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Preface

In group theory it is natural to distinguish classes of groups according to the extent
to which the group operation is commutative. At one extreme we have the class of
commutative (abelian) groups and at the other - free groups or groups close to them,
as well as nonabelian simple groups, that is, groups without any nontrivial normal
subgroups. Commutativity of elements a and b is equivalent to the triviality of
their commutator la, b] = a~lb~*ab. So abelian groups are defined by the identity
[jc, y] — I and more complicated commutator identities define classes of groups
which are close to abelian, but less commutative. The identity

defines the variety of nilpotent groups of class c, and the identity 8^ — 1 of 2*
variables, where 8^ is defined recursively by

5] = [X],x2\, &k+] — \&k(x], · · · - *2*Mt(*2*+i, . . . , Jr2t .i)],

defines the variety of soluble groups of derived length k. Another way to define
these classes of groups is in terms of the existence of a series of normal subgroups
with central or commutative factors, respectively.

Study of nilpotent groups often aims to prove that they possess some degree
or other of commutativity. For example, the positive solution of the Restricted
Bumside Problem for groups of exponent pk (Kostrikin, 1959, for k = 1, and
Zel'manov, 1990, for all k) means that there is a function f(p,k,m) such that
the nilpotency class of any w-generated finite p-gmup of exponent pk does not
exceed f ( p , k,m).

The fact that nilpotent groups are close to being commutative means that it is
possible to apply linear methods to their study. Using the group operations one
can define the structure of a Lie ring on the direct sum of the factors of the lower
central series. The action of a group on an invariant commutative section looks like
the action of a matrix group on a vector space. However, although for such more
linear objects as Lie rings or matrix rings powerful results and highly developed
techniques are available, there may be difficulties in using them when it comes to
going from groups to rings and back again.

In this book linear methods in the theory of nilpotent groups are applied to
the study of automorphisms of nilpotent groups. We prove the analogue of the
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positive solution of the Restricted Burnside Problem for groups with a splitting au-
tomorphism of prime order. This gives rise to a structural theory of finite ^-groups
admitting a partition which includes the positive solution of the Hughes problem for
almost all (in some precise sense) finite /^-groups. The Higman-Kreknin-Kostrikin
Theorem on the boundedness of the nilpotency class of Lie rings (or nilpotent
groups) admitting a regular automorphism of prime order, is generalized to the
case where the number of fixed points is finite: almost regularity of the auto-
morphism of prime order implies almost nilpotency - that is, the existence of a
nilpotent subring (or subgroup) of bounded index and of bounded nilpotency class.
Kreknin's Theorem on the solubility of Lie rings with regular automorphisms of
finite order is used to prove the "almost solubility", in an analogous sense, of a
nilpotent /?-group with an almost regular automorphism of order pk. Linear and
combinatorial methods are used to prove a theorem of a rather general nature
which gives a positive solution to the Restricted Burnside Problem for a variety of
operator groups under the hypothesis that this problem has a positive solution for
the ordinary variety obtained from this variety by replacing all operators by 1 in
its identities.

The first part "Linear methods" is, in fact, a textbook. The existence of many
books or chapters of books devoted to nilpotent groups - for instance, those of
Baumslag [6], Gorenstein [25], M. Hall [27], P. Hall [28], Huppert and Blackburn
[49], Kargapolov and Merzlyakov [51], Kurosh [85] and Warfield [153] - makes it
a difficult task to write something new. We have tried to select only that material
which is necessary for the exposition of the aforementioned results from the second
part of the book, "Automorphisms". Practically every result proved in the first part
is in some way used in the second: either there is a reference to it or to its proof,
or its statement and proof prepares the reader for more complicated arguments of a
similar nature in the second part. But, of course, we have not followed this rule too
strictly in the hope that the reader may get to know at least some of the classical
methods in the theory of nilpotent groups. However, many important results are
only briefly mentioned; for example, Kostrikin's Theorem on Engel Lie algebras
is stated here without proof. On the other hand, in the interests of completeness,
we reproduce proofs of the theorems of Higman, Kreknin and Kostrikin on regular
automorphisms.

The author hopes that the second part is something more than a collection of
several research papers under one cover. The material is presented here with more
detail and perhaps more intelligibly than originally. Moreover, some proofs are
longer in an attempt to make the book more self-contained. Repetition of typical
arguments should help with their mastery.

This book is based on a special course given at Novosibirsk University in 1988-
90. The author thanks Andrei Vasil'ev and Natasha Makarenko for several valuable
remarks.

The book consists of seven chapters.
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Chapter 1, as well as containing definitions, notation and some basic facts from
group theory and ring theory, also contains the proofs of some useful results.
Among them are Higman's Lemma and several theorems about fixed points of
automorphisms.

Chapter 2 is devoted to nilpotent groups. It deals with several types - from
torsion-free groups to finite p-groups. Many of the results here are, of course,
based on commutator calculations.

Chapter 3 introduces associated Lie rings. Here we prove the Magnus-Sanov
Theorem on the (p — l)-Engel condition for the associated Lie ring of a group
of prime exponent p. We also prove the nilpotency of soluble groups of prime
exponent. The first section of the chapter contains statements of some Lie ring
analogues of group theoretic results.

Chapter 4 opens the second part of the book. First, we prove theorems of Higman,
Kreknin and Kostrikin about regular automorphisms of Lie rings. Then the author's
theorem about Lie rings admitting an almost regular automorphism of prime order
p is proved: if the number of fixed points (dimension of the subspace) is finite then
the Lie ring contains a subring of finite index (codimension) which is nilpotent of
/7-bounded class.

In Chapter 5 theorems on nilpotent groups with regular or almost regular au-
tomorphisms of prime order are proved using the results of Chapter 4. Among
these results is also a "modular" theorem, dealing with a finite /?-group with an
automorphism of order p. (The latest results of Shalev and the author on /7-groups
admitting automorphisms of order pk with few fixed points are contained in Chap-
ter 8.) We have included also theorems of Makarenko, who has refined estimates
for the nilpotency class of subgroups, and of Medvedev, who has generalized our
theorem on periodic nilpotent groups with an almost regular automorphism of
prime order to the case of an arbitrary nilpotent group. The author is grateful to
Makarenko, Medvedev and Shalev for providing proofs of their theorems.

Chapter 6 contains two theorems of a rather general nature concerned with
bounding nilpotency classes of nilpotent groups from some varieties of groups
with operators. Let Ω be a group and let {va} be a family of Ω-identities, defining
the variety of operator groups 371. We denote by {va} the family of (ordinary) group
identities obtained from {va\ by replacing all operators from Ω by 1 and by 37Ϊ the
variety of groups defined by identities {ϋα}. First, suppose that there is a constant
c bounding the nilpotency class of any nilpotent group in 37Ϊ. The first theorem
states that, under this condition, if for an Ω-group G € 371 the semidirect product
G Χ Ω is nilpotent then the nilpotency class of G is bounded by the same number
c. The author's theorem from [56] on the nilpotency of a soluble group G with a
splitting automorphism φ of prime order p, that is, such that

χ · χφ · χφ: · · χφΙ" ' - l.Λ .Ά. ,\ . . . -Λ. —— 1



xii Preface

for all χ e G, is a prototype of this result. In Chapter 6 this theorem from [56]
is deduced from the more general theorem mentioned above; it is related to the
structural theory of finite p-groups with a partition (in other terms, finite p-groups
which "split") and is applied in Chapter 7. A further consequence is a bound in
terms of p only for the nilpotency class of the commutator subgroup of a finite
/7-group of maximal class.

The second theorem of Chapter 6 gives a positive solution to the Restricted
Burnside Problem for a variety of operator groups 9H provided that this problem
has a positive solution for the corresponding ordinary variety 9ft. More exactly,
suppose that the Restricted Burnside Problem has a positive solution for the variety
97Ϊ in the sense that locally nilpotent groups from 97Ϊ constitute a subvariety and,
moreover, that the associated Lie ring of a free group of 97Ϊ satisfies a system of
multilinear identities which defines a locally nilpotent variety of Lie rings with a
function f ( d ) bounding the nilpotency class of a ^-generated ring. It is proved that
if for an Ω-group G e 9ft the semidirect product G Χ Ω is locally nilpotent then
the group G belongs to a locally nilpotent variety in which the nilpotency class of
a J-generated group is bounded by the function / Id m\-\ )· ̂ n example shows
that the word "multilinear" in the hypothesis of the theorem is essential.)

One of the main tools in the proofs is Higman's Lemma, proved in Chapter 1.
Note that in both theorems the strong condition that the semidirect product Ο\Ώ

is (locally) nilpotent is automatically satisfied if both G and Ω are (locally) finite
p-groups.

The main theorem from [61], which bounds the nilpotency class of a J-generated
nilpotent group with a splitting automorphism of prime order p, is a prototype of
the second theorem. This theorem from [61 ] is the basis for the structural theory of
finite /^-groups admitting a partition. This theory, expounded in Chapter 7, includes
a positive solution of the Hughes problem for almost all finite p-groups - in spite of
the fact that there exist counterexamples to the Hughes conjecture. In Chapter 7 we
give also the original proof of the theorem from [61], which yields some additional
information and illustrates some aspects of Lie ring technique. This proof is reduced
by known results to the case of finite /^-groups. It uses Kostrikin's Theorem on
(p — l)-Engel Lie algebras and generalizations of Higman's Theorem on regular
automorphisms of prime order to the case of a /?-group with an automorphism of
order p from Chapter 5. The main technical lemma is an analogue of the Magnus-
Sanov Theorem.

The results of Chapters 5 and 7 give, in a certain sense, a complete picture of the
structure of nilpotent groups with automorphisms of prime order close to regular
(splitting or almost regular). Much less is known about nilpotent groups with such
automorphisms of composite order (in contrast to the progress made in the study of
finite groups with almost regular automorphisms modulo the structure of nilpotent
sections).
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Chapter 8 contains the first major breakthrough in this direction. In the "modular"
case where a nilpotent p-group P admits an automorphism of order pk with pm

fixed points, it is proved that P is almost soluble with a strong bound, in terms of
p and k only, on the derived length of a subgroup of bounded index. The proof
is based on Kreknin's Theorem on Lie rings from Chapter 4. It uses a group-
theoretic corollary to Kreknin's Theorem, obtained with the help of the Mal'cev
correspondence given by the Baker-Hausdorff formula, and some techniques from
the theory of powerful p-groups, especially, from Shalev's work [1291, where a
weak bound, in terms of p, k and m, for the derived length of P was obtained.

The necessary preliminary material on the Mal'cev correspondence and on pow-
erful p-groups is included in Chapter 8 without proofs.

Chapters 4-8 contain comments on the present state of the theory, including
unsolved problems and connections with other areas.

All propositions, formulae and particular statements referred to subsequently,
are numbered by triples a.b.c, where a is the number of the chapter and b is the
number of the section.

The interdependence of the chapters is described by the following scheme:

1 -> 2 -> 3 -» 4
•Ι ]Λΐ Ί- ^XA 1 j«X( ^
6 -» 7 <- 5 8

This book was written when the author was in Freiburg (FRG) as a research
fellow of the Alexander von Humboldt Foundation. The author thanks the Foun-
dation for its generous support in providing the opportunity to do research work
in Germany which facilitated the writing of this book.

The author is also grateful to the Mathematics Institute of the Albert-Ludwigs-
University of Freiburg and, in particular, to Professor O.H. Kegel, for their help
and hospitality.

The author thanks Professor J.C. Lennox (Cardiff) for his help in language
polishing and for many valuable suggestions improving the style of the book.

The author is grateful to the Publishers, Verlag de Gruyter, and especially to
Dr. M. Karbe, for their friendly, patient and fast work at all stages from the
manuscript to the final galley proofs.

E.I. Khukhro
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Chapter 1

Preliminaries

We assume that the reader is acquainted with the basic notions of linear algebra,
group theory and ring theory at the level of the first 2-3 years of a university
course in higher algebra. In particular, we assume as known the notions of group,
subgroup, permutation group, automorphism, free group, verbal subgroup, Sylow
subgroup, ring, subring and ideal. We also assume the homomorphism theorems
and the theorems on the structure of cyclic groups and of finitely generated abelian
groups. We take as known also the definition of soluble groups (though the def-
inition and main properties of nilpotent groups are given for completeness sake
in Chapter 2). If necessary, this material may be found in university textbooks on
higher algebra, for example [77, 86, 105], and in textbooks on group theory, for
example L S I , 85, 27].

In this chapter we fix some notation and recall some definitions and known facts.
A few useful propositions will be proved. Among them are Higman's Lemma and
some theorems on fixed points of automorphisms.

The sets of all complex, real, rational, integer and natural numbers are denoted
by C, R, Q, Z, N, respectively.

We shall say that a quantity depending on n is «-bounded (or bounded in terms
of n), if it is bounded by some function depending only on n; the analogous
expression - (n\, 112,.. .)-boundedness (or boundedness in terms of n i , » 2 , . . . ) -
will also be used where several parameters are involved.

§ 1.1 Groups

The group, generated by a set A/, is denoted by (A/); if M is given by some
condition P, that is M = {x\ P ( x ) } , then we write (M) — (x\ P ( x ) ) .

By ακ = g~]ag we denote the conjugate of the element a under the element g.
For subsets M and N of a group we write

MN = {m"\ m e M, n & N}· M · N = {m · n\ m e N, n e N } .
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In particular (Mc) and (a°) denote the normal closures of the subset M and of
the element α in a group G, that is, the smallest normal subgroups of G containing
M and a, respectively.

The fact that Λ is a normal subgroup of a group G is denoted by A < G; if
a subgroup does not coincide with the whole group, we say that it is a proper
subgroup and use the strict inclusion signs for subgroups and normal subgroups,
< and <, respectively.

By G = B X A we denote the semidirect product G of groups B and A: that is

G = B-A, B<\G and 5 Π Λ = 1.

