch of the unstable manifold forms a homoclinic
orbit as shown in Figure 12.11b, and that for x4 < 0 the behaviour is as
in Figure 12.11a, and for p > 0 the behaviour is as in Figure 12.11c.
Let & = {(z,y,2) € Uly = 0,he"2"?/* < g < h} for some small posi-
tive constant h. Then trajectories strike ¥ once as they spiral in towards

(a) , (b) (c)

s
/ ' '

Fig. 12.11 (a) u<0; (b) u=0; (c) &> 0.
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the origin and ¥ is a local transversal. Now, if ¥’ = {(z,y, 2) € U|z = h}
the local flow induces a map Tj, : ¥ — ¥’ for sufficiently small z > 0
with Ty(z,0,2) = (X,Y,h). To find X and Y as a function of z and z
note that a trajectory which starts at (z,0, z) will strike z = h after a
time T where

h = ze™",
ie.
- _i log (+) (12.28)

h
and so, using the local flow ¢; again

X =ze T coswT, Y = —ze ?TsinwT. (12.29)

Thus, for sufficiently small z > 0, using (12.28) and (12.29), we find that
Ty(x,0,2) = (X,Y, h) where

X=z (%)pp‘ cos {—‘—;— log (%)} (12.30a)

A

Y=z (%),,/ sin {—§ log (%)} . (12.30b)
The flow near the unstable manifold of the origin now defines a second
map T; : £’ — X which takes points (X, Y, k) to (z',0, 2’) for sufficiently
small X2 4+ Y2. The existence of the homoclinic orbit if 4 = 0 implies
that T;(0,0,k) = (r,0,0) if u = 0 for some r € (he~?"/“ h) and since
the homoclinic orbit is bounded away from other stationary points of the
flow the map T is smooth, hence we can expand it as a Taylor series to

obtain
(2)=Cm") ea(3) e o

where b(0) > 0 so that the geometric conditions in Figure 12.9 are
satisfied and det A # 0. Composing the two maps T;, and T; we obtain
the return map T : ¥ — X with T'(z,0, z) = (/,0, 2’) where

z' = r+a(#)#+amz5 cos{-—%logz+<1>1} +... (12.32a)

2" = b(u)p + Bz2’ cos {—%\—J log z + <I>2} +... (12.32b)

where a, 8, ®, and ®, are constants. This map is only valid for suffi-
ciently small |u| and z > 0; if z < 0 then trajectories arrive below the
stable manifold of the origin and are lost from the analysis. We can now
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treat this map in the usual way, looking for fixed points and determining
their stability. Note that fixed points of T correspond to periodic orbits
of the flow which pass through U once each period, and that if T has a
periodic orbit of period k then this corresponds to a periodic orbit of the
flow which passes k time through U per period. As suggested in Section
12.2 the cases 6 > 1 and 6 < 1 are significantly different and so we will
treat them separately.

Case (i): 6 > 1.
The equation for a fixed point of the map, (12.32), is

T =r+0(u,x2° (12.33a)

z = bu+ O(u?,z2%) (12.33b)

and since § > 1 and z > 0 is small we find a fixed point at approximately
(z, z) = (r,bu) provided p > 0 and no fixed points if 1 < 0. Furthermore,
the period of the periodic orbit associated with the fixed point can be
obtained from the amount of time spent in U, i.e.

1
T~ —;\-‘logu (12.34)

and so the situation is almost precisely the same as in the previous sec-
tion. The stability of this fixed point (and hence the orbital stability of
the associated periodic orbit for the flow) is determined by the eigenval-
ues of the Jacobian matrix of the map: the fixed point is stable if both
eigenvalues lie inside the unit circle. The Jacobian matrix can be found
by differentiating the map to be

A B
C D
where

A= ozz‘scos{——logz-i~(1>1

}
- B=ozxz® [6cos{——xlogz+<1> } —-sm{—§ ogz+<I>1}],
J

C =p2° cos{———logz+<I>

D = Bzt [6cos{—-‘§logz + <I>2} + ; sin{—%logz + <I>2}] .

Since z is small at the fixed point, the trace of the Jacobian is O(2%~1),
which is small, and the determinant is O(2?°~1), which is also small.
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Hence the sum of the eigenvalues and the product of the eigenvalues is
small and so the eigenvalues are small. This implies that the fixed point
is stable. Hence, in the case § > 1 the bifurcation is almost exactly the
same as in the planar case: a single stable periodic orbit is destroyed as
u decreases through zero (see Fig. 12.12).

Case (ii) 6 < 1.
The case § < 1 is more subtle as might be guessed from the fact that
8 —1 < 0 and so we cannot ignore terms of order z® compared to terms
of order z because z°/z tends to infinity as z tends to zero. Going back
to the equation of the return map for (z/,2’) (equation (12.32)) we see
that the leading order terms of the equation for a fixed point when § < 1
are

z =1+0(u, 2% (12.35a)

= by + Brz° cos {—;— log z + <I>2} + 0(z, 2%). (12.35Db)

As the sketch in Figure 12.13 shows, there is a finite number of fixed
points of this map if u # 0 and if g = O there is an infinite set of
stationary points at (approximately) (r, z,,) where 2,, > 0 and

cos {—% log z,, + @2} ~ 0. (12.36)
Hence
_2 log z,, + @, ~ Znr ' (12.37)
A 2
T

—> 1

Fig. 12.12 Period against parameter for the simple periodic orbit if § > 1.
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Z-bu bu<0
z-bu bu=0

Z-bu bu>0
/

Fig. 12.13 Fixed points of equation (12.35b).

or ,
Aym

log 2, ~ - (5 +nm — <I>2) . (12.38)
Now, estimating the period of the associated periodic orbit of the flow
by the amount of time spent in U we find that

1
T, ~ Y log 2, (12.39)
and so
1
T, —T, ~ Y log (ﬁ‘;—l) = g— (12.40)
n

This shows that if 4 = 0 there is an infinite number of periodic orbits
close to the homoclinic orbit, and that the periods of these orbits satisfy
a simple scaling law. Each of these periodic orbits is a saddle, since the
Jacobian matrix evaluated at (r, 2,) is approximately

A B
(¢ 3)
with A, B,C and D as defined earlier. But for n large enough C ~ 0 (as
cos(—% log z,, + ®,) ~ 0) and so the eigenvalues of the Jacobian matrix
are A and B which are (respectively) of order z% and 2{~!. Since z,, is
small and § < 1 one of these eigenvalues lies inside the unit circle and
the other outside.