A subgroup of a group is said to be characteristic if it is invariant under all
automorphisms of the group. For example, if the Sylow /^-subgroup is normal,
then it is unique and therefore characteristic. Since a characteristic subgroup is
also invariant under all inner automorphisms, that is, automorphisms induced by
conjugation by the elements of the group, it is also normal. A characteristic sub-
group of a normal subgroup is normal in the whole group, and a characteristic
subgroup of a characteristic subgroup is characteristic in the whole group.

If Ν < G, we use congruences in a group G modulo Ν to indicate equality of
images of elements or subsets in the factor-group G/N:

a = b (mod N) & aN = bN\ Η = K (mod N) & HN = KN.

The subsets
NG(M} = {# € G| M* = M}

and
CG(M) = {g e G| gm — mg for all m e M}

are subgroups called, respectively, the normalizer and the centralizer of the subset
M in the group G; if the subset M — {m} consists of only one element, then we
write Cc(wi) instead of Cc({m}).

A section of a group G is a factor-group M/N where M and N are arbitrary
subgroups of G and, of course, N < M. A section is said to be normal if both
subgroups are normal: M < G, N < G.

By [a, b] = a ]b lab we denote the commutator of the elements a and b in a
group. The mutual commutator subgroup [M, N] of arbitrary subsets M and N of
a group is defined by

[M,N] = ( [ m , n ] \ m e Μ, π e N).

It is useful to know that [M, N] < (Μ, Ν). We denote the commutator or derived
subgroup of the group G by G' = G ( 1 > = |G, G]. The members of the derived
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series of G are defined by induction:

C" = G (2 ) = [G', G'l, Gu+1) = [Gw, G(5)]·

We denote by y,(G) the members of the lower central series of G:

X,(G) = G, n+1(G) = [ K v (G) ,G] .

We denote the centre of G by Z(G):

Z(G) = {z 6 G| zs = gz for all g e G},

which is, of course, a normal subgroup of G. By £,(G) we denote the members of
the upper central series of G: £i(G) = Z(G), and inductively £ v + i (G) is the full
inverse image in G of the centre Z(G/£V(G)) of the factor-group G/£S(G).

We define (composite) commutators in the elements of a set X (as formal ex-
pressions) inductively by their weight: the elements of X are the commutators of
weight 1; if c\ and c2 are commutators of weights r\ and r2 in elements of X,
then [c·], ci] is a commutator in elements of X of weight r\ + r2. We also define
the set of elements occurring in the commutator, with appropriate multiplicities,
and the set of subcommutators: for commutator of weight 1 both sets consist of
the commutator itself as the only element; in the commutator [ c \ , c2] exactly those
elements of X occur, which occur either in c\ or in c2, their multiplicities being
summed, and the set of subcommutators of [C'I .Q] is the union of the sets of
subcommutators of c\ and c2 together with c\ and c2 themselves. We also say that
a commutator c of the elements of X has weight w in the variable χ e X, if χ
occurs in c with multiplicity w.

The commutator
[ . . . [ \ a \ , a 2 ] , a i ] ak]

is called simple and is denoted by \a\, a2, ..., a^}.
A group G is said to have finite exponent (or period) n, if g" — 1 for all g e G.

By G" = (g"\ g € G) we denote the subgroup of G, generated by the n-ti\ powers
of all of its elements. It is clear, that this is a characteristic subgroup of G and is
the smallest normal subgroup of G for which the factor-group has exponent n.

A group G is said to be a periodic group (or torsion group) if each of its elements
has finite order. If, in addition, each element has order a power of some fixed prime
number /?, then G is said to be a /?-group, and if the orders of all elements are not
divisible by p, then G is said to be a //-group. If P is a /?-group, Ω,( />) denotes
the subgroup (g e P| gp' — 1).

The minimal number of generators of a finite abelian group is called its rank.
An abelian group of prime exponent ρ is said to be elementary; it may be

regarded as a vector space over the finite field G F ( p ) = Z//?Z of order p: vector
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addition is the group operation, and multiplying by the residue / modulo p is
equivalent to taking the i-th power. The automorphisms of the group are the linear
transformations of this vector space.

A chain of nested subgroups

is called a series of G of length n. A series is said to be subnormal, if KI < T/+]
for all i; it is said to be normal, if K-, < G for all / . The factor-groups Ki+\/Ki
of a subnormal series are also called its factors.

Although, as a rule, the group operation is denoted by the multiplication sign
(which is often omitted) and the identity element by 1 , in the case of commutative
groups sometimes additive notation is used: + for the group operation and 0 for
the identity element.

The symmetric group of all permutations of η symbols is denoted by §„.
Schreier' s Theorem states that a subgroup of finite index m in a finitely generated

group generated by n elements is itself finitely generated by an (m, n)-bounded
number of elements.

Let π- be a set of prime numbers. Its complement in the set of all primes is
denoted by π'. A subgroup of a finite group G, whose order is divisible only by
primes from π and its index only by primes from π', is called a Hall π -subgroup
of G.

A local covering of a group G is a system of its subgroups [Ha\ a e A} such
that G = U Ha, and for any two subgroups Ha, Η β, α, β e A, there is a subgroup

a
Ηγ, γ e A, containing them both: Ha, H c HY. Mal'cev's Local Theorem
asserts that if all of the subgroups of a local covering of a group satisfy some
group-theoretic property, which may be expressed by a quasiuniversal formula in
predicate calculus, then the group itself also satisfies this property.

A group G is said to be residually finite if it has a system of normal subgroups
{Na} such that all of the factor-groups G/Na are finite and p| Na = 1 (or, equiv-

a
alently: for each element g E G there is a normal subgroup N(g) of finite index
in G such that g g N (g)).

§ 1.2 Rings and modules

The finite field of order q = pk, where p is a prime, is denoted by GF(q) =
G F ( p k ) .

A module over a commutative ring K with identity (a A"-module) is an additive
group M which admits multiplication by the elements of K, satisfying the following
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axioms:

\a = a, 1 6 K, a e M;
(a + )a = aa + a, a, e K, a e M;

a(a + b) = ota + ab, a e K, a,b, e Af;
(αβ)α = α(βα), α,β € K, a € Μ

Thus modules over a field /: are precisely the vector spaces over k. Every abelian
group may be regarded as a Z-module in a natural way: for k > 0

Α-α =α +a + ... + a, (-k)a — k(-a) and θα = 0.

The elements m\, mi-, . . . , m v are said to generate the ΑΓ-module Μ if each
element m & Μ may be expressed in the form m — ]T&,ra,, where Jt,· e ΑΓ. Every

/
s-generated '-module is a homomorphic image of the free .v-generated '-module

where for each / the abelian group e\K = {ejk\ k e K} is isomorphic to K, and
k'(ejk) = Ci(k'k) for all k' ', ^ e A^. In particular, the ring K may be regarded as a
free 1 -generated '-module with generator e\ = 1.

Let AT be a commutative ring with identity and G a group. The group ring

has as its additive group the free '-module whose free generators are the ele-
ments of G, and multiplication is defined naturally via the group operation and the
distributivity law.

If G is a group of automorphisms of an abelian group V (or if G acts as a group
of automorphisms on an abelian group V - see the definition in §1.5), then V may
be regarded as a ZG-module:

In an analogous way, if G is a group of linear transformations of a vector space
V over a field k, then V may be regarded as a £G-module.

We recall here the way in which Maschke's Theorem generalizes to the case
of an arbitrary ZG-module. If G is a finite group and V is a ZG-module such
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that extraction of unique p-th roots is possible in the additive group of V for all
of the prime divisors p of the order of G, then every ZG-submodule U (which
is G-invariant by definition) has a direct complement W which is also a ZG-
submodule - that is, V = U φ W, where W is G-invariant. The condition on the
additive group of V is automatically satisfied if V is finite and its order is coprime
to the order of the group G.

Let A and B be /^-modules. Their tensor product Α <%>κΒ is defined as the
factor-module of the free A' -module with free generators a®b, a e A, b £ B, by
the submodule generated by all elements of the form

k(a®b)-ka®b, ka®b-a®kb,
a ® (b\ + /?2) - (a ® b\ + a ® b2),
(a\ + a2} ®b- (a\ ®b + a2®b).

where k e K\ a, a\, a2 e A; b, b\, b2 e B. This is equivalent to taking the set of
all formal sums

a,ha®b\a e A, 6e

and identifying the elements:

k(a ® b) = ka ® b = a ® kb,
a®(b\+b2}=a®b\+a® b2,
(a\ + a2}®b = a\ ®b + a2 <8> b.

A mapping ΰ: Α χ Β -+ C induces a homomorphism of the AT -module Α®χΒ
into the AT -module C by the rule a ® b — > u(a,b) if and only if the following
equalities hold:

&(ka, b) = &(a, kb) = k&(a, b),
*(a, b\ + b2) = u(a, b\) + &(

If the elements a\,a2, . . . ,as generate a K -module A and the elements b\,b2,
. .. ,b, generate a ΛΤ-module , then the st elements a/ ®bj generate the K -module
A®KB.

If the A' -modules M = Θ Μ,· and Ν = @ Nj are decomposable into direct sums
' y

of A'-submodules M, and vV/, then the tensor product Μ ®KN is decomposable
into the direct sum

Μ ®KN =
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of '-submodules M,

Corollary. Let ω be a primitive n-th root of unity. If A is a subgroup of an abelion
group B, then

(Α ®ζΖ[ω]) Π Β ® l = A ® 1,

where Α <8>ζΖ[ω] is regarded as naturally embedded into Β ®ζΖ[ω|.

Proof. This follows from the previous assertion and from the fact, that

Ζ[ω] = Ζ θ Ζω φ Ζω2 θ ... Θ

where /(«) is Euler' s function, so that

.
( ® Ζω') and Α ®ζΖ[ω] = Θ (Λ® Ζω').

/=0 ί=0

Note that if an abelian group Λ has exponent n, then, for any abelian group B,
the tensor products A <8> and ® Λ also have exponent n. For example, the
abelian group A ® is generated by the elements a ® b, fl e A, b e , and we
have

tt(a <g> fc) = na <g> b = 0 <g> fc = 0.

Thus, in particular, if abelian groups Λ and B have coprime exponents m and /i,
respectively, then Λ <g> = 0, since its exponent divides both m and n.

Tensor products are used to extend the ground ring of a module (or a vector
space, or any A' -algebra). Let Λ be a A'-module and suppose that A' is a subring
of a ring L. Then L is also a /^-module under natural multiplication by elements
of K, and one can form the K -module A ®^L. This module may also be regarded
as an L-module by putting l\(a ® 1 2) = a ® / i /2. where l\, /2 e L, a e A. Note
that if k is a subring of K, then the tensor product A ®kL is isomorphic as an
L-module to the L-module A

§ 1.3 Lie rings

A Lie ring is a nonassociative ring without identity, whose multiplication, which
is usually denoted by brackets [a, b], satisfies the following axioms:

[a, a] =0
(anticommutativity)
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(the Jacobi identity).

From anticommutativity and the usual distributivity laws we obtain the identity
[a, b] = -[b, a] (indeed, [a+b, a + b] = 0 =>· [a, a] + [a, b] + [b, a] + [b, b] =
0 => [a, b] -f [b, a] = 0). It is not difficult to deduce from this that for Lie rings
the notions of left, right and two-sided ideals coincide.

From the Jacobi identity it is not difficult to deduce that, if / and J are the ideals
of a Lie ring, then the additive subgroup, generated by the set of commutators

{(a,b]\ael, b e 7}

is also an ideal of the Lie ring. We denote it by [/, J].
If A and B are subsets of a Lie ring, then A + B will denote the subset

A + B = {a + b\ a € A, b € B}.

If A and B are subrings then A + B is also a subring, and if A and B are ideals,
then A + B is also an ideal.

Ideals of Lie rings play the same role as normal subgroups in groups - they are
kernels of homomorphisms. To indicate that / is an ideal of a Lie ring L we use
normal subgroup notation: / < L. The following theorems on homomorphisms of
Lie rings are analogous to the homomorphism theorems for groups.

Let L be a Lie ring and W an ideal of L. Then
a) there is a one-to-one correspondence between the set of all subrings of L

containing N and the set of all subrings of the factor-ring L/N; this correspondence
is given by passing to the images of subrings in the factor-ring L/N. Also, a subring
of L containing N is an ideal of L if and only if its image in the factor-ring L/N
is an ideal of L/N;

b) if N is the kernel of a homomorphism φ of the Lie ring L then there is
an isomorphism L/N = L'f ', and, moreover, φ is the composition of the natural
homomorphism L -+ L/N and an isomorphism of the Lie rings L/N and L(p;

c) if A is an ideal of the Lie ring L containing Ν then there is a Lie ring
isomorphism ( L / N ) / ( A / N ) = L/A;

d) if A and B are subrings of the Lie ring L and A is an ideal of B, then there
is an isomorphism

(B + N)/(A + N) = B/(A + (Β Π Ν)).

In particular,
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Commutators in elements of a subset K of a Lie ring and their weights are defined
and denoted exactly in the same way as group commutators (see § 1.1).

The ideal of a Lie ring L generated by the set X is denoted by ,v/{X).
The additive group of ^/(X) is generated by simple commutators of the form
[. . . [ [ x , a \ ] , a 2 ] , . .. , a k ] , χ e Χ, α,· e L, k > 0.

The additive subgroup generated by the set X is denoted by + {X), and the
subring (or Lie ring) generated by X is denoted by (X).

If L = (X) is a Lie ring generated by the set X then L = ̂  L,, where L, is
/

the homogeneous component of L of weight / (with respect to X), that is, L, is
the additive subgroup, generated by all commutators of weight / in elements of X.
In an analogous way, if L = ( jc i , ;c2, . . .), then L = Σ/,,·,,/,...., where L,·,,,·,.... is
the multihomogeneous component of weight /Ί in x\, of weight i2 in ΧΙ , etc., that
is, L/,.,,.... is the additive subgroup of L generated by all commutators in elements
j t i , j C 2 , . . . of weight i\ in x\, of weight /2 in X2, etc- An ideal or an additive
subgroup / of a Lie ring L = (X} is said to be homogeneous (multihomogeneous)
with respect to the generating set X if

The intersections / Π L, (/ n L,·, .,·, ....) are called the homogeneous (multihomo-
geneous) components of weight / (of multiweight ΟΊ, i2, . . .)) of a homogeneous
(multihomogeneous) ideal (or additive subgroup) /.

The members of the lower central series, y,(L), of a Lie ring L are defined by
induction as follows:

yi(L) = L, ys+1(L) = [y v (L) ,L]

(sometimes they are also denoted by V = y,(L)); the members of the derived
series are also defined by induction:

It is easy to see that L ( v ) c y2<(L) for all s e N.
cc

It is also easy to see that, if L = (X), then y*(L) = Σ L,·, where L, is the
ί=λ·

homogeneous component of the Lie ring L of weight / (with respect to X).
If a Lie ring L is also a '-module where multiplication by any element of K

is a homomorphism of L, then L is said to be a '-Lie algebra. If A' is a subring
of R, then the ^-module L ®KR may be regarded in a natural way as an -Lie
algebra with Lie multiplication given by:

I/I ® η , / 2 < 8 > Γ 2 ] = [ / ΐ , / 2 ]
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As a AT -Lie algebra, L is isomorphically embedded into the K -Lie algebra L®KR
by the mapping / -> / <g> 1 . It follows easily from the definitions that

Yi(L ®KR) = Yi(L) ®KR and (L ®KR)(x} = L ( s ) ®KR;

in particular, y,(L ®KR) = 0 4» //(L) = 0.
Let G be an abelian group. A Lie ring L is said to have a G-grading or to

be G-graded, if to each element g e G there corresponds a subgroup LK of the
additive group of L such that

L = LA and [L„, L/,] c Li/+/, for all a, £ 6 G.

For example, if L is a C-Lie algebra, and φ is an automorphism of L of finite
order n, then the additive group of L decomposes as a C-vector space into the
direct sum of the eigenspaces of the linear transformation φ:

L = LO Φ L[ Θ . . . ©/-„- i ,

where L, = {/ e L| /v = ω'/}, ι = Ο, 1, . . . , η — 1, and ω is a primitive n-th root
of unity. Here we have [ L a , Lh] c Lii+/, where a, b, a + b are residues modulo n,
so that this decomposition gives a Z/wZ-grading of L.

The facts of the theory of varieties, common to arbitrary algebraic systems, hold
also for Lie rings. There exist free «-generator Lie rings whose elements are linear
combinations of commutators in the free generators. More precisely, the free Lie
ring F = (x\, X2, . . .}, freely generated by elements x\,x2, . . ., decomposes into
the direct sum F = 0F,· of its homogeneous components, and also decomposes
into the direct sum F = ®F,-,./2.... of its multihomogeneous components. Two
linear combinations of commutators in the free generators are equal only if one
may be transformed into another by applications of the Jacobi identity and the
anticommutativity and distributivity laws. A more constructive description is given
by the theorem which says that the additive group of F is a free abelian group
freely generated by the so-called basic commutators in the free generators (the
definition of basic commutators will be given in § 2.7 for groups - it is exactly the
same for Lie rings). However, we do not need this theorem, although we note that
we shall, in fact, prove in § 2.7 that the basic commutators in the generators really
generate the additive group of a Lie ring.

It is quite straightforward to see that the additive group of the Lie ring F is
generated by simple commutators in the generators. Indeed, it is clear that it is
generated by commutators in the generators; so it is sufficient to express every
commutator as a linear combination of simple commutators. By an obvious indue-
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tion on commutator weight, it suffices to consider commutators of the form

We proceed by induction on s. For s = l such commutators are simple, and for
.v > 1 we have by the Jacobi identity

[[*/, , * / , , . . . , .V/Jl, [*;, ,Xj, ...... VyJ =

= [[[Xit,Xi2, . . . ,*/ , ] , [Xji,Xj2> · · · .* / , . - , 11- f/J-
\\Xi\ ι Xl2 ' · · · ' Xir' Xjsl* \.Xjl ' Xj2* ' · · ' Xj>-\ I I ·

By the induction hypothesis the second summand on the right-hand side is equal to
a linear combination of simple commutators in the generators. In the first summand
on the right-hand side the subcommutator

[[-Κ/, , JT,, , . . . , X;r J, [Xjt , X j2 1 · · · ι Xjs ι 1 1

is a commutator of smaller weight and so, by induction on the weight, it is a
linear combination of simple commutators in the generators. Hence, the entire first
summand is also a linear combination of simple commutators in the generators.

Since application of the identities of the free Lie ring to a commutator in the
generators transforms it into a linear combination of commutators in those same
generators with the same multiplicities of occurrence, the assertion proved above
yields the following useful technical lemma: in an arbitrary Lie ring any commu-
tator in elements y\, >-2, . . . , v,, is a linear combination of simple commutators in
these elements, each one of which has the same weight in each of v i , v: ..... y«.
Though this fact was established for commutators in the free generators, it is clear
that any equation which holds in the free Lie ring also holds in any other Lie ring.

The Jacobi identity allows to "extract" any element, occurring in a simple com-
mutator, to the start. More precisely the following lemma holds: if .VQ occurs in a
commutator, then this commutator is a linear combination of simple commutators
in the same elements, each one of which starts with x0. The proof is by repeated
application of the Jacobi identity to the simple commutators given by the previous
lemma:

...a.,],*), . . . ] = -[XQ, \a\, . . . , ο ,Ι , . . . ] =
= -[x0, [ α ϊ , . . . ,α . ν _ι] ,α . ν , . . . ] -Ι- [*0,α.ν. [αϊ, . . . , a v _ i J , . . . ] = . . .

and so on.
If / is an element of the free Lie ring F, then the equation / = 0 may be regarded

as an identity in the variables occurring in / - that is, the free generators of F. The
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class of all Lie rings which satisfy the given family of identities V constitutes a
variety of Lie rings. The free ring of this variety is the factor-ring of the free Lie
ring F by the verbal ideal V(F) generated by the values of all words from V at
arbitrary elements of F. (This is an analogue of a verbal subgroup. It is sometimes
called a Γ-ideal.)

A Lie ring L is said to satisfy the n-th Engel condition (for short, L is an n-Engel
Lie ring) if

[x, y,y,...,y]=Q

for all jc, y € L. A number of fundamental results on Engel Lie rings have been
proved, and we state them here to facilitate reference.

1.3.1 Theorem (Kostrikin [76]). If a d-generator Lie algebra over afield of char-
acteristic p satisfies the n-th Engel condition where n < p (or n is arbitrary in the
case of p — OJ, then it is nilpotent of (d, n)-bounded nilpotency class.

Zel'manov [157] proved that in the case of characteristic zero there is even a
global bound for the nilpotency class, independent on the number of generators.
But in the case of positive characteristic Razmyslov [119] showed that the bound in
Kostrikin's Theorem cannot be independent of the number of generators since there
exist non-soluble, locally nilpotent, (p — 2)-Engel Lie algebras of characteristic
p > 5 (and non-soluble locally nilpotent groups of exponent p > 5).

Kostrikin's Theorem 1.3.1 gives a positive solution to the Restricted Burnside
Problem for groups of prime exponent p because the associated Lie rings of such
groups are (p— l)-Engel by a theorem of Magnus [100] and Sanov [126]. Recently
Zel'manov [159, 160] also obtained a positive solution to the Restricted Burnside
Problem for groups of prime-power exponent pk. This follows from his theorem
on the local nilpotency of η-Engel Lie algebras of characteristic p for any n and
p and from his reduction theorem [158].

The reader, interested in the proofs of these theorems of Kostrikin, Razmyslov
and Zel'manov, is referred to the books [78, 121, 145] and to the original papers
[76, 119, 157-160]. We shall prove in §3.4 only Higgins' Theorem [39] on the
nilpotency of soluble Engel Lie rings and, in §3.3, the Magnus-Sanov Theorem
mentioned above.

In many cases there are theorems for Lie rings which are analogous to corre-
sponding theorems about groups. Thus, at the beginning of Chapter 3, we state a
few analogues of theorems on groups whose proofs (which we do not give) are
mostly based on commutator calculations (for Lie rings such calculations are even
easier than for groups). But there may be substantial differences and sometimes Lie
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rings in certain sense are worse than groups. For example, the structural constants

define a 3-dimensional simple Lie algebra over any field including the finite field
GF(p) of prime order p - in which case it is a simple Lie algebra consisting of
p3 elements. However, a group of order p3 is necessarily nilpotent.

§ 1.4 Mappings, homomorphisms, automorphisms

As a rule we use power notation for the action of mappings: αφ denotes the image
of a under the action of φ. But sometimes other notation is used: αφ or φ (a). The
same comment applies to images of subsets.

The automorphisms of a group G comprise a group Aut G, which will be always
regarded as a subgroup of the natural semidirect product GXAut G. Thus, the image
αφ of an element a e G under the action of an automorphism φ e Aut G may be
regarded as conjugate of a under φ. We may also write

and so on.
A section M/N of a group G is said to be «,ρ-invariant, where φ e Aut G, if

M* = Μ and Νφ = Ν.
If M/N is ^-invariant, then φ induces the automorphism φ of M/N by the rule

(mN)^ = ηιφΝ. We shall usually denote the induced automorphism by the same
letter, that is, we shall write φ instead of φ, and CM/ Ν (φ) instead of CM/N(<P)-> etc.

An automorphism φ of a group G (or a Lie ring L) is called regular if CG (φ) = 1
(or C

§1.5 Group actions on sets

A group G is said to act on a set Ω, if for every g e G there is a one-to-one mapping
of the set Ω onto itself, usually also denoted by g: ω —> ω§ (or ω —>· ωκ), such
that
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for all ω e Ω and g\, g2 e G. In particular, ω\ = ω for all ω e Ω and the
mapping ω —> a)g~l is inverse to the mapping ω — »· cog. In other words an action
of a group G on a set Ω is a homomorphism of G into the group of all one-to-one
mappings of the set Ω onto itself. The action is said to be faithful if the kernel
of this homomorphism is trivial. The elements of Ω are often called points. For
ωό 6 Ω the subset

a)0G = (a)og\ g € G}

is called an orbit under the action of G. The subset

Gwn = {g € G| cuQg = ω0}

is a subgroup called the stabilizer of the point ωό. There is a one-to-one corre-
spondence between the set of (right) cosets of the point stabilizer GWH in G and
the orbit ωοΟ:

GM(}g o wog.

If the set Ω is finite, then |G : Gi0()| = \cooG\ and, in particular, |G| is a multiple
of |o>oG| by Lagrange's Theorem.

For example, every group faithfully acts on itself by right multiplication: a — >· ag
for a, g € G, that is, the image of an element a under the action of g equals ag. A
group G also acts on any of its normal subgroups N < G by conjugation: n — »· ng,
where n e N, g e G. The kernel of this action is the centralizer Cc(N), the orbits
are the conjugacy classes, the point stabilizers are the centralizers of the elements
C(;(g). In an analogous way G acts by conjugation on any of its normal sections
M/N, the kernel of this action is the centralizer of the section M/N - that is the
largest subgroup // satisfying the property [//, MJ < N.

As an illustrative application of the notion of group action, let us prove the
so-called Poincare's Theorem: if H is a subgroup of finite index n in an arbitrary
group G then H contains a normal subgroup of G whose index in G is also finite
and does not exceed n\. We consider the action of G on the set of right cosets of
//, defined by

(Hx)g = Hxg.

The kernel of this action is the desired normal subgroup; its index is bounded
by n\ since the corresponding factor-group embeds in the symmetric group of all
permutations of the set of n right cosets of H and this group has order n\.

Any group of automorphisms G < Aut H of a group (or other algebraic system -
Lie ring, vector space, etc.) H acts on the set H in a natural way:

hg = hg, h&H, g e G,
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where the left-hand side defines the action and the right-hand side is the image of
the element h under the automorphism g.

§1.6 Fixed points of automorphisms

Here we prove a few well-known results on fixed points of automorphisms which
will be used subsequently.

1.6.1 Theorem. Let G be a finite group, ψ an automorphism ofG, and Ν a normal
φ-invariant subgroup ofG. Then

\CG/N(<P)\ < l CG (0>)|.

Proof. Note that, for any group H and automorphism ψ e Aut// , the number of
elements of the form χ ~ιχψ,χ € Η, is equal to \H : C//(i/0|, since χ~ιχψ depends
only on the coset of C//(VO to which χ belongs. More precisely, the mapping
-*Ctf(VO — * x~lx^ is a one-to-one correspondence between the set {JC~ 'A-^ | χ e
H] and the set of right cosets of C//(i/0: it is well defined and injective since

Λ- V = >·-'>·* & ν-*-"1 = ^(jc*)-1 = (ν*'1)* 4> yx~l € C

Now elements of the form g^'jp" for g = g N e G /N are images of the elements
g~l $φ of G in the factor-group G/N. Every coset g^'g^ — g~] $ΨΝ of Ν contains
at most \N\ elements of the form g~lgv> and each element of the form g~ig<p lies
in such a coset g~lglpN = 8~ι£φ. Therefore

Hence,

\G\ \G/N\ G \G\
<\N\, ' ' ,\, =\N\

and this implies \CC,/N(<P)\ < IQ;(<^)I as required.
The theorem is proved.

This result may be strengthened if the order of the automorphism is coprime to
the order of the normal subgroup.

1.6.2 Theorem. Let G be a finite group, φ an automorphism of G, and Ν a
normal φ-invariant subgroup of G whose order is coprime to the order of φ, that
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is (\N\, \φ\) = 1. Then
CG/ Ν (φ) = CG(<p)N/N.

Proof. We shall prove equivalently that each «^-invariant coset gN of Ν contains
an element of CG (φ).

We proceed by induction on \φ\. Suppose first of all that \φ\ = ρ is a prime
number. The sizes of the «p-orbits, which constitute a partition of the ^-invariant
coset gN, divide \φ\ — ρ, and hence are equal either to ρ or to 1. If all orbits
were of size p, then ρ would divide \gN\ — \N\, and this would contradict the
condition (\N\, \φ\) = 1. Therefore there must be an orbit of size 1, consisting of
elements of CG (</>)·

Now let the order \φ\ = mn be a composite number with m > 1 and n > 1. By
the induction hypothesis we have

CG/N(<P") = Cc(<p")N/N = €ο(φη)/€€ι(φΊ Π Ν.