Putting this information together we find that if 4 = 0 and § < 1 there
is an infinite set of periodic orbits which accumulate on the homoclinic
orbit and whose periods (T;,) satisfy T,,,, — T,, = Z. None of these
orbits is stable (in either positive or negative time). With a little more
mathematical machinery it is possible to prove that the flow is chaotic
if p = 0, but we will be satisfied with the existence of infinitely many
periodic orbits here.
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To describe the fixed points of the map if u # 0 it is more convenient
to work with the period of the orbit given by T' ~ —% log z. The equation
for a fixed point of the return map is

0 ~ by + Brz° cos {—;logz+<1>2} o (12.41)
and so substituting for 2 using T' ~ —% log z we obtain
0 ~ bu + Bre=*T cos(wT + ®,). (12.42)

This curve (see Fig. 12.14) gives the locus of the fixed points of the
return map in the (u, T') plane. The wiggles of the curve are clearly sad-
dlenode bifurcations which create a pair of fixed points at parameter val-
ues (p,,) and (p;,) with p,,, —p! > 0 and lim,,_,  p, =lim__,  ul =0.
By inspection of the mathematical expression of this wiggly curve,
(12.42), it is obvious that the parameter values u,, occur when the peri-
odic orbit has period T, with

sin(wT,, + ®,) ~ 0, and cos(wT,, + ®,) ~ —1
if 8 > 0. Hence
wT, + &~ (2n+ )7

—

~
PD,) SN
PD
SN
P[))/
4’ #

Fig. 12.14 Bifurcations on the simple periodic orbit as its period approaches
infinity (after Glendinning and Sparrow, 1984).
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or
1
T, ~ =[(2n+ )7 — &, (12.43)

Substituting this value of T, into the equation defining the wiggly curve,
(12.42), gives

bu,, ~ Bre=PTr ﬁre—ﬁ((2n+1)7r—<l>z)

and hence
Hny ~ e—21rp/w
Ky,
or
lim Zotl—Fn _ o~2mp/w (12.44)

n—00 lJ,n bd lj,n_l

It only remains now to determine the stability of these periodic orbits.
A saddlenode bifurcation creates either a stable fixed point and a saddle
or an unstable fixed point and a saddle (where we take unstable here
to mean stable in negative time). Looking at the Jacobian matrix at
the fixed point we see that the determinant (and hence the product
of the eigenvalues) is O(z?°~!) as z — 0 and so the product of the
eigenvalues is small if § > £ and large if § < 1. Thus the only possible
products of a saddlenode bifurcation are a stable (respectively unstable)
fixed point and a saddle if § > % (respectively § < %). However, if
¢ = 0 we know that all the fixed points are saddles, so there must
be a further bifurcation in which the stable (or unstable) fixed point
becomes a saddle before p = 0. A careful examination of the Jacobian
matrix (which we leave as an exercise) shows that this happens via a
period-doubling bifurcation as shown in Figure 12.14. A similar analysis
in u < 0 near the bifurcation points y, completes the picture.

Figure 12.14 is already complicated enough, but it is only the tip of
the iceberg so far as the complete description of the orbit structure near
the homoclinic orbit is concerned. There is one further feature that
we can study without serious mathematical problems: the existence of
further homoclinic bifurcations in g > 0. If 4 > 0 the unstable manifold
of the stationary point at the origin leaves ¥’ at (0,0, h) and so, using
the formula for T} derived above, strikes ¥ for the first time at the point
(r+0O(u),0,bu). Now, since bu > 0 the trajectory moves through U and
around the homoclinic loop to return to ¥ with a z-coordinate given by

z ~ by + Br(bu)’ cos(—% log(bu) + @,). (12.45)
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N
O)

Fig. 12.15 A double-pulse homoclinic orbit.

If this z-coordinate is zero, then the trajectory strikes ¥ on the local
stable manifold of the origin and spirals into the stationary point, so if
z = 0 we have another homoclinic orbit which passes through U twice
(see Fig. 12.15). These homoclinic orbits are called double-pulse homo-
clinic orbits, and they exist for values of & such that

—by ~ Br(bu)° cos (—% log(bp) + <I>2) . (12.46)

Hence there is an infinite sequence of such p values, u = v,,, withv,, — 0
as n — 00, V,, > 0 which are given asymptotically by solutions of

cos (——%) log(bv,,) + <I>2) =0. (12.47)

Hence

an ~ e—%((n+%)ﬂ_q>2)

and so

lim 2l n _ g=n/w, C (1248)

nmoV, —Vp_g
Each of these homoclinic orbits undergoes a homoclinic bifurcation as
p passes through v,, and so can be treated in the same way as the
homoclinic bifurcation we are discussing (after reducing the size of U
appropriately). There is a sequence of saddlenode bifurcations accumu-
lating on v,, for each n large enough, and so on! We could continue this
discussion for some time, looking for more and more complicated homo-
clinic bifurcations and periodic orbits, but life is short and the analysis
has to stop somewhere; here will do nicely.
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12.5 Lorenz-like equations

We have already mentioned the Lorenz equations as an example of a
differential equation with complicated asymptotic behaviour, or at least
behaviour which appears complicated when simulated on a computer,
but we have not given any indication of how this complexity might arise.
Recall that the Lorenz equations are

t=o0(y—2x) (12.49a)
y=rz—y—2zz (12.49b)
z=-bz+zy (12.49c¢)

where the parameters o, b and r are real and positive. The values chosen
by Lorenz are 0 = 10, b = % and r = 28, but in the context of bifurcation
theory it is usual to treat o and b as fixed and allow r to vary.