The centralizer CG /Ν (ψ} is contained in CG /Ν (ψ11} and hence embeds isomorphi-
cally into CG (<?")/ CG (#>") Π Ν. Under this natural embedding the image also cen-
tralizes φ: indeed, each ^-invariant coset gN is ^"-invariant and there exists go e
CG(<P") n£^ so that go ( CG Op") HgN) is «^-invariant since Cc(<f>") is ^-invariant.
By the induction hypothesis applied to the automorphism φ acting on CG (φ") as
an automorphism of order n, the φ-invanant coset go(Cc(<pn) Π g N) contains an
element of CG(^). This element is what is required, since £O(CG(<P'!) Π Ν) c gN.

The theorem is proved.

1.6.3 Corollary. Let G be α finite group, φ - an automorphism of G such that
(|G|, \φ\) = 1. If φ centralizes all factors of some subnormal series of G

\=Κο<Κι<Κ2<...<Κ!Ι = G,

then φ = 1.

Proof. We shall prove by induction on i that Kt < CG (φ) for all / . By hypothesis
^i < CG(<p). By Theorem 1.6.2

whence €κ^ι(φ)Κί = Ki+\, and, since Kt < Cc(<?) by the induction hypothesis,
we have Kj+\ <

1.6.4 Corollary. Let G be a finite group and φ be an automorphism of G such that
(\G\,\<p\)=l.Then
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= CG(<p)[G,<p\;

Proof, a) Since glp = g[g, φ] for any g e G, φ acts trivially on G/fG, φ]. Hence
G = CG(<p)[G,<p] by Theorem 1.6.2.

b) We use a). Applying the formula [ab, c] = [a, c]h · [b, c] we obtain

[G, φ] = [CG(<p)[G, φΐ φ] < (€α(φ), V]16» · [[G, φ], φ] = [[G, φ], φ].

1.6.5 Corollary. If the group G of Corollary 1.6.4 is abelian, then (in additive
notation)

Proof. By Maschke's Theorem the Z{<p)-submodule Cc(<p) has a (^-invariant direct
complement U: G — CG(^) θ ί/. Since Cu(<p) = 0, we have [U,<p'\ — U by
Corollary 1.6.4. We now get

[G, φ] = \CG(<p} ©υ,φ\ = [U, φ] = t/,

and G = CG(<p) ®U = Cc(<p) Θ [G, p].

Corollary l .6.3 may be strengthened by dropping the subnormality condition on
the series.

1.6.6 Theorem. Let G be a finite group and φ be an automorphism of G such that
(|G|. \φ\) = 1. If for some series

1 = AT0 < tfj < K2 < · . . < K. · = G

all cosets kKi are φ -invariant for all k € Kj+\ and for all i = 0, 1 ..... s — 1, then
φ=\.

Proof. It is clearly sufficient to show that g H c CG(<P) for any ^-invariant coset
g Η where Η is a subgroup contained in CG (φ)· Then an obvious induction on ι
will show that AT, C Cc(<p} for all /'. We have g'p = gh for some h e H and,
further, ^ν" = ghk for all /: e N, since h e H < CG(<p)· Hence, if \φ\ = η, then
g = gf" = gh'\ whence Λ" = 1, and therefore also h = 1, since (\φ\, \h\) = 1 by
hypothesis.

The theorem is proved.
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§ 1.7 The Jordan normal form of a linear transformation of finite order

This section also contains a few well-known results.

1.7.1 Theorem. Let φ be an element of finite order n in the group of nonde gener ate
linear transformations of a vector space V over a field k. If the characteristic of
k is coprime to n or is 0, then the Jordan normal form of φ over a suitable field
extension of k is diagonal, and the eigenvalues of φ are n-th roots of unity.

Proof. Straightforward calculation of the n-th power of a Jordan box of size greater
than 1 χ 1 shows that the equation

a 1 . . . \ " /«" na"~l

= Ε

is possible only if a" = 1 and not11 ' = 0. Since η Φ 0 by the hypothesis on the
characteristic, the second equation implies a = 0, which contradicts the first one.
Hence all Jordan boxes have size 1 χ 1 and it is then clear that the eigenvalues of
φ are n-th roots of unity.

The theorem is proved.

1.7.2 Theorem. Let ρ be a prime number and let φ be an element of order pk

in the group of nondegenerate linear transformations of a vector space V over a
field k of characteristic p. Then all eigenvalues of φ are equal to 1 and V has a
k-basis with respect to which the matrix of φ is in Jordan normal form, all of its
boxes are of size at most pk χ //, and there exists at least one box of size greater
than pk~l χ //"'.

Proof. Over a field of characteristic ρ we have

0= !-</' = (]-φ)"\

which means that φ is a root of the polynomial (1 — λγ . Thus the minimal
polynomial of φ divides (1 — λ)1' and hence all of the eigenvalues of φ are roots
of the polynomial (1 — λ)1'1'. Therefore, all of them are equal to 1. In particular
they are contained in k and it follows from the proof of the Jordan Normal Form
Theorem that in this case V has a k -basis with respect to which the matrix of φ is
in Jordan normal form.
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Thus the Jordan normal form of φ consists of boxes of the form

1 1 \

Let us compute the /rv-th power of such a box:

1 1
/ Ιl ι C2c V

1 J

Since φρ = 1, we have C1^ = C2
>k = . . . = 0. It is easy to see that C1, is divisible

by p, if / < //, and Cp
k = 1. Hence the size of each box is at most pk χ pk.

The same calculations show that if all boxes have size at most pk~l χ pk~\ then
/. ... I .

φ!' — 1, a contradiction since \φ\ = pk. Therefore there exists at least one box
of size greater than //"' χ ρ

The theorem is proved.
/t-i

1.7.3 Corollary. Let ρ be a prime number. If φ is an automorphism of order pk of
an abelian p-group V then €ν(ψ) ^ 1 ·

Proof. The subgroup Ω \ ( Υ ) may be regarded as a vector space over the field
GF(p} and φ as a linear transformation of £ i i ( V ) (see §1.1). By Theorem 1.7.2,
1 is an eigenvalue of φ. Non-trivial eigenvectors with eigenvalue 1 are clearly
non-trivial elements of Cn, (V)(^>) < Cv(<p).

1.7 Λ Corollary. Let ρ be a prime number and let φ be an automorphism of order
pk of an abelian p-group V, where |CV(^)| = p". Then the rank of V is at most
pkn.

Proof. As above we think of the subgroup Ώ\(Υ) as a vector space over G F ( p )
and φ as a linear transformation of Ω\(Υ). By Theorem 1.7.2 all eigenvalues of
φ are equal to 1 and the vector space Ώ\(Υ) has a GF(/j)-basis with respect
to which the matrix of φ is in Jordan normal form, its boxes being of sizes <
pk χ pk . It is easy to see that the subset of this basis, corresponding to a given box,
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contains a single eigenvector lying in Cn,(V)(<p). It is also clear that eigenvectors,
corresponding to different boxes, are linearly independent. Therefore the dimension
d = dim CQ I (V)(<P) is equal to the number / of boxes. The rank of the group ΩΙ (V),
that is, din^i(V), is equal to the sum of the dimensions of the boxes and hence
is not greater than pkl. We observe finally that

whence / = d < n.
The corollary is proved.

It is clear, that we have, in fact, also proved the analogous result for dimensions
of vector spaces.

1.7.5 Corollary. Let p be a prime number and let φ be a linear transformation of
order pk of a vector space V over a field of characteristic p. if the dimension of
the subspace of fixed elements €ν(φ} is finite and equals n, then the dimension of
V is at most pkn.

§ 1.8 Varieties and free groups

A (group) word ν — v(x) in the variables χ = ( x \ , X 2 , . . . , xn) (or a word in the
(group) variables x\, xi,..., xn) is an element of the free group with free generators
x\, X 2 , . ·., xn- The value v(g) of the word v(x) at the elements g = (g\, #2, · · · , gn)
of some group G is the image of the element v(x) under the homomorphism which
extends the mapping jc,· — » · £ , , / = 1, 2 , . . . , n.

Let v(x) = v ( x \ , X 2 , ..., x,,) be some word. A group G is said to satisfy the
identity v(x) = 1 if the values of the word ν (χ) at any elements of the group G
are trivial, or, in other words, if the verbal subgroup v(G) is trivial.

Let V = {va(x)} be a set of words. The class of all groups satisfying all of the
identities va e V is called the variety of groups 9Jlv, defined by the set of identities
V. The factor-group of the free group F = ( x \ , X 2 , . . . ) by its verbal subgroup

V(F) = (va(g)\ g = ( g i , g 2 , . · . ) , 8i eF, vae V)

is called the free group of the variety 9tty If /?,· are elements in an arbitrary group
G from yily, then the mapping jc, -> /z, induces a homomorphism of F/V(F}
into G.

It is not difficult to see that all groups in 9Jlv satisfy an identity if and only if
the countably-generated free group of 97iv satisfies that identity.
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Birkhoffs Theorem states that varieties are precisely those classes of groups
which are closed under taking subgroups, homomorphic images and cartesian prod-
ucts.

For many varieties there is a standard notation. The variety of all abelian groups
(defined by the identity [jc, vl = 1) is denoted by 21, the variety of all soluble
groups of derived length k (defined by the identity <5* — 1, see the Preface) is
denoted by 21*, the variety of all nilpotent groups of nilpotency class c (defined by
the identity [x\, *2, · · ·, *<·+! ] = 1) is denoted by 9Ϊ,., and the variety of all groups
of given finite exponent η (defined by the identity jc" = 1) is denoted by 03,,.

Many of group-theoretic results may be formulated in terms of varieties. For
example, the positive solution of the Restricted Burnside Problem for groups of
prime-power exponent pk means that all locally nilpotent groups of exponent pk

constitute a variety (whose free /n-generator groups are denoted by B(m, pk)}.
Sometimes the language of the theory of varieties is also useful for proving

theorems. For example, it may be more convenient to do a calculation first in the
free group of a variety and then to apply it later to all groups in the variety. Another
typical example is: suppose we succeed in proving that all groups satisfying a
certain condition are nilpotent. If this class of groups constitutes a variety, then we
automatically get the boundedness of the nilpotency class of these groups. Indeed,
if there were groups G, in this class of unboundedly large nilpotency classes
Cj -» oo, then their cartesian product X G, would be non-nilpotent, although it

I

belongs to the same variety by Birkhoffs Theorem.
The theory of varieties, naturally, has its own problems and specific ways of

reasoning. We reproduce here the following simple result, which was independently
and more or less simultaneously published in [73, 97, 146].

1.8.1 Theorem. If every non-trivial group of some variety 971 is distinct from its
commutator subgroup, then the variety is soluble (that is 971 C 21* for some k).

Proof. By a standard argument, like that mentioned above for nilpotency, it is
sufficient to show that all groups of the variety 971 are soluble. Suppose, on the
contrary, that 97Ϊ contains non-soluble groups. It is then clear that the free group
F of 971 on a countable set of free generators x\, XT, ... is also non-soluble.

Let us consider the sequence of isomorphic copies F, of the group F

F, Λ Γ 2 Λ . . . Λ f). Λ Fi+i Λ... (1.8.2)

together with homomorphisms τ, which are defined on the free generators by the
rule

τ: Xj ̂  [x2j-i,X2j], 7 = 1 , 2 , . . .

(here, on the left-hand side jcy e F,·, and on the right-hand side X2j-\, xjj € F,+)).
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It is not difficult to see that in the cartesian product

FI Χ ΡΊ X - . . X Ft· X . . . ,

all τ-threads, that is, elements of the form

(α, ατ, ατ2,..., ατ1,...),

constitute a subgroup //, and the set of all elements with only finitely many non-
trivial coordinates forms a normal subgroup N. The section ΗΝ /Ν is called the
direct limit of the spectrum (1.8.2) and is denoted by lim f}.

It is important to note that this group is non-trivial: for instance, the element
(jci, χ\τ, χ\τ2,...) e Η does not belong to N, since jc i r ' = 8j(x\, j c i , . . . , jc?;) ^ 1
for all i by virtue of the non-solubility of the group F.

By B irkhoff s Theorem the group lim f) also belongs to the variety ΠΗ. We shall
now show that this group coincides with its commutator subgroup. Indeed, the
group lim F, is generated by the images of the threads

(xj,XjT,XjT2, . . . , X j T l , ...), j = 1,2, . . . ,

where the jt/ are the generators of F. But, modulo N, for each j the following
congruence holds:

(Xj,XjT,XjT2, ...,χ/τ',...) = ( \ , X j T , X j T 2 , ...,*,· r ' , . . . ) =
= (1, [x2j-\,X2j], [X2j-l,X2j]r, · · · ) =

= [(\,X2j-i,X2j-}T, . . . ) , (l,X2j,X2j*, ···)]·

This means that all generators of the group lim f, belong to its commutator sub-
group, which therefore coincides with the group itself.

Thus the non-trivial group lim F·, e 9ft coincides with its commutator subgroup,
contradicting the hypothesis of the theorem.

§ 1.9 Groups with operators

Let Ω be a group. A group G is said to admit Ω as a group of operators (G is an
Ω-group), if Ω acts on G (not necessarily faithfully) as a group of automorphisms,
or, in other words, if there is a homomorphism of Ω into AutC.
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Ω-groups may be regarded as algebraic systems which, in addition to the group
operations, have unary operations corresponding to the action of the elements of
Ω. Ω-subgroups of an Ω-group are its Ω-invariant subgroups; the homomorphisms
of an Ω-group commute with the action of the operators from Ω : if σ is a homo-
morphism of an Ω-group G, then (gw)" = (g"T for all g e G, ω e Ω.

The basic properties of the theory of varieties, common to arbitrary algebraic
systems, hold also for Ω-groups: there exist free /«-generated Ω-groups whose
elements, called Ω-group words, or simply Ω-words, define as Ω-identities varieties
of Ω-groups (varieties of groups with operators); the free groups of these varieties
are factor-groups of the free Ω-groups over verbal Ω-subgroups, etc.

As an abstract ("conventional") group, a free Ω-group with free generators
jc i , .V2, . . . . xn is a free group on free generators χ,ω, / = 1, 2 ..... /?, ω e Ω,
on which Ω acts as follows:

(jt?y = χ("ψ\ ω, <? e Ω, i =1,2,..., η.

Therefore it is clear that every Ω-word has the form

Example. Let ρ be a prime number. All groups G which admit an automorphism
φ such that

<pp=\ and χ ·χφ ·χφ2 ·...· χφ" ' = 1 for all χ € G,

constitute a variety of (φ) -groups 9ft /;. It is interesting to note that if φ — 1 then the
group G is of exponent p, and if G is a finite p' -group, then the automorphism φ is
regular. This variety will be studied in Chapter 7 where we shall prove an analogue
of the positive solution of the Restricted Burnside Problem: locally nilpotent groups
from 9Ji/7 form a subvariety of (^)-groups.

§ 1.10 Higman's Lemma

Let F be a free group (or a free Ω-group) with free generators x\, x2,... ,.v„.
For every / = 1, 2, . . . , η consider the homomorphism #,· of F into itself which
extends the mapping

Xi: -> 1, xk -> xk for k φ ί.
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It is clear that Ker#, = (jc/7) (or Ker#/ = (x™}) is the normal closure of x, in
F. For any subset J c ( 1 , 2 , . . . , « } we put

Next we shall consider only commutators in the generators jt/ and their inverses,

jwe shall say that such a commutator depends on Xj if it involves Xj or χ. '.

1.10.1 Lemma. The subgroup Dj is generated by commutators in the generators
xt and their inverses each of which depends on all of the elements Xj for j e /.

Proof. We proceed by induction on the cardinality of J'. First let J = {j}, then
Dj = (x^}. Since x" = Xj[xj,a] for all a e F, then Dj = (Xj, [xh a]\ a e F).
Each element of F is a product of the generators x·, and their inverses and so, by
repeated application of the standard commutator identities

[u, vw] = [«, w ] [ u , v][u, v, w]; [uv, w] — [u, w ] [ u , w, v][v, w ] ,

we can express the [xj,a] as a product of commutators in *,· and jc;~' each of
which depends on the element Xj.

Now let J' — J U {k}, that is Dj = Dj Π (χ[) and let b be an arbitrary element
of Dj Π (x[). By the induction hypothesis the element h is the product

£ = c,c2 . . .c , (1.10.2)

of commutators c, each of which depends on Xj for every j e J. If among the c/
there are some which do not depend on xk , we subsequently transpose them to the
left, preserving the order of their occurrence, by the formula

...cc'... = ...c'c[c, c ' ] . . . ,

where c is a commutator depending on xk, c' is a commutator which does not
depend on jt*, and the dots denote that part of the product (1.10.2) which is not
changed at this step. It is clear that these transpositions preserve (1.10.2) and that
all additional factors [c, c'\ arising are both dependent on all the *,·, / e J and on
xk. As a result we get

b = d\d.2 ... d,e\ej · · · er,

where each of the d( does not depend on xk, and each of the e-, depends on Xj for
all j e J'. Applying ̂  to this equation we obtain

l =did2...d„



§ 1.10 Higman's Lemma 27

since uk(b) = 1 because of the way we chose b, and because, clearly,
for all βί, depending on x^. Hence,

b = e\62 . . . e, ·,

and this proves the assertion of the lemma for J' ' .
The lemma is proved.

1.10.3 Higman's Lemma ([41]). An arbitrary element w of the free n- generator
group F with free generators x\,x->, . . . ,x„ may be represented as a product

W — UV\V2 . . . V2"-\,

where u e £>(i ,2 „}, and each of the elements υ,· has the form

where 1 < j\ < ji < . · . < j, < n.

(The order in which the elements υ,· = u/"11' '#/,#;., ... jr occur here is im-
material.)

Proof. It may be easily checked that the following equalities hold for the homo-
morphisms #/:

&k&k = &k and &i&j = &j&i for ι φ j.

Let us denote by 1 — #,· the mapping a -> a(a&j) l. We have

and this means that
fl(l - ι?,·) e Keri?,· = D( /1. (1.10.4)

It is also easy to see that

b(\ - &i) = b, for any b e D{/}. (1.10.5)

Therefore

belongs to the subgroup D(] 2 «}- By expanding the brackets and using the defi-
nition of the mappings 1 — #,· we express the element w to get the desired result.

The lemma is proved.
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This result is often used in combinatorial arguments in group theory. For our
purposes it will be convenient to record two of its corollaries. We shall now prove
the first of them directly.

1.10.6 Corollary. Let M and N be verbal subgroups of the free n -generator group
F on free generators x\ , jt2, . . . , xn

 and let J be an arbitrary subset of {1 , 2, . . . , n\.
Then, for any element v e Dj Π Μ Ν, there is an element w e Dj Π M such that
ν = w (mod N).

Proof. For any a € A/, b e Ν we have

ab(\ - &k) = ab((a
l = a(\ - &k) (mod N), (1.10.7)

since the verbal subgroup Ν is ϊ^-invariant and normal.
By hypothesis υ = ab, where a e M, b e N. We apply to this equation the

mappings 1 — #,;, where J = { / Ί , /2 , . . . , / ,} . In view of (1.10.5) this does not
change the left-hand side, since ν e Dj by hypothesis. Using also (1.10.7), we get

v = v(\ -#,·,)(! -#,2). . . (!-#,·) =

= flMl-#/,)(l -#,·2). . . (!-#,·,) =
= a(\ - #,·,)(! - # /2) . . . (1 - #,·.) (mod N).

The element w = a(\ — #,,)(! — #/,) . . . (1 — #,-v) satisfies the conclusion of the
corollary: it belongs to Λ/, since Μ is verbal, and to Dj by (1.10.4).

The corollary is proved.

Analogous assertions hold in free nilpotent groups and their proofs are no dif-
ferent from the proofs in this section. We shall recall them in the next chapter (in
§2.7) after giving the relevant definitions.

We now derive another corollary of Higman's Lemma the proof of which in-
volves a standard argument using extra generators.

1.10.8 Corollary. Suppose that p is a natural number and that f , x\,xi, . . . ,xj
are arbitrary elements of a group G. Then

= h · Π

where ε — 0 or 1 , the product involves the factor f±r and h is a product of powers
of commutators each of which contains at least p — 1 occurrences of every element
x\ , JC2, . . . , Xrf and at least one occurrence of f.
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Proof. Here we have to control the number of occurrences of elements whereas
Higman's Lemma indicates only the existence of occurrences. However we can
nevertheless use Higman's Lemma here by considering a multiple set of generators.
Namely, let

X\p-\, X2\ , *22i · · · - -*2/>- l» · · · < xd\ , Xd2- · · · , Xdp-\

be free generators of a free group F. We apply Higman's Lemma 1.10.3 to the
word

W = (fx\\X\2·· ·Χ\ρ-\Χ2\Χ22···Χ2ρ-\ ...Xd

to get
w = uv\V2 . . . um , (1.10.10)

where u e Ker t?() Π (~] Ker #,7 and each of the elements υ, has the form
i-j

Vi = u/~ i r '#,·,#,·, ...υ},,
fyj e {tfo, # 1 1 , . . . , #!,-!, &2\ , · · - - #2,-i - - - - , ̂ i , - - . , ^//,-i },

where the homomorphisms i?0 and i?/7 are defined as follows:

*V / ~*· 1: ^/; -* *// for all 1 ,7 ;
!?.v,: *.v, -^ 1; jc/_,· -> χη for all {ι, 7} φ {s, t}· f -> /.

Since υ^1 = i i?n . . . #ι, , -ι#2ΐ · · · #2/7-1 · · · #</ι · · · $dp-\ = f1' for some s, the
product clearly involves the factor f±r.

We now apply to (1.10.10) the homomorphism extending the mapping

/->·/ ; -f/y -> A·, for all /, j.

It is clear that the image of (1.10. 10) under this homomorphism is (1.10.9) which
satisfies the conclusion of Lemma 1.10.8 (in particular, for each /', occurrences
of elements ;c,i, χ 12, · · . , ΧΪΡ-\ in commutators the product of whose powers is u,
guarantee that h (the image of u) contains at least p — \ occurrences of*/).

The corollary is proved.
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Nilpotent groups

At the beginning of this chapter we use commutator calculations to prove some
standard facts connected with nilpotent groups. We then prove some sufficient
conditions for soluble groups to be nilpotent.

Schur's Theorem on groups with finite central factor-groups is included for the
sake of completeness. We are more interested in converses of this result for finite-
by-nilpotent groups, since their proofs prepare the reader for the more complicated
analogous arguments which are used in Chapters 4 and 5 for Lie rings and for
nilpotent groups with almost regular automorphisms of prime order.

Then we use the language of tensor products of abelian groups to study linear
properties of the lower central series of groups. As an application we give an
account of the theory of (π-) isolators which is of particular interest for (π-)
torsion-free groups.

We give definitions of basic commutators and the collecting process which are
important for further applications. We prove the consistency of the collecting pro-
cess and the fact that the factors of the lower central series of a group are generated
by images of basic commutators in its generators. However, we do not prove (nor
do we use) the fact that images of these basic commutators are free generators in
this case.

The section on finite p-groups contains, as well as elementary properties, both
P. Hall's Theorem on the quotients of the lower central series of a normal subgroup
of a group and the proof of the so-called Zassenhaus' identity which holds in any
group of prime exponent.

§ 2.1 Commutators and commutator subgroups

Definitions of commutators and of commutator subgroups were given in § 1.1.
Their properties listed in this section are valid for any group.

2.1.1 Lemma. The following hold for any elements a,b,c e G of an arbitrary
group G:
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a) ab = ba[a, b], a'' = a [ a , b ] ;
b ) [ a , b ] ~ l = [b,a]\
c) [ab, c] = [a. c]h · [b, c] = [a, c] · [a, c, b\ · [b, cj;
d) La, fcc] = [a, c] · [a, />]< = la, c] · [a, b] · [a, b, c];
e) (Witt's identity) [a, b~l , c]fr · [*, c"1 , af · [c, a"1 , fc]a = 1 .

Proof is by the direct calculation. For example, we obtain the first part of c) as
follows:

[a, c] · [b, c\ = b-a-c-acbb-c-bc = bacabc = [ab. c],

and the second part follows from a).
We prove e):

= b ' b a ]b ]ac ]a ' b ab ' c b χ

xc~l c b [c l b a {b l c b c~l a ex

χα"1 α c 'α ' c £ 'c 'aca 'ba =

= a~lb~~l a c^'a ' a c a ' b a = 1.

(The arrows denote cancellations.)

2.1.2 Three Subgroup Lemma. Let Ν be a normal subgroup of an arbitrary group
G. If for subgroups A, B, C < G we have

[\A,B],C]<N and [ [ B , C ] , A ] < N ,

then we also have [[C, A], B] < N.

Proof. It is clearly sufficient to prove the lemma in the case when N = 1 and we
shall assume that fact in what follows. By Witt's identity 2.1.1 e) we have for any
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a e A, b e B, c e C

The first two factors on the left are trivial since they lie in [[A, ],C] and
[[B, C], A], respectively. Hence [c, or1, b]" = 1 and therefore

As a runs through Λ so does a~l so that we also get fc, a, b] = 1 for any α e A,
b e B, c & C. Hence, b e CG([C, a\) for any b e B, and therefore 5 < CG([c, a]),
that is, [c, a] e CG(B) for any α e A, c 6 C. But [C, A] is generated by the
elements [c, a] and hence [C, A] < CC(B) so that [[C, A], B] = 1.

The lemma is proved.

2.1.3 Corollary. The following hold for any group G for any natural numbers m
and n:

a)[x,,,(G),x,,(G)l < yw+n(G),·
b) [y,n(G), £,,(G)] < f„-,„(C), /or n > m (wter* ?0(G) = 1).

Proof. Denote for short y,(G) = χ,·, ^;(G) = £y. We prove a) by induction on n.
For n = 1 by definition [χ,,,, χι] = χ /π+ι for all m. For n > 1 by the induction
hypothesis

I'Xm, Yn-\, Y\] < [Χ/n+M-l, Xl ] = Ym+,i,

and also
lXl , Km- Yn-\} = f y m + l , y«-ll < ym+w.

Therefore, by the Three Subgroup Lemma we deduce that

[Km, Yn\ = lYn, Ym] = \Y,,-\, Υ ί , Ym] < Ym+i,·

We prove b) by induction on m. For m — 1 we have [ χ ι , £„] < ξη-\ for every
n, since ζη/ζη_\ is the centre of G/£„_|. For m > 1 by the induction hypothesis

[χ,,,_ι,^, χι] < [^-,„+1, χι] = [y i , f n _, n +i] £ f n _« ,

and also

[ξπ, yi, y«i-l] < Li/i-l, y«i-l] = ly»»-l , fn-l l < ξη-m-

So, by the Three Subgroup Lemma we also get
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2.1.4 Corollary. If A, B, C are normal subgroups of an arbitrary group G, then
the following holds:

[[A, B], C] < [[B, C], A] · [[C, A], B] = [[A, C], B\ · ([A, [B, C}}.

Proof. We only need apply the Three Subgroup Lemma, regarding the product
],/4] · [[C, /!],#] as a normal subgroup containing both [[B, C ] , A ] and

2.1.5 Proposition. Let G be an arbitrary group and k any natural number. Then
a) Yk(G) contains all commutators of weight > k in the elements of G;
b) Yk(G) is generated by the simple commutators of weight k in the elements of

G;
c) if G — (M), then the subgroup Yk(G) is generated by the simple commutators

of weight > k in the elements of M and their inverses.