The Lorenz equations are symmetric under the operation (z,y, z) —
(—z, -y, 2), a fact that will be useful later and has stationary points at
the origin (0,0,0) and at solutions of z = y (from & = 0) and bz = z2
(from z = 0) and so

br—1z—22=0
(from y = 0). Hence there are two other stationary points,
| C, = (£/b(r — 1), £/b(r — 1),r — 1) (12.50)

provided r > 1. A little linear analysis shows that the origin is stable if
0 < r < 1 and loses stability in a pitchfork bifurcation at » = 1, creating
the two non-trivial stationary points which are (initially) stable. To
determine the stability of these stationary points we look at the Jacobian
matrix

-0 o O
r—z -1 -z
Y z -b

which has eigenvalues given by the roots of
2+ (0+b+1)s?+b(oc+71)s+20b(r—1) =0 (12.51)

when evaluated at either C, or C_. Note that since C_ is the image
of C, under the symmetry the stability properties of the two stationary
points must be the same. Now we look for bifurcations of the stationary
points, i.e. values of the parameters for which either s = 0 or s = iw are
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solutions of the eigenvalue equation. Setting s = 0 we find that r = 1,
giving the pitchfork bifurcation which we already know about. Setting
s = 1w and equating real and imaginary parts of the equation we find

—(+b+ 1w +20b(r—1)=0, —wd+br+o)w=0

i.e.

20b(r — 1)
2 = — =
] b(r + o). (12.52)

Rearranging terms a little, this implies that there is a Hopf bifurcation
at

_o(oc+b+3)
g = T (12.53)
provided w? > 0 at this value of r, i.e. provided
pro oot (12.54)

c—-b-1
which will always be satisfied provided ¢ > b+ 1. For the standard
choice of parameter values, ¢ = 10 and b = % this is clearly satisfied
and evaluating r; on a pocket calculator gives ry ~ 22.74. With a
little more work, similar to the manipulations of the three-dimensional
Lotka-Volterra model in Section 9.4, it is possible to show that the Hopf
bifurcation is subcritical, creating an unstable periodic orbit in 7 < ;.
For r > 7y both C, and C_ are saddles and so there are no stable
periodic orbits that we know about and no stable stationary points.
This presents us with two problems: it is easy to show that for » < 1 the
origin is globally asymptotically stable (Exercise 12.5) and so there are
no periodic orbits if 7 < 1. But the Hopf bifurcation implies that a pair
of periodic orbits which are images of each other under the symmetry
(z,y,2) — (—z, -y, 2) bifurcate into r < ry, so they must be destroyed
in some bifurcation before r = 1. Also, a bounding function can be
constructed for all 7 > 0 (Exercise 12.6) and so for r > rg we know that
solutions remain bounded and yet we know of no stable or attracting
objects. These two observations will be resolved by looking at the effect
of a homoclinic bifurcation at the origin for some value r}, in (1,7g).

Numerical evidence for the existence of a homoclinic bifurcation is
obtained by computing the unstable manifold of the origin. Figure 12.16
shows the positive branch of the unstable manifold at two parameter
values, r = 13.8 and » = 14. At r = 13.8 the manifold spirals into
the stationary point C, (which is stable) without crossing into z < 0
whilst at 7 = 14 the unstable manifold spirals into C_ after crossing
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into the region with z < 0. We deduce (by continuity of solutions with
parameters) that for some r-value between 13.8 and 14, r = r;, there is
a homoclinic orbit biasymptotic to the origin and further that due to the
symmetry of the equations there is a second homoclinic orbit involving
the negative branch of the unstable manifold of the origin at the same
parameter value, giving the configuration shown in Figure 12.16c¢.

The Jacobian matrix at the origin is

- o 0
r -1 0
0 0 -b

and so there is one eigenvalue of —b with the z-axis as its associated
eigenvector and the other eigenvalues s, are the solutions of s + (o +
1)s—o(r—1)=0,ie.

—(c+1)x /(o0 +1)2 +4o(r — 1)
sS4 = 2 y
which gives s_ < 0 and s, > 0. Indeed, for the parameter values
considered here

- (12.55)

s_<-b<0<s, (12.56)

and so the dominant eigenvalues are —b and s, so the homoclinic orbit
approaches the origin tangential to the z-axis as t — oo. In this case
numerical experiments suggest that both homoclinic orbits approach
the origin tangential to the z-axis from above. Finally we note that the
saddle index, 6§ = b/s_, is less than 1. This information is enough for us
to start investigating the effect of a homoclinic bifurcation to the origin
involving two homoclinic orbits.

(@ (b) ©

Fig. 12.16 One branch of the unstable manifold for (a) r < r; (b) r > 7p;
and (c) both branches of the unstable manifold for r = ry,.
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We shall now step back from the Lorenz equations to consider general
systems in R3 which have a pair of homoclinic orbits biasymptotic to
the origin if 4 = 0 (for some real parameter x) and such that

i) there is a neighbourhood U of the origin such that for 4 in a neigh-
bourhood of 0 coordinates can be found such that in U the differ-
ential equation is

:i:=/\1$
¥=Ay

with Ay < A3 <0< A;.
ii) The system is invariant under the symmetry (z,y, 2) — (-z, —y, 2).
iii) If 4 = O there is a pair of homoclinic orbits biasymptotic to the
origin which are the images of each other under the symmetry (ii).
Both orbits tend to the origin as ¢t — oo tangential to the positive
z-axis.

With these three assumptions we can proceed to obtain a return map
defined on a suitably chosen transversal, ¥, in U by following the same
steps as in the two previous sections. The linear flow in U is easy to
write down:

oy (T, v, 2,t) = (ze 't yer?t, ze?st). (12.57)

Now let £ = {(z,y,2) € Uz = h} for some small A > 0 and =% =
{(z,y,2) € Ulx = £h} (see Fig. 12.17). The linear flow ¢; induces maps
RE : ¥ — T* in the usual way.

Let (z,y, h) € £ with > 0, then the trajectory through (z,y, h) will
strike =t at (h,y’,2’) after a time T where

1 T
= MT i = —— _
h=gze", ie. T x log (h) . (12.58)
Using this value of T we find that
- E =A2/M\ , E =3/ M
Y =y (h) , and 2/ = (h) (12.59)

and so we have R{ (z,y, h) = (h,y’,2') for £ > 0. Similarly, if z < 0 we
obtain a map Ry : ¥ — ¥~ with Ry (z,y,h) = (—h,y”,2"”) where

=Az/M —As/A1
y/l =y (I—":I;‘I') , and Z'=h (%) . (12.60)
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Fig. 12.17 Geometry of the return map.

Note that the map is undefined if z = 0 since £ = 0 is the local stable
manifold of the origin in U and hence points on ¥ with z = 0 will tend
to the origin and will not reappear on ©*. We now define two maps
R:f : ¥* — ¥ by following the two branches of the unstable manifold
of the origin back to £. The condition for a homoclinic orbit to exist
must be that R} (h,0,0) = (0,7, h) for some small constant r # 0, in
which case (using the symmetry) Ry (—h,0,0) = (0, —r, h) and so the
existence of one homoclinic orbit implies the existence of the second
(note that (+h,0,0) = £* N W (0)). Hence, expanding the flow as a

Taylor series about this point in both the parameter and phase space
gives R} (h,Y,Z) = (z,y, h) where

(;) - (ri(g();l;)p) +4 (g) +0(Y? + 2% (12.61)

where we choose a(0) < 0 so that the positive branch of the unstable
manifold strikes ¥ with z > 0 if 4 < 0 and z < 0 if u > 0 as suggested
by the numerical experiment on the Lorenz equations (Fig. 12.16). The
matrix A is invertible, so detA # 0. The map Ry : £~ — X is defined by
symmetry, so Ry (—-h,Y,Z) = (—z,—y, h) where £ and y are as above.
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Putting these results together we obtain a map R : ¥ — ¥ where
R} oR{(z,y,h) ifz>0
R(z,y, h) = ¢ undefined ifz=0. (12.62)
R oRy(z,y,h) ifz<0
More explicitly, R(z,y,h) = (z',y’, h) where

2\ —X2/M z\ 6 .
o = a(p)p+ A,y (E) + A,h (E) +... ifz>0
-7, R(|z|,y,h) ifz<0
and '
T\ —r2/M z\9 .
p_ ) THb(wp+ Ayy (71—) + Ayh (-};) +... ifz>0
-, R(|z|,y, h) ifz<0
where 6 = —A3/), is the saddle index and m;, is the usual projection

operator onto the k-axis, k = z,y, so m,R(z,y, h) = =’ and so on. Since
8 < —Ay/A; the 2’ equation is decoupled from y to lowest order and we
find the one-dimensional map

(12.63)

, ap + cz® ifr>0
—ap—clz]® ifz<0

as an approximate model of the flow near the homoclinic orbits (i.e.
with |z| and |u| sufficiently small). It is this map that we will con-
centrate upon, but note that it is only an approximation of the full
two-dimensional map. The evolution of this map as u passes through
zero is sketched in Figure 12. 18 for the two cases ¢ > 0 and ¢ < 0
(recall that a < 0). Since the derivative of the map is éc|z|°~! and |z|
is small the derivative is large and tends to infinity as = tends to zero.
This implies immediately that there are no stable periodic orbits for the
map with |z| small. Note that the map has a horseshoe (and is therefore
chaotic) if p > 0 and ¢ > 0 or 4 < 0 and ¢ < 0 but that most orbits
eventually leave the neighbourhood of £ = 0 in which the map is a valid
approximation to the flow for all 4 near zero.

To apply this map to the Lorenz equations we need to determine
whether we are in the case ¢ < 0 or ¢ > 0. To do this note that
we know from Figure 12.16 that for » < r, the positive branch of the
unstable manifold spirals into C, without passing into z < 0 and for
r > r}, it spirals into C_ after crossing into £ < 0 on the first circuit
through a neighbourhood of the origin. In the map, the behaviour of
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Fig. 12.18 The one-dimensional return map: (a,b) ¢ > 0; (c,d) ¢ < 0.

the positive branch of the unstable manifold of the origin is modelled
by the behaviour of z = 0%, i.e. the limit of  as = tends to 0 from
above. We can describe this symbolically by labelling motion through
a neighbourhood of the homoclinic orbit in z > 0 by the symbol R and
motion through a neighbourhood of the homoclinic orbit in z < 0 by
L (for ‘right’ and ‘left’), so the change just described for the Lorenz
equations as r passes through r, is from RRRRR... to RLLLLL... .
Now, from the form of the maps in Figure 12.18 we see that if ¢ < 0 the
.change as u passes through zero of the orbit of 0% is from

RRLLLLL... in p <0to RLRLRLRL... in >0
and the map is chaotic if y < 0 whilst if ¢ > 0 the change is from
RRRRRRR... in p<0to RLLLLLLL... in u >0

and the map is chaotic if 4 > 0. Hence the homoclinic bifurcation for
the Lorenz equations at » = r, has ¢ > 0 and the direction of r is the
same as the direction of u. In particular, two fixed points of the map,
one in £ < 0 and one in x > 0, bifurcate into u > 0. These correspond
to a pair of periodic orbits for the flow and hence account for the two
unstable periodic orbits created into r < ry in the Hopf bifurcation
described earlier.

The chaotic set which is created into > 0 (i.e. r > r,, for the Lorenz
equations) is unstable; almost all trajectories near the set eventually
leave the small neighbourhood of x = 0 where the return map has been
derived. However, if we assume that the one-dimensional return map
remains a reasonable approximation to the dynamics of the differential
equations at parameter values outside a neighbourhood of u = 0 we can
ask whether this set can become attracting. For this to happen we need
to find a trapping region for the map, i.e. an interval which is mapped
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into itself. This can only happen (assuming the form of the map remains
unchanged) if there is a parameter value u, at which the map takes the
form shown in Figure 12. 19a, and so for u > pu, it evolves as shown
in Figure 12.19b. Thus the chaotic set can become attracting if the
positive branch of the unstable manifold of the origin tends directly to
the simple periodic orbit in £ < 0 (which is represented by the fixed
point in z < 0 in the map) and the negative branch of the unstable
manifold tends to the simple periodic orbit in £ > 0. For the Lorenz
equations numerical simulations suggest that this happens if r ~ 22.06
and so for r a little greater than this critical value there is a stable
chaotic set (a strange attractor) and a pair of stable stationary points,
C,. Note that the stability of the strange attractor is not related to
the occurrence of the Hopf bifurcation at r = ry. For » > ry we are
left only with the strange attractor, which appears (again on the basis
of numerical experiments) to persist up to r ~ 31 where some stable
periodic motion starts to be observable at some parameter values. It is
worth emphasising that these remarks are not theorems — there is still
no proof that the Lorenz equations have stable chaotic motion — but
the combination of numerical simulations and the theoretical arguments
described here strongly suggest that some such object exists.