Proof, a) Induction on k. For k = 1 the assertion is trivial. Now let k > 1 and
let c be a commutator of weight r > k. Then c = [Γ], 6*2], where c\ and C2 are
commutators of weight r\, r^ respectively, with ΓΙ + r-ι = r. By the induction
hypothesis ci e y,-,(G) and c-2 e /,·, (G). Therefore,

c =

Nk — ( \ x \ , X 2 , . . . , X k ] \ Xi e G, / = 1 , 2 , . . . , k ) .

by 2.1.3 a),
b) Let us set

Since [ x ] , x i , ... ,xkY = [ x \ , J C j , . . . , x j . ] , we have N^ < G. It is clear, via
a), for example, that Nk < y;(G). We prove the reverse inclusion by induc-
tion on k. For k — 1 it is trivial. For k > 1 the images of all commutators
\x\, ; c 2 , . . . , Xk-\] of weight k — 1 lie in the centre of the factor-group G/Nk since
| [ j c i , j c2 , . . . , Λ ^ _ Ι ] , ; Τ ] e Λ^ for all χ e G. Hence, |^_i, G] < Nk. By the induc-
tion hypothesis we now get

n(G) = ln-i(G), G] = [#,_,, G] < Nk.

c) According to b) we have

n(G) — ( \ x \ , X 2 , ··· ,Xk]\ Xi e G, / = 1 ,2 ,£) .

We may express each element Λ, as a product of elements of Μ and their inverses.
Repeated application of 2.1.1 c), d) yields the desired conclusion.
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§ 2.2 Definitions and basic properties of nilpotent groups

The following theorem establishes the equivalence of different definitions of nilpo-
tent groups.

2.2.1 Theorem. For a group G the following conditions are equivalent:
a)xt.+ ,(G) = 1;
b) f,(G) = G;
c) G has a central series of length c

G = G, > G2 > ... > Gr > G( + , = 1,

that is, a series such that [G,·, G] < G, + i for all i = 1, 2, . . . , c.
d) G satisfies the identity

[χι, X 2 , . . . , x(-+\] = 1-

Proof. Let us assume c). Then induction on / shows that y/(G) < G/: indeed
yi(G) = Gi = G, and if x,(G) < G,, then

y,+1(G) = Ir,(G), G] < [d, G] < G,+1.

Therefore, yc.+ i (G) < Gt.+i = 1. In an analogous way for all / we have £,(G) >
G£ .+i_/: indeed, £i(G) > G r, since [G0G] = 1, and if £ f(G) > Gt.+i_,·, then
the inclusion [G t._,-,G] < G t._/+i < ^,(G) implies that the image of Gc._/ in
G/£/(G) is contained in its centre, which means that ξί+\^) > G(._,. In particular,
£,(G) = G.

We have proved that c) => a) and c) =>· b). Conversely, the upper and lower
central series are clearly central series, so that a) =^ c) and b) =>· c).

Finally, it is immediate from Proposition 2.1.5 that a) <3> d).
The theorem is proved.

Definition. A group G, satisfying the conditions of Theorem 2.2.1 is called nilpo-
tent, and the least natural number c for which these conditions are satisfied is called
the nilpotency class of the group G.

Often a group is said to be nilpotent of nilpotency class c if it is, in fact, nilpotent
of class < c.

By Theorem 2.2. l nilpotent groups of class < c constitute a variety which we
denote by 97,.. By Proposition 2.1.5 the subgroup xt(G) is verbal in any group
G. If F is a free group, then the factor-group F/yc+\(F) is the free group of the
variety 97(..
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We now prove the useful fact that the nilpotency identity may be verified by
considering only generating elements of a group.

2.2.2 Theorem. If a group G is generated by the set M, then it is nilpotent of class
< c if and only if any commutator of weight c + 1 in elements of M is trivial.

Proof. For each natural number k define the subgroup

i e

to be the normal closure of all commutators of weight k in elements of M. The
theorem will be proved if we show that Mk = Yk(G) for all k e N.

Clearly, Mk < Yk(G).
To prove the reverse inclusion we use induction on k. For k = 1 we have M\ —

(M) = G = Xi(G). Let k > 1. Notice that in the factor-group G/Mk the images of
all commutators of the form [mi, mi, . . . , mk-\], m, 6 M, having weight k — 1, lie
in the centre of G/M*. This follows from the fact that [m ι , m2, . . . , mk^\ , m] e Mk
for each m € M and from the fact that an element centralizing all generators of
the group, necessarily lies in the centre of that group.

We have therefore proved that [ M k _ \ , G] < Mk. By the induction hypothesis we
now get

n.(G) = [n_i(G), G] = [M,_,, G] < M,,

as required.
The theorem is proved.

Remark. The analogue of Theorem 2.2.2 does not hold for soluble groups: there
exist groups G = (M) with 8k(m\, m2, . . . , m20 = 1 for all m\, mi, . . . , m2* e M,
which are not, however, soluble of derived length k.

The next theorem collects some elementary properties of nilpotent groups which
are easily proved by induction on the nilpotency class.

2.2.3 Theorem. Let G be a nilpotent group and let N and H be subgroups ofG,
N being normal: N < G. Then the following hold:

a) if Ν φ \, then [N, G] < N;
b) if Ν Φ 1, then Ν Π Z(C) φ 1;
c)ifH^G, then N G ( H ) > H;
a} if HG' = G, then H = G;
e) H is subnormal in G.
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Proof, a) Since G is nilpotent, we have [N, G, . . . , G] = 1 for some k. But if
k

[N, G] = /V, then substituting we get [[N, G], G] = [N, G] = N, and so on,
so that [N, G, . . . , G] = N for all i. Taking / = k this contradicts the condition

N ^\.
b) Choose the least s > 0, for which [N, G, . . . , G] φ \ . Then [N, G, . . . , G] <

< Ν Π Z(G), since

[[N, G _ G ] , G] = [N, G.G] = 1 .
.v .v + 1

c) By induction on the nilpotency class c of G. For c = 1 the group is abelian and
NC(H) = G > H. Now let c> 1. If Z(G) ^ H, then NC(H) > Z(G}H > H. If,
however, Z(G) < //, then by the induction hypothesis N ^ ( H ) > H where H is
the image of H in G = G/Z(G). The full inverse image of N ^ ( H ) is, therefore,
larger than H and it coincides with NG(H), since

xH € N0(H) & (HZ(G)Y < HZ(G) & Hx < HZ(G) = H & χ e N G ( H ) .

d) By induction on the nilpotency class c of G. For c = 1 we have G' = 1 and
the result is obvious. For c > 1 by the induction hypothesis H = G where bars
denote images in G/Z(G). Therefore, 7/Z(G) = G. Then

G' = \HZ(G),HZ(G)] = H'

using 2.1.1 c), d), so that G = HG' = H H' = H.
e) It is easy to see that the series

Η < Ηζ\ (G) < Ηξ2(Ο) < ... < Ης£(Ο) = HG = G,

where c is the nilpotency class of G, is a subnormal series: for every /, H nor-
malizes //£/(G) and f /+ i (G) normalizes //£,(G) since

< [ ξ ί + ι ( 0 ) , G] < &

The theorem is proved.

A finite group is nilpotent if and only if it is the direct product of its Sylow
subgroups. The necessity of this condition will be obtained as a corollary to a
theorem on π -isolators in § 2.5, and its sufficiency will follow from the fact that
finite p-groups are nilpotent, which will be proved in § 2.8.
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It is possible, however, to prove the necessity by more elementary means using
properties of automorphisms of order coprime to the order of the group. Suppose
a finite group G is nilpotent; let us prove that it is the direct product of its Sylow
subgroups - which is equivalent to the fact that all of the Sylow subgroups are
normal. We use induction on the order of the group. Since G is nilpotent, it has a
normal subgroup H of prime index p. (One can take for H any of the maximal
subgroups of G containing the commutator subgroup.) By the induction hypothesis
all of the Sylow subgroups of H are normal in //, and hence all of them are
characteristic in H. Therefore all of them are normal in G. So, for each prime
number q φ ρ the Sylow g-subgroup of G is normal.

It remains to show that the Sylow /^-subgroup of G is also normal. If a is a
non-trivial element of the factor-group G///, then its order is p, and one can
choose its inverse image a lying in a Sylow /7-subgroup P of G. It is clear that
G = P · Hp , where H,,' is the Hall //-subgroup of H. It therefore suffices to prove
that [P, HP'] = 1, and since [P n //, Hr·] = 1 in the nilpotent group //, it suffices
to show that [a, H,,>] = 1. If this is not so, then the element a, normalizing the
subgroup lip·, induces on it by conjugation an automorphism of coprime order. By
Corollary 1.6.4 b) we get

By repeated substitution we therefore obtain

[. . . | [Hp; α],α], . . . , α ] = [Η,,; α] φ 1
η

for all π e N. This obviously contradicts the nilpotency of G.

§ 2.3 Some sufficient conditions for soluble groups to be nilpotent

The following theorem often facilitates the use of induction in proving that a group
is nilpotent.

2.3.1 Theorem (P. Hall [30]). Let N be a normal subgroup of a group G. If N
is nilpotent of class k and the G/[/V, N] is nilpotent of class c, then G itself is
nilpotent and its nilpotency class is bounded by f ( k , c) = (c — 1)*(<·'*" + k.

Proof. Using the fact that G / [ N , N ] is nilpotent of class c we shall prove the
formally more general assertion that y / ( ; .< ) + i (G) < χ*+ι(ΛΟ for all k € N. We
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proceed by induction on k, simultaneously calculating f ( k , c). For k = I the
hypothesis gives yc+\(G) < γι(Ν), so that we may put /(I, c) = c.

Now suppose that k > 1 and that y/(*,c)+i(G) < γ^\(Ν)}. For any s e N
consider the commutator subgroup

)+.*+i (G) = [Yf(k.C)+\ (G), G,...,G] <

Repeated application of 2.1.4 gives

[N,...,N,G]< [[N, G],N,...,N]· [N , [N , G],N,..., N ] ·
k+l

• . . . · [N, . . . , N, [N, G]]

and furthermore

[ N , . N;G,. , , G ] <
k+\ χ

< f] [[N,G_1_.^G] ..... [JV.G .G]] (2.3.2)
/ , + ...+,·,„ =.v " ^ " ~^

(here, by definition, [^V, G, . . . , G] = N).
ο

For sufficiently large s > (/c + l)(c — 1) + 1 at least one of the summands /y of
the sum /Ί + . . . + i/c+\ = .v will be greater than c — 1, and each commutator on
the right-hand side of (2.3.2) will contain a subcommutator

[JV, G, . . . , G] with ir > c. (2.3.3)

Now 2.1.4 allows us to "transpose" any of the normal subgroups to the beginning
of the commutator subgroups:

[ [ A , B], C] < [ [ A , C], B] · [[A, [B, C]} = [[C, A], B] · [[C, B], A].

Repeated application of this enables us to "pull out" the long subcommutators
of the form (2.3.3) in the right-hand side of (2.3.2) to the beginning, so that for
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s = (k+ l)(c- 1) + 1 we get:

G,...,GIN,...,N\.

(Here we have replaced [N, G, . . . , G] with ir > c by the larger subgroup

[N,G,..., G], and [N,G,..., G] for other /,· by N.)
c <j

As a result for s = (k + l ) (c — l ) + 1 we have

s c k

< [[G, G ..... G], N ..... N ] < [[N, Nl N , . . . , N ] = n+2(/V).
c+l k k

The last step again uses the condition yt.+ 1(G) < [N, N].
Thus, if we put /(*+ 1, c) = /a, C) + (*+ l)(c- 1) + 1, then x/a.+ 1.,H,(G) <

< γι<+2(Ν), as required.
It is not difficult to compute, starting from /(I , c) = c, that

/(*, c) = (c - 1) + 1 + 2(c - 1) + 1 + 3(c - 1) + 1 + . . .

The theorem is proved.

2.3.4 Corollary. If in α variety of groups (or in a variety of groups with operators)
yn, all metabelian groups are nilpotent of class < c, then any soluble group in
yjl is nilpotent and its nilpotency class is (s, c Abounded by some function g ( s , c),
where s is the derived length of the group. (In other words, if 9JI Π 2l2 C 97C then

'

Proof. By induction on the derived length s of the group. The case s = 1 is trivial,
and the case s = 2 is covered by hypothesis. For .v > 2, we consider the free
countably-generated group F of the variety DJi Π 2F . It is sufficient to prove that
F is nilpotent of class < g(s, c). By the induction hypothesis F' is nilpotent of
class < g(s — 1, c), and F/F" is nilpotent of class < c by hypothesis. Therefore,
by Theorem 2.3.1, F is nilpotent of class

*( „ , , ,< (c- 1) - - -- \-g(s - l , c ) .
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It is easy to see that the proof of Corollary 2.3.4, based on Theorem 2.3.1,
gives as an explicit expression for g(x, c) a polynomial in c with leading term
22' '~T +1 · c2" '. However, this bound may be significantly improved.

2.3.5 Theorem. If, in a variety of groups (or in a variety of groups with operators)
yft, all metabelian groups are nilpotent of class < c, then any soluble group in 971 is
nilpotent and its nilpotency class does not exceed ^£y where s is the derived length
of the group.

Proof. We shall at first prove the theorem in the technically simpler case of (ordi-
nary) varieties of groups, and then we shall indicate how the arguments should be
modified to include varieties with operators.

We use induction on the derived length s. The case s = 1 is trivial and the case
5 = 2 is covered by the hypothesis of the theorem.