Finally, note that as p increases from p, there must be many more
homoclinic bifurcations of more complicated geometric forms, since if
W = p, there are periodic orbits with arbitrarily many successive turns
in z <0 or z > 0, whilst if u > p, (Fig. 12.19b) the maximum number
of successive turns on one side or the other is limited by the behaviour
of the left and right end points of the invariant box. For more details
of the Lorenz equations (and there are a great many more details!) the

(a) (b)

Fig. 12.19 (a) The map at p = pc; (b) g > pe, the number of successive
iterates on either side of the discontinuity is bounded. :



12.6 Cascades of homoclinic bifurcations 367

book by Sparrow (1981) is worth looking at, being both readable and
informative.

12.6 Cascades of homoclinic bifurcations

The derivation of the return map in the previous section is valid for
both 6§ < 1 and § > 1, but because we have been interested in the
Lorenz equations we have focused on the case § < 1. The other case,
6 > 1, is just as fascinating, although one has to assume again that the
map remains a good model of the flow for parameter values outside a
small neighbourhood of i = 0 in order to find interesting behaviour.
This case was first analysed by Arnéodo, Coullet and Tresser (1981),
and we follow their treatment below. Rescaling y we can fix a = —1 so
the map can be written as

—p+cx® ifzx>0

12.64
p—cz|® ifzxr<0 ( )

g’ = f(z,p) = {
where we assume now that § > 1. As in the previous section the two
cases ¢ > 0 and ¢ < 0 give different results and we shall concentrate on
the case ¢ > 0 (see Exercise 12.10 for the case ¢ < 0). We shall begin
by analysing the map for small |u| and |z|, which is the region where
the map is strictly valid, and then extend the analysis to investigate
the behaviour for larger || and |z|, where the description of unimodal
maps in the previous chapter will enable us to deduce the existence of
complicated sequences of homoclinic bifurcations. Throughout the rest
of this section we assume that ¢ > 0.

If u < 0 and |g| is small then f(z,u) > 0 for all x > 0 and the slope
of f(z,u) is c62°~!, which is small and positive for all sufficiently small
z. Hence there is a stable fixed point in z > 0 at = —u + O(u®) which
attracts all orbits with sufficiently small £ > 0. By the symmetry of the
equations z — —z a similar fixed point exists in z < 0.

If 4 > 0 and |y is small then f(z,u) maps the interval [—pu, u] into
itself since f(0%,u) = —pu, f(u,p) = —pu + cu® < 0 for u sufficiently
small and similar results hold in z < 0 (see Fig. 12.20). This implies that
f((0%, ), 1) € (—4,0) and f((~p,07), ) C (0, ). Hence all points are
attracted to orbits of period two.

The previous two paragraphs show that as u passes through zero two
fixed points come together at the origin and for x4 > 0 there is a stable
orbit of period two. This is sometimes called a gluing bifurcation: in
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Fig. 12.20

terms of the flow two periodic orbits become homoclinic to the origin
and form a single periodic orbit which can be thought of as an orbit
obtained by gluing the original two orbits together.

None of this is very exciting, but if we assume that this map is a
valid approximation of the corresponding flow outside a neighbourhood
of 4 = 0 and z = 0 we start to see much more interesting phenomena.
To understand the complications that arise we want to relate the map
under consideration to a standard family of unimodal maps (Fig. 12.21).
Let

~f(z,u) ifz>0,

gla ) = {f(x,u) if 2 <0 (12.65)

then, apart from the ambiguity about what happens at z = 0, g(z, u) is
the standard unimodal family

9(z,p) = p—clz/° (12.66)

with § > 1. Hence (cf. Section 11.5) as p increases there is a sequence of
period-doubling bifurcations and all the complicated bifurcation struc-
ture associated with families of unimodal maps. Note that both maps
have a simple symmetry property:

 f(z,p) = —f(~=, p) and g(z, p) = g(~z, p). (12.67)

(12.6) EXERCISE
An important consequence of these symmetry properties is that
(@, p) = —f*(—x,p) and g"(z, p) = g"(—=z, p)

for all n > 1. These relations will be used in the proofs of the results
below. Using induction, or otherwise, prove these two identities.
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(a) _ (b)

Fig. 12.21 (a) f; (b) g.

Our aim is to reinterpret results for the unimodal family g(z, u) to
obtain information about the behaviour of f(z,u) via the following re-
sult.

(12.7) LEMMA
Let f(z,u) and g(z,un) be as defined above. Then

n

(o) = sion (@) 9"@0)

(o) | (o)

Proof: The proof of the first statement follows by induction. Taken =1,
then

and

—g(z,u) ifz>0
f(z,p) = .
g(z, 1) ifz<0
and _
, dg" ) { -1 ifz>0
sign | —(z, = 12.68
I (337( g 1 ifz<0 (12.68)

and so the result is clearly true for n = 1. Suppose the result is true for
n=N,ie.

, N
Mo =sion (L@ m) (e (1269

Suppose gV (z, 1) < 0. Then
gV (z,n) = g(g" (, 1), ) = F(g" (=, 1), p)- (12.70)
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There are two cases.

i) If sign (Qg;:i(x,u)) = 1 then gN(z,u) = fN(z,n) and so
gN*t(z, u) = fN*1(z, ). But by the chain rule
agN+1

—5 (@ H) = (g—f;(gN(x,u),u)> : (égg(x,u)) (12.71)

and since both terms on the right-hand side of this expression are positive
(the first since gV (z, u) < 0 and the second by assumption) we have that

: N+1
sign (_a_%T(x, u)) =1 (12.72)
and the result is true.
ii) If sign (Qg-g-(x, ,u)) = —1 then gV (z,u) = —fN(z, n) and so

gN+1(z’p') = f(—fn(.'E, I‘l‘)’)u’) = _fN+l(m1 /l‘) (1273)

using the symmetry of the equation f. But, using the chain rule as in
case (i),

) gN+1
szgn( p (x,u)) =-1 (12.74)

and so, once again, the result is true.