Before making the induction step we find conditions under which a semidirect
product of two groups belongs to the given variety 971. Let the group word w(x) =
= w ( x \ , X 2 , . . · , Jcn) be one of the identities, defining 971 (see §1.8). Regarding y,,
Zj (i = 1 , 2 , . . . , n) also as free generators of a free group, we represent the value
w(yz) — w(y[Z\, V2Z2, · · · , ynzn) in the form

C w ( y , z ) , (2.3.6)

where cw(y, z) is an element of the normal closure

of the subgroup (ν, , >·2, . . . , v,,} in the group (y\ , y2, . . . , y„, z\ , 12, · · . , z„), so that
the word cw(y, z) has the form

where //(z) are some words in zi , zo, . . . , z,,.
(The presentation (2.3.6) may be obtained by transposing all the powers of the

Zj to the beginning, preserving the order of their occurrence, by using the formulae

where e = ±1, υ — ±f(z) and t (z) is some word in z i , zi, · · · , z„. Another
explanation of (2.3.6) consists in the fact that the image of w(yz) under the ho-
momorphism extending the mapping v, —> 1, z, -> z, (/ = 1,2, . . . , « ) is ob-
viously equal to w(z)\ the kernel of this homomorphism is the normal closure
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{(>Ί. >'2, · · · , v,,}(;i ..... 2"i>), and w(z) is an element of that coset of the kernel which
contains w(yz)·)

We fix notation cu , (v, z) from (2.3.6) for the word w.

2.3.7 Lemma. A semidirect product A\B of groups A and B belongs to the variety
9Jt if and only if the group B belongs to 971 and cu,(a, b) = 1 for each identity w
0/971 and arbitrary elements a\,ai, . . . ,an € A and b\, bi, . . . , bn € B.

Proof. If A \ B € 97Ϊ, then B e 27Ϊ, since B is a factor-group of_A\B. There-
fore, w(b) = 1 for any b\,b^ ..... bn e B. Furthermore, w(ab) = 1 for any
< 2 ] , αϊ, . . . , a,, e A. Hence, by virtue of (2.3.6), we have cir(a, b) = 1.

Suppose, conversely, that B e 971 and c!(,(a, /?) = 1 for any a\, a^, . . . . a,, € A,
b^bi, .·· , b„ e B. Then also w(b) = 1 and, therefore, by (2.3.6), w(ab) = 1. But
arbitrary elements of the semidirect product A X B have the form a\b\ , a^bi, . . . .
a,,bn. Therefore A X B satisfies each identity u; of 97Ϊ, that is A Χ Β € 97Ϊ.

The lemma is proved.

2.3.8 Lemma. Suppose that the group G belongs to the variety QJl. Then for any-
normal subgroup A of G and any normal subgroup C < Cc(A) the natural semidi-
rect product A X (G/C) also belongs to 37Ϊ.

Proof. Set B = G/C. By Lemma 2.3.7 it is sufficient to show that B belongs
to 5Ji and cw(ab) = 1 for every identity w of the variety 371 and any elements
a\, 02, . . . , a,, e A and b\>b2,..., b,, e B. It is clear that B G 9JI since it is a

Λ

factor-group of G e 9Jt. Now let us choose in G arbitrary inverse images bj of the
elements b\, i = 1, 2, . . . , n. Since w(ab) = 1 and u?(£) = 1, by (2.3.6) we have
cw(a, b) = 1. It remains to note, that

— /v

cu.(a,b) = cu.(a,b),

since the word cu,(o, b) has the form

a^ ·<· . . . · <', υ, =±/i(*),

where ί,(^) are some words in /?| , ^2, . . . , bn e , and, clearly,

by the definition of the action of B — G/C on A.
The lemma is proved.

Now we proceed with the induction step in the proof of Theorem 2.3.5.
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2.3.9 Lemma. Suppose that the variety DJi satisfies the conditions of Theorem 2.3.5
and let G be a soluble group in 931 of derived length s. Then

Proof. Induction on the derived length s. The case s — 1 is trivial and, if s = 2,
we need to show that [G', G, . . . , G] = 1. This follows from the hypothesis of

c
Theorem 2.3.5, since yc+i(G) = 1 for the metabelian group G e 9Ji.

Suppose that s > 2. Then [G(*-", G'] is normal in G and G/[G(s~l\G']
lies in OR. As G' centralizes the section V = G ( i~1)/[G ! ( i~1), G'], the group
G/G' acts on it by conjugation. By Lemma 2.3.8 the natural semidirect prod-
uct V X G/G' also belongs to 93Ϊ. The group V X G/G' is metabelian and hence
[V, G /G ' , . . . , G/G'] = 1 by the hypothesis of Theorem 2.3.5. This may be ex-

c
pressed in terms of the inverse images as:

[G ( V - ] ) ,G, G, . . . , G ] < [G ( s-n,G'].

If we replace Ga'~n by W = [G(s~*\ G',..., G'] in this argument, we obtain that

[W,G,G,...,G] < [W, G'] = [G(S-»,G', G' . . , G'].

An obvious induction on j yields

[G ( A-" ;G, G , , G ] < [G ( v - l ) ,G ' ,G ' , G ' ] ,
c'j J

and, in particular,

[G(v-·', G, G , . . . , G] < [G(y-·', G', G ' , . . . , G'].

But the right-hand side here is 1 by the induction hypothesis applied to G' since
G' is soluble of derived length s - 1 (note that (G')(s~2) = G(*~l)).

The lemma is proved.
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We now finish the proof of Theorem 2.3.5. Suppose that s > 2 and let G be
a soluble group in 931 of derived length s. By the induction hypothesis applied to
G/G ( i-'>, we have κ/(,_,,.)+,(Ο < G(*~l\ where f(s - l , c ) = ̂ .

Hence, by Lemma 2.3.9,

, G, G , . . . , G] <
<·<- '

< [ G ( V ~ I } , G , G, . . . , G ] = 1.

Hence G is nilpotent of class at most

,
c — 1 c — 1

which is the required bound.
The proof of the theorem in the case of ordinary varieties of groups is now

complete. In the case of varieties of groups with operators Ω, the proof may be
obtained by more or less word for word repetition of the same arguments. The
difference lies in the fact that in this case subgroups are Ω-invariant subgroups,
the free generators freely generate a free Ω-group, the identities (Ω-words) are
elements of the free Ω-group, etc. In particular, the elements c „.(>', z) from (2.3.6)
have the form

where / /(z) are elements of the semidirect product {zi, 2.2 ..... ζ,,} ^ Ω.

§ 2.4 The Schur-Baer Theorem and its converses

Although we are primarily concerned with converses of the Schur-Baer Theorem,
we prove it here for the sake of completeness in spite of the fact that the methods
used are different from anything we have yet mentioned.

2.4.1 Theorem. If the index of the centre of a group G is finite (and equals n),
then the commutator subgroup of G is also finite (and its order is n-bounded).

Proof. Put Z = Z(G) for short and decompose G into a union of cosets of Z:

G = giZ(Jg2Z\J...\Jg„Z.
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As follows from 2.1.1 c), d), all commutators of elements of G are of the form
[gi, gj], i, j = 1 , 2 , . . . , « . Therefore the commutator subgroup of G is contained
in the commutator subgroup of {#[, g2,..., g„) and so we may assume that G =
(g\, g2, ..., g„). Then Z, as a subgroup of finite index n in the finitely generated (n-
generated) group G, is also finitely generated by an «-bounded number of elements
by Schreier's Theorem. Now for any g e G and for / = 1, 2 , . . . , η put

Si 8 = Zi(g)gi(g),

where z,(#) e Z, and #,-(A,) € [g\,..., gn}. Straightforward calculation shows that
the mapping

is a homomorphism of G into Z (the so-called transfer homomorphism). It is easy
to see that #(z) — z" for all z e Z. Since Z is an abelian group, Ker# i> G'. As
a result we get

ι = tf(G'nz) = (G'nzy,
which means that G'HZ has finite exponent dividing A?. Since G'nZ is a subgroup
of the finitely generated abelian group Z, it is itself finitely generated (with the
same bound on the number of generators). Hence G' n Z is finite (and its order is
«-bounded).

Since |G' : G' ΓΊ Z| < G : Z| = «, we obtain that G' is also finite of «-bounded
order.

The theorem is proved.

The converse of Theorem 2.4. 1 is false - it is easy to construct an example of a
group with finite commutator subgroup whose centre is small (and coincides with
the commutator subgroup). For example, take

G = (a,·, b-,\ i e N; [ah ay] = [&,·, bj] = [a,·, bj] = 1 for /' ̂  y ;

[a,·, hi } = c, fa , , c] = [bh c] = 1 for all / ; c2 — 1) .

Then G' = {c·) is a group of order 2 while Z(G) = (c) has infinite index.
However there are some valid weaker assertions of a converse nature.

2.4.2 Theorem. If the set of all commutators {[g, h]\ g,h e G} of the elements of
a group G is finite (and consists of η elements), then G : %2(G)\ is also finite (and
n-bounded).

Proof. We shall need the following simple lemma.
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2.4.3 Lemma. For any element a of an arbitrary group G there is a one-to-one
correspondence between the set of commutators of the form {[g,a\\ g £ G} and the
set of (right) cosets of the centralize r CG (α).

Proof. We associate with the coset Cc(a}g the commutator [g,a]. This mapping
is well defined since, for any other representative of the same coset g' = eg,
c e CG (a), we have

[g',a] = [eg, a] = [c,a]g · [g,a] = \* · [g,a] = [g,a].

It is clear that this mapping is onto the whole set {[#,a]| g e G}. Also distinct
elements have distinct images: if [x, a] = [y, a], then

[jry-'.a] = [ x , a ] > " l [ y - \ a ] = [y,a}> ' [>·'%! = [ y y ~ l , a ] = 1,

which means that x y ~ ] e CG(^).
The lemma is proved.

To make it easier to understand more complicated arguments which will occur
in Chapters 4 and 5, we give another version of the proof of this simple lemma.
For a fixed element a e G define the mapping

μα: χ -> [χ,α]

from G into the set of commutators of the elements of G. Though, of course, this
mapping is not a homomorphism, we have shown, in fact, that the full inverse
images of the [χ,α] are the cosets of CG(-K), and the "kernel" - the full inverse
image of the identity element - is CG(JC), so that its index is equal to the cardinality
of {[χ, α]\ χ € G}. (In Chapters 4 and 5 some generalized centralizers of bounded
indices are defined in an analogous way as the kernels of certain homomorphisms.)

We now return to the proof of Theorem 2.4.2. By Lemma 2.4.3, the hypothesis
of the theorem imply that |G : CG(#)| < η for any g e G.

Now suppose that Γ Ι , C2, . . . , c„ are all the commutators of elements of G. For
each c, we fix representatives bjj of the cosets of CG(C,). The total number of
elements b,j is obviously «-bounded, since |G : CG(Q)| < n for all i. It follows
from the proof of Lemma 2.4.3 that for any g e G and for each c, there is a
representative &,·.,·(S> such that [g, c·,·] = [b/,y ( / ? ) , c,].

Now put

1.7
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where the intersection is taken over all c* and over all fyj. Since both the index
of each centralizer and the number of centralizers is -bounded, the index of the
intersection G : M\ is also «-bounded.

It remains to prove that M c £>(G). It is clear that it is sufficient to show that
[nt, g l 5 g2\ = 1 for any m e M and any g j , g2 £ G.

But the commutator [m, g\] coincides with one of the c,·, and hence,

for some b,j. We now apply Witt's identity 2.1.1 e):

Here the second factor is 1, since [g, ',£,. J] coincides with one of the cs, and
m e CG(CV) by the construction of M. For the same reason m e Cc(bij), so that
the third factor is also 1. Therefore, [m, g i , £/,_,·]*' = 1, whence [m, g i , g2 ] =
[m, gi , 6/,y] = 1, as required.

The theorem is proved.

If, as well as satisfying the hypothesis of Theorem 2.4.2, the group G is finitely
generated (by s elements), then even the index of the centre of G is finite (and
(«, s1 Abounded).

2.4.4 Theorem. Suppose that G is an s -generator group, s finite, and that
{[g>h]\ £> h e G} is finite and consists of n elements. Then \G : Z(G)\ is also
finite and (n, s)-bounded.

Proof. By Lemma 2.4.3 we have G : Cc(g)\ < n for each g e G. Suppose
.V

that G = ( a \ , a2, . . . , as). Then p) CG(Ö/) has finite (n, .v)-bounded index and is
( = 1

contained in the centre of G, because it centralizes each generator of G.
The theorem is proved.

We also recall the following general theorems of P. Hall [29]. If, in an arbitrary
group G, the subgroup Yk+\(G) is finite (of order n), then G : £2*(G)| is also
finite (and (n, £)-bounded). There are examples of groups G with y^+i(G) finite,
in which the index |G : ̂ -i(G)| is already infinite, so that 2k is best possible. If
G is in addition finitely generated (by s elements), then |G : &(G)| is also finite
(and (n,k, s) -bounded).

We prove here only the following simpler theorem which will be used later.
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2.4.5 Theorem. Suppose that G is an arbitrary· group with y^G} finite (of order
n). Then G has a nilpotent subgroup ofnilpotency class k whose index is finite (and
(k, n)-bounded).

Proof. The centralizer Cc(n(G)) has all the desired properties. Indeed, its index
is «-bounded, since G/CG(XA-(G)) embeds in the automorphism group of y/.(G)
which has order < n\. We prove that Cc(y/t(G)) is nilpotent of class < k. It suffices
to show that [c i , c 2 ---- > Q + i l = 1 for anY c i , - - - , Q + i e Cc(x*(G)). But this
follows at once from the fact that [ c \ , c2, . . . , Q] e xt(G) and Ck+\ € CG(X;(G)).

The theorem is proved.

(With an eye on future generalizations in Chapters 4 and 5 we observe that the
subgroup Cc(Xt(G)), constructed in the proof of Theorem 2.4.5, may be defined as
the intersection of the "kernels" of the mappings μί(: χ — > [*, α], where a 6 /A (G),
defining "kernel" to mean the full inverse image of the identity element.)

Theorem 2.4.1 was proved by Schur in [127]. Baer [3] also proved that if in an
arbitrary group the index of the A>th member of the upper central series is finite
and equals n, then the order of the (k + l)-th member of the lower central series
is also finite and (n, &)-bounded.

§ 2.5 Lower central series. Isolators

It is convenient to use the language of tensor products of abelian groups (see
§1.2) to describe linear properties of lower central series. The same facts may,
of course, be obtained by direct commutator calculations, but the use of tensor
products provides substantial "economies of thought". An account of the theory of
isolators is given as an application at the end of this section.