It now remains to check that the same argument works if g™ (z, u) > 0.
It does, although we leave the full proof as an exercise. The second part
of the lemma is easy and is left as an exercise as well.

Lemma 12.7 allows us to reinterpret the behaviour of g, which we
know about, in terms of f, which we would like to know about.

(12.8) LEMMA
Suppose that g has an orbit of least period p, then
i) f has a symmetric pair of periodic orbits of period p if
ogP
. (<8 0:
oo (Le) =0
if) f has a symmetric periodic orbit of period 2p if

. (0g* .
sign ('5;(-’5,#)) <0
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iii) f has a symmetric pair of orbits which pass through the point x = 0

if

. og? _
sign (%(x,u)) =0.

Proof: Suppose gP(z) = z and %9;?(3:) > 0. Then by Lemma 12.7
fP(z) = z and fP(—z) = — fP(z) = —z so the points z and —z are both
periodic of period p. We want to show that these orbits are distinct.
Suppose that f9(z) = —z for some ¢ < p. By Lemma 12.7

fi(z) = £¢%(x) (12.75)

and if we take the — sign we find g%(z) = z, contradicting the minimality
of p, whilst if we take the + sign, g9(z) = —z. In this case, since
g(z) = g(—x), g7} (z) = g(z) and so g(z) is periodic of period q. But x
and g(z) are, by assumption, on the same periodic orbit with minimal
period p, so g(z) cannot be periodic with period ¢ < p. Hence the orbits
of  and —z are distinct under f. These two orbits are symmetric in the
sense that f¥(z) = —f*(—xz), so the orbits map to each other under the
transformation x — —zx.

Now suppose that gP(z) = z and %%(x) < 0. Then fP(z) = —z and
so (by the symmetry) fP(—z) = . Hence there is a symmetric periodic
orbit of period 2p for f.

Finally, suppose that g?(z) = z and %95(:1:) = 0. Then z = 0 must
be on the periodic orbit through z, i.e. gP(0) = 0. This is a slight
problem, since we have not really defined the map f at x = 0 (for the
flow, trajectories which strike the return plane at z = 0 lie on the stable
manifold of the origin and so they tend to the origin without leaving the
neighbourhood U of the origin). However, it is not hard to see, using
techniques similar to those already described above, that

) = PN (=) = 0. (12.76)
This implies that fP(0%) = fP(0~) = 0, giving the required result.

We now need to do two things: first use Lemma 12.8 to reinterpret the
standard period-doubling bifurcation sequences of g(z, ) for the maps
f(z, 1), and second, translate the bifurcations of f(z, u) into a coherent
description of the bifurcations in the associated differential equations.

Recall that for the unimodal maps g there is a sequence (u,,) of pa-
rameter values as u increases at which a periodic orbit of period 271
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loses stability, creating a stable periodic orbit of period 2™. This se-
quence accumulates at some parameter p, at a rate which depends on
the order of the critical point (6) and for p > p, the map has positive
topological entropy. Let z(u) denote a point on the stable periodic orbit
of period 2" for p, < pu < p,,;- When u = p,, the point z(u,) lies
on the non-hyperbolic periodic orbit of period 2"~1, which is about to
undergo a period-doubling bifurcation, so

agzﬂ—l
and hence
ag*"
5 (T(Hn), pn) = 1. (12.78)
Furthermore, if u = p,,,; the point is about to period-double with
dg?" ,
W(z(/‘l’n+l)aun+1) =-1 (1279)
Thus there exists a parameter value p = v,, € (i, 1) Such that
0g*"
2 (@(vp),v) = 0 (12.80)

and the parameter values v,, accumulate on u, at the same rate as the
sequence f,,. Assuming that v, is defined uniquely let us consider the
implications of these results for f(z, u).
When pu,, < p < v, z(u) is a point of least period 2™ for g and so
2" . 392"
g° (z(n), ) = z(p) with ——(z(u), ) > 0. (12.81)
Hence f has a symmetric pair of periodic orbits of period 2" (both of
which are stable). As p tends to v,, from below a point on each of these
orbits tends to z = 0. For v,, < o < i, , 1, (1) is a point of least period
2" for g with

ag%"
55 (Z(K), 1) <O (12.82)
and so f has a single symmetric periodic orbit of period 2"*! which
is stable. As p increases further this sequence is repeated with higher
powers of 2, so for u, ., < p <, there is a symmetric pair of orbits
with period 2"+! which are formed from the symmetric orbit of period
27+l by a symmetry-breaking bifurcation (see Exercise 12.9).

To describe the bifurcations of the flows which these maps are sup-
posed to model first note that the symmetry properties of the map are a
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reflection of the symmetry of the differential equation under the trans-
formation S : (z,y, 2z) — (—z, -y, 2). Hence if the map has a symmetric
pair of periodic orbits of period p the flow has a pair of periodic or-
bits, I'y and I';, which pass through a neighbourhood U of the origin
p times per period, and such that I'; = ST',_;, ¢ = 0,1. If the map
has a symmetric periodic orbit of period p then the map has a periodic
orbit I' which passes through U p times per period and I' = ST'. Finally
the orbits which pass through the origin z = 0 for the map correspond
to homoclinic orbits of the flow. Hence if p € (u,,v,) we expect to
see a symmetric pair of periodic orbits which become homoclinic or-
bits if 4 = v, creating a symmetric orbit by ‘gluing’ the symmetric
pair together. This symmetric orbit is stable for u € (v,,,p,,) and if
K = [y, it loses stability in a symmetry-breaking bifurcation creating
a stable symmetric pair of periodic orbits. This sequence of bifurcations
is repeated, accumulating at y., at a rate which depends only on the
saddleindex, and for u > p, there is the possibility of chaotic behaviour
and further (more complicated) sequences of homoclinic cascades. This
sequence was first explained by Arnéodo, Coullet and Tresser in 1981.
Their example, which seems to behave in this way, is

z=oa(x—y) (12.83a)
Y = —doy + zz + px® (12.83b)
%= —baz + zy + B2° (12.83c)

with o = 1.8, 8 = —0.07 and § = 1.5. The simple pair of homoclinic
orbits exists if u ~ 0.076071, and the homoclinic cascade occurs as u
decreases (at u = 0.02 the system appears chaotic). Readers with access
to a computer might like to investigate the bifurcations in this system
numerically. The first few bifurcations are sketched in Figure 12.22.

Exercises 12

1. Describe the bifurcations and stability associated with a homoclinic
orbit in a planar flow in the cases § < 1 and § > 1, where § is the saddle
index. If 6§ = 1+ ¢, (¢ < 1), describe the bifurcations in the (u,€)
parameter plane in the map

Tpy1 = p+azyts, z,>0

inthecases0<a<1anda>1.
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Fig. 12.22 Cascades of homoclinic orbits (after Arnéodo et al., 1981).

2. A family of differential equations in R? depends upon two param-
eters. If both are zero the system has two homoclinic orbits, I'y and T';,
biasymptotic to the same stationary point. Choosing parameters 1 and
v so that a homoclinic orbit close to I'; exists if 4 = 0 and a homoclinic
orbit close to I, exists if v = 0, describe the bifurcations and periodic
orbits in the (u,v) plane near (0,0).

3. Consider the equations

T =Mz + P(z,y,2, 1)

g = '—’\Zy + P2(m)ya 2, p’)

z= _)‘32 + P3($, Y, 2, M)
where R(O, 0,0,u) = 0 for all u, and the first derivatives of P; vanish
at (z,y,z,u) = (0,0,0,0). Suppose that if x = 0 there is a homoclinic

orbit, I', biasymptotic to the origin. If A, > A;, A3 > 0, derive a return
map on a piece of the plane z = h « 1. Show that to lowest order the
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z-coordinate of this return map decouples to give the map
T — ap+ b /™, >0

Hence describe the periodic orbits which exist in a tubular neighbour-
hood of T for |u| small in the cases b < 0 and b > 0. (As ever, the cases
of saddle index greater than one and less than one should also be treated
separately).

4. Reconsider Exercise 3 at the end of Chapter 7. Find the locus of a
(symmetric) homoclinic bifurcation.

5. By considering the Liapounov function
V(z,y,z) = 22 + oy + 02°

show that in the Lorenz equations, (12.49), the origin is globally asymp-
totically stable if 0 < r < 1.

6. By considering the function
E(z,y,2) =r2* + 0y® + o(z — 2r)?

(r,o0,b > 0) show that all trajectories in the Lorenz equations eventually
lie in a bounded ellipsoid.

7. Discuss the occurrence of double-pulse homoclinic orbits in the
systems

z= -—p:l:+wy+P1(a:,y,z,u)

Y= —wz —py + Py(z,y, 2, 1)
2= 22+ P(z,y,2, 1)

where A > p > 0, w > 0, the functions P; are as in Exercise 4 and the
system is invariant under the transformation

(z,y, Z) - (_'T’ -y, —Z).

To exploit the symmetry, define the return map on two symmetrically
placed return planes

= {(IB,O,Z)I Ty <T< zoewp/w}
and }
22 = {(.’I:,O,z)l — Iy >z > —xoeﬂ'p/w}_

where z; > 0 is constant. Let 4 be the 2-coordinate of the first inter-
section of the positive branch of W*(0) (which leaves 0 in the positive 2
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direction) with X,, so, by symmetry, —u is the z-coordinate of the first

intersection of the negative branch of W*(0) with ¥,. Now derive the

return map on ¥, U X, following the same procedure as in Section 12.4.
\

8. Consider non-symmetric differential equéfions of the same form
as in the previous question, but with p > A > 0. Take p € R?, so
p = (U, o). Assume that if p = (0,0) then the system has a pair of
homoclinic orbits, I'; and Iy, and that if u; = 0 there is a homoclinic
orbit similar to I'; whilst if u, = 0 there is a homoclinic orbit similar to
I',. Define two return planes, ¥, and X,, as in the previous question and
let 11, represent the z-coordinate of the first intersection of the positive
branch of W*(0) with £, and —pu, represent the z-coordinate of the first
intersection of the negative branch of W*(0) with X£,. Show that there
are double-pulse homoclinic orbits (which pass once through a tubular
neighbourhood of each of the homoclinic orbits I';, ¢ = 1, 2) for systems
with

py <0 and — py & Byl |° cos {—% log || + @5}

and

po <0and — p; = By|u,l° cos{—%log|u2| +@},

where § = p/\. Sketch these curves in the p-plane and describe the
periodic orbits which exist in the various regions of the plane determined
by these curves and the axes.

9. Consider the continuous one-dimensional map z,,, = f(z,). If
f(z) = —f(—z) show that the origin is always a fixed point. Sup-
pose that f*(y) = —y, y # 0. Show that f2*(y) = y and deduce that
(f%*)'(y) > 0. Hence show that a symmetric orbit cannot undergo a
period-doubling bifurcation. What bifurcations can occur in this case?

10. By considering the second iterate of the map, or otherwise, de-
scribe the cascade of homoclinic bifurcations in the maps

6

u—2x° ifzx>0,
T, p) =
fon) {—u+ lz|® ifz<0

where § > 1. How does this differ from the case described in Section
12.67 '



Notes and further reading

Chapter 1

Coddington and Levinson (1955) and Hartman (1964) are two of the clas-
sic texts in differential equations. Neither is easy, but both are well worth
looking at. Problems of the existence and uniqueness of solutions are
described in the first two chapters of Coddington and Levinson (1955),
whilst Hartman (1964) addresses the existence of solutions in chapter II
and the dependence of solutions on initial conditions and parameters in
chapter V. These problems, together with an elegant description of phase
space, are also dealt with in Hirsch and Smale (1974). A more detailed
account of invariant sets and definitions associated with ideas of recur-
rence can be found in Bhatia and Szégo (1967). Percival and Richards
(1982) give an introductory account of Hamiltonian systems such as the
examples of Section 1.1. A simple non-technical introduction to chaos
can be found in Stewart (1989).

Chapter 2

Most books on the qualitative behaviour of differential equations will
include a chapter on stability and Liapounov functions. The main weak-
ness of Chapter 2 is that it does not really deal with stability for non-
autonomous differential equations, or time-dependent Liapounov func-
tions. Verhulst (1990) considers these problems in a very readable way.
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Chapter 3

A full description of the algebra used in this chapter can be found in
most undergraduate texts on algebra and matrices; see, for example,
Birkhoff and Maclane (1966). Hirsch and Smale (1974) contains a much
more detailed account of normal forms for linear differential equations
than Section 3.2. Arnol’d (1973) covers much the same material. The
section on Floquet Theory (3.5) is largely taken from Iooss and Joseph
(1980, Section VII.6), and more of the technical detail of these ideas can
be found there.

Chapter 4

Arnol’d (1983) contains most of the material presented in Chapter 4. It
is not always an easy book to read, but it more than repays any effort
put in to it. Chapter 3 deals with some aspects of structural stability,
whilst Chapter 5 contains several different linearisation theorems. The
proof of Poincaré’s Linearisation Theorem in Section 4.1 is taken from
there, and the ‘proof’ of the Stable Manifold Theorem (Section 4.6) is
based on the same ideas. The book by Arrowsmith and Place (1990)
gives a very readable account of structural stability. Guckenheimer and
Holmes (1983) has (deservedly) become the standard graduate introduc-
tion to the field of nonlinear dynamics. All the ideas of hyperbolicity,
structural stability and invariant manifolds can be found there, together
with practical applications.

Chapter 5

Almost any introduction to the qualitative theory of differential equa-
tions will treat the material of Chapter 5 somewhere; see, for example,
Arrowsmith and Place (1982), Jordan and Smith (1987) or Grimshaw
(1990). The classic books by Coddington and Levinson (1955) and Hart-
man (1964) give a lot more detail on the effect of nonlinear perturbations
to the linear flow (Section 5.1). Hirsch and Smale (1974) has a slightly
more algebraic approach and is well worth reading for comparison.
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Chapter 6

The books by Iooss and Joseph (1980) and Verhulst (1990) both cover
Floquet Theory in more detail than given here. Guckenheimer and
Holmes (1983) and Arrowsmith and Place (1990) give definitions of hy-
perbolicity for maps. Arnol’d (1983) is, as ever, excellent on linearisation
whilst Marsden and McCraken (1976), see below, have a good section
on return maps (section 2B). Devaney (1989, chapter 2.6) gives a proof
of the Stable Manifold Theorem for maps.

Chapter 7

Hinch (1991) provides a good introduction to the ideas of perturbation
theory. Both Minorsky (1974) and Nayfeh and Mook (1979) give many
more examples and different methods applied to differential equations.
Arnol’d (1983) and Guckenheimer and Holmes (1983) provide some rig-
orous results about the use of perturbation methods, but these are not
applicable to the method of multiple scales.

Chapter 8

Andronov et al. (1973) and Minorsky (1974) give a good impression
of the early uses of bifurcation theory (both these books were writ-
ten much earlier than the given publication dates - Andronov died in
1954!). Ruelle (1989b) provides a more mathematical account of the
theory. Wiggins (1991) also gives a more mathematical treatment of the
results and sketches a similar proof of the Hopf Bifurcation Theorem.
More details and applications of this result can be found in Marsden
and McCracken (1976) and Hassard, Kazarinoff and Wan (1981). For a
comprehensive account of the Centre Manifold Theorem see Carr (1981),
although the treatment of this theorem in Section 8.1 follows Gucken-
heimer and Holmes (1983). A proof of the Implicit Function Theorem
can be found in Burkill and Burkill (1970) and Loomis and Sternberg
(1968).
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Chapter 9

Another proof of the period-doubling theorem using the Implicit Func-

tion Theorem can be found in Devaney (1989). The description of

Arnol’d tongues in Section 9.4 owes a lot to Iooss (1979), which also

contains many technical results about smoothness conditions. Arrow-

smith and Place (1990) also give a very comprehensible account of these

results, together with a description of simple circle maps (as described
in the exercises at the end of the chapter). For more details about circle

maps see Devaney (1989). Arnol’d (1983) contains a good discussion of

the strong resonances.

Chapter 10

More details about singularity theory and catastrophes can be found
in Brocker (1975), Thom (1983) and Zeeman (1977). The little book
by Arnol’d (1984) is a“n(')ut?: and contains a mixture of acute mathe-
matical reasoning and robust historical scepticism. Many other topics
could have found a place here: complex iteration (Devaney, 1989, Bear-
don, 1992), fractals (Mandelbrot, 1977), chaos and Newton’s method
(Peitgen, 1989), biology of nerves (Cronin, 1987), hyperbolic geometry
(Bedford, Keane and Series, 1991), knot theory (Holmes in Bedford and
Swift, 1988), ergodic theory (Sinai, 1977), ... . The list is potentially
endless.

Chapter 11

Collet and Eckmann (1980) is still an excellent introduction to unimodal
maps. Nitecki (in Katok, 1982) describes the topological dynamics of
maps in more detail than has been attempted here. Block and Coppel
(1992) gives a more general treatment of one-dimensional dynamics and
includes a very thorough discussion of topological entropy, including the
proof of Theorem 11.7 (that a continuous map is chaotic if and only if it
has positive topological entropy). The article by van Strien in Bedford
and Swift (1988) describes the basic theory of unimodal maps and de
Melo and van Strien (1993) is bound to become the graduate textbook
on the subject. It also contains a discussion of recent work by Sullivan
on universality. The treatment of intermittency follows Guckenheimer
and Holmes (1983).
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Chapter 12

Wiggins (1988) goes into far more detail than has been possible here.
Guckenheimer and Holmes (1983) covers most of the material and also
treats global bifurcations in periodically forced systems (as does Wig-
gins, 1988). For a survey of more recent results see Glendinning (in
Bedford and Swift, 1988) and Lyubimov et al. (1989). The derivation of
the Lorenz equations is described in Lorenz (1963), and Sparrow (1982)
builds up a picture of the behaviour of these equations over a range of
parameter values.
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