2.5.1 Lemma. Let A and B be subgroups of a group such that [A. B] < Z((A, )).
Then the mapping

μ: (α, b) -+ \a,b]

is linear in both arguments, that is μ(α\α2, b) = [ a \ , b][a2, b] and μ(α, b\b2) =
= [a, b\]\a, b2\, for any a,a\,ai e A and b, b\,b2 e B.

Proof. Straightforward application of 2.1.1 c) and d). For example,

μ(αια2,ν = [αι^]α- · [a2, b] = [a,, b][a2, b}.

since \a\,b\ e Z({A, B)) by hypothesis.
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2.5.2 Theorem. Suppose that G is an arbitrary group and χ denotes the image
of an element χ in the factor-group G/G'. Then, for any natural number n, the
mapping

u\ (x\ ®X2® ... ®xn) ->> [x\,x2, ...,x,,]Y,,

induces a homomorphism of the tensor product G/G' ® .. . ® G/G' onto x„(G)/

Proof. We set γ-, = y,(G), for short. For some k suppose that a and b are images
of a e Yk and b e G in Yk/Yk+\ and G/G' respectively. Consider the mapping

μ: a ® b -» [a, b]yk+2

from Yk/Yk+\®G/G' into Yk+i/Yk+2- This mapping is well defined, since [y*+i. G]
< Yk+2 and f x A , G ' J < χ^+2. Since Ly^G] = χ*+1 < Z(G/xA.+2), it is linear in
each of its arguments by Lemma 2.5.1. Hence (see § 1.2), the mapping μ induces a
homomorphism of Yk/Yk+\ ® G/G' into Yk+\/Yk+2- This is a homomorphism onto
the whole factor-group χ*+ιΜ+2, since [χ*, G] = yk+\.

We now prove the theorem by induction on n. For n — 1 the result is trivial.
For n > 1, it follows from the induction hypothesis that the mapping

ϋ\: (x\ <8> . . . ®xn-\ <S>xn) -> [ x \ , · · · ,χ,,-]]γη ®xn

induces a homomorphism of G/G' <8> . . . <g> G/G' onto χ,,_ι/χ,, ® G/G'. The com-
n

position of ??i and μ (as defined above with Λ = n — 1) obviously induces the
required homomorphism

of G/G ; (g> . . . ® G/G' onto χ,,/χ,,+ι.
n

The theorem is proved.

Now we are in a position to use linear properties of tensor products of abelian
groups.

2.5.3 Corollary. Suppose that G is an arbitrary group such that G/G' has exponent
m. Then x,,(G)/x/)+i (G) has exponent dividing m, for all n.
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Proof. The result follows from Theorem 2.5.2 and from the fact that the exponent
of a tensor product of abelian groups divides the exponents of each of the factors
(see § 1.2).

2.5.4 Corollary. Suppose that G is a nilpotent group of class c such that G/G'
has exponent m. Then G has finite exponent dividing mc.

Proof. This follows from the preceding corollary.

2.5.5 Corollary. Suppose that for some set of prime numbers π and some k e N the
orders of all elements of the factor-group Yk(G)/Yk+\ (G) are finite and π-numbers.
Then the same holds for Yn(G)/yn+\ (G), for all n > k.

Proof. It is clearly sufficient to consider γ^+\ (G)/j/£+2(G). In the proof of Theorem
2.5.2 we established the existence of a homomorphism of Yk(G)/Yk+\ (G) <8> G/G'
onto Yk+\(G)/Yk+2(G). Now yk(G)/yk+\(G) ® G/G' is generated by elements of
the form a ® b, where a e Yk(G)/Yk+\(G), and b e G/G'. By hypothesis we
have, in additive notation, ma = 0 for some π -number m. Therefore m(a ® b) =
ma ® b = 0.

2.5.6 Corollary. If a group G is finitely generated by d elements, then y,,(G)/
y, I+i(G) is generated by d" elements, for each n.

Proof. This follows from Theorem 2.5.2, since the rank of the tensor product of
abelian groups does not exceed the product of the ranks of the factors - see § 1.2.

It is not difficult to show that a subgroup of a finitely generated nilpotent group
is also finitely generated, and the number of its generators is bounded in terms of
the number of generators of the group and its nilpotency class. This follows from
Corollary 2.5.6 and from the following general result.

2.5.7 Proposition. If a group G has a subnormal series of length n with cyclic
factor-groups, then each of its subgroups may be generated by n elements.

Proof. Induction on n. For n = 1, we have that G and all of its subgroups are
cyclic. Suppose that n > 1, and let

G = GI > G2 > . . . > G,, > 1

be a subnormal series of G with cyclic factor-groups. If H is an arbitrary subgroup
of G, then the factor-groups

H/(H Π G2) = HG2/G2 < G/G2
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are cyclic. Hence ///(// Π GI) is generated by a single element, and an arbitrary
inverse image of this element together with H Π G^ generate H. By the induction
hypothesis // Π Gi is generated by n — 1 elements. Hence H is generated by n
elements.

The proposition is proved.

We now apply Theorem 2.5.2 to construct isolators and the largest periodic
subgroups in nilpotent groups.

Definition. Let π be a subset of the set of all prime numbers. A natural number
is said to be a π -number, if it is the product of numbers from η .

Definition. For any subset Μ of a group G the subset

Ιπ(Μ) = [χ e G | χ" e Μ for some ττ-number η = n(x}}

is called the π -isolator of Μ (or simply the isolator of Μ if π is the set of all
primes). If the set π = {/?} consists of only one element, then we write 1P(M)
instead of

The following result shows how important the concept of isolator is in the theory
of nilpotent groups.

2.5.8 Theorem. Suppose that G is a nilpotent group, π is a set of of prime numbers
and Η is a subgroup of G. Then the π -isolator Ιπ(Η) is a subgroup of G.

Proof. We may clearly assume that G = (Ιπ (//)>. We note that this assumption is
inherited by all factor-groups of G. We therefore have to prove that G = 1π(Η).
We use induction on the nilpotency class c of the group G.

The result is easily verified for abelian groups. Therefore, for any element g e G,
there is a τΓ-number m such that g"' e y2(G)//.

Now consider an arbitrary commutator f g i , gi, ... , gc] of weight c, where c is
the class of G. To each element #/ there corresponds a π -number m, and an element
ki e Y2(G) such that #'"'&,· e H. Since yf.(G)/yc.+i(G) = yr(G) is a homomorphic
image of G/G' ® . . .®G/G ' (Theorem 2.5.2), it follows that

Now m\mi . . . mc is clearly a π-number and the left-hand side of the above equa-
tion belongs to //, since #,'"'/:,· e //, for all / . Thus [#i, #2, · · · ,& · ] £ Ιπ(Η).
Therefore, the abelian group y, (G), generated by the commutators [g\, g2, . . · , gc]
(see 2.1.5), is contained in Ιπ(Η).
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By the induction hypothesis applied to G/γ, (G), for any element g e G, there
is a π-number m such that g1" 6 Hyc(G), that is g1" = hi for some z e x,-(G)
and / / e / / . Since yc(G) c Ιπ(Η), as was proved above, there is a π-number s
such that ΖΛ" e H. As a result g'"v = /zV € //. But ms is also a π-number so that
g 6 /τ(#), as required.

The theorem is proved.

Definition. The isolator Ι π ( \ ) of the identity subgroup of a nilpotent group G is
also a subgroup by Theorem 2.5.8 called the π-torsion part of G (the torsion or
periodic part of the group, if π is the set of all primes).

Obviously, if the isolator 7τ(1) is a subgroup, then it is characteristic. Therefore
we have the following corollary to Theorem 2.5.8.

2.5.9 Corollary. If a periodic group is nilpotent, then it is the direct product of its
Sylow subgroups.

We now record a result which we shall need later.

2.5.10 Proposition. The periodic part T(G) of a finitely generated nilpotent group
G is finite.

Proof. It follows from Corollary 2.5.6 that G has a finite normal series with cyclic
factors. Hence the subgroup T(G) is finitely generated by Proposition 2.5.7. By
Corollary 2.5.6 all factors of the lower central series of T(G) are finitely generated
as well. Since they, like T(G), are periodic groups, they are finite. Thus T(G) is
also finite.

The proposition is proved.

To conclude this section we remark that to many theorems about lower central
series there correspond dual results about properties of upper central series - see, for
example, the book of Warfield [153]. Thus, for example, if the centre of a nilpotent
group has no π -torsion, then the group itself is π-torsion-free, etc. However, we
do not know whether there is any automatic procedure for obtaining such dual
results.

§ 2.6 Nilpotent groups without torsion

In this section π will always denote a set of prime numbers. All our results will
be proved for nilpotent groups without π-torsion (see § 2.5). Their proofs are not
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essentially any more difficult than their proofs in the special case of torsion-free
groups, that is, where π is the set of all primes.

The following theorem shows that extracting π-roots in nilpotent groups without
π-torsion is a well-defined operation.

2.6.1 Theorem. Let G be a nilpotent group without π-torsion, that is, such that
Ι π ( \ ) = 1. Then for x, y e G

a) ifx" = y" for α π-number n, then x = y;
b) ifxmy" = y"x"' for π-numbers m, n, then xy = yx.

Proof, a) Induction on the nilpotency class c of G. For c = 1 the group is abelian
and

and, since G has no π-torsion by hypothesis, xy~l = 1. Thus jc = y. For c > 1, we
have x = y (mod Z(G)) by the induction hypothesis, that is, x — yz, ζ e Z(G).
By hypothesis (yz)" = x" — y" => y"z" = y" => z" — 1. But G has no π-torsion
and so ζ = 1, which implies that x = y, as required.

b) It is clear that it suffices to prove this assertion in the case where one of m, n is
1 (then xmy" = ynxm =>· x'"y = yx'" => xy = yx). Thus, we shall assume without
loss of generality, that x'"y = yxm. This implies that xm = y~lx'"y = (y~lxy)m.
It now follows from a) that x = y~lxy, that is xy = yx, as required.

The theorem is proved.

2.6.2 Theorem. For any group G and any natural numbers i, j the following holds

l7T(y/(G)), In(Yj(G))] < 7T(y i+7(G)).

(Note that the subset 77r(y,(G)) is a subgroup for every / since it coincides with
the full inverse image of the π -isolator of the identity subgroup of the nilpotent
factor-group G / y, (G).)

Proof. We put H = Ο//π (/,·+; (G)). The group H is obviously nilpotent of class
< i + j — 1 and has no ττ-torsion. Since for k < i + j it is evident that Ιπ(γι<(Η)) =
fn(Yk(G))/Iji(Yi+j(G)), it will be sufficient to prove that

For any a e Ιπ (χ/ (//)), b <= I„(yj(H)) we have a1" e y/(//) and b" e y/(H) for
some TT-numbers m and n. Therefore, by 2.1.3 a), [a"\ b"] e y,+y(//) = 1, that is
a'"b" = b"am. But H is π -torsion-free, and hence we have ab = ba by Theorem
2.6.1.
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Hence [a, b\ = 1 for any a e ίπ(γί(Η)), b e /T(yy(//)), as required.
The theorem is proved.

§ 2.7 Basic commutators and the collecting process

Suppose that a group G has a subnormal series

G = Gi > G2 > . . . > G,, > Gl!+i = 1

with cyclic factors (c,·) = Gj/G-,+\. Let us choose inverse images c, e G of the
elements c,·. Then every element g e G may be uniquely represented in the form

* = c;'. < £ · . . . . < · (2.7.D
where 0 < is < \cs\ if cv | < oo, and ΪΛ. e Ζ if cx = oo. We prove this by induction
on n: for η = 1, the group G = (c\) is cyclic and the assertion is obvious. For
n > 1, the image g of the element g in the cyclic factor-group G/Gi is uniquely
represented in the form c\] , where 0 < /Ί < c',1 1 . Then by the induction hypothesis
applied to the element c~"g e G2, it is uniquely represented in the form

which gives the unique representation in the required form (2.7.1).

A group which has a subnormal series with cyclic factors is called polycyclic.
For finite groups this is equivalent to solubility, but infinite polycyclic groups
constitute a proper subclass of the soluble groups. Many of their properties are
similar to the properties of nilpotent groups.

Having a central series with finitely generated factors is, of course, sufficient for
a group to be polycyclic. Hence, finitely generated nilpotent groups are polycyclic,
by Corollary 2.5.6.

The representation of an element of a group in the form (2.7.1) looks like a
decomposition of a vector over a basis of a vector space. The elements c\ , c? , . . . , c,,
are called a Mal'cev basis of the group G. The product of two elements of the
form (2.7.1) a = t·,1 · cv · . . . · c,',", b = c{' · cJ

2
2 · . . . · c„" , may be also represented

in the form (2.7.1)
aij — ,./i('-J'> . (.h(i-J) . . cf,,(ij)UO — C ] · Cf Cn

Here the exponents /;(/' , _/ ) , are, of course, functions of the vectors / = (/ 1 , ΙΊ, . . . ,
'«), j = (j\ , hi · · · ' Jn)· In fac* the f k ( i , j) define the complete multiplication table
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of the group, that is, they carry full information about its structure. In many cases
it is sufficient to know that the /*(/, y) are polynomials in the "coordinates" /, j.
The explicit form of these polynomials depends on the particular Mal'cev basis of
the group chosen.

In this section we shall construct a Mal'cev basis for free nilpotent groups,
consisting of the so-called basic commutators in the free generators. We observe
that it is important to be able to do calculations in free nilpotent groups. Firstly,
many results may be regarded as facts about the structure of the free nilpotent
groups. For example, Kostrikin's Theorem giving a positive solution to the Re-
stricted Burnside Problem for groups of prime exponent p means that, for the free
n-generated nilpotent group F of class c, the (finite) index of the subgroup Fp is
(«, /?)-bounded (and does not depend on c). Secondly, calculation in free nilpotent
groups is also a method of proving theorems.

There are many ways of defining basic commutators for free nilpotent groups.
The product of two elements of the form (2.7.1) is usually brought to the same
form by means of a sequence of transformations, and this procedure is called a
collecting process. We shall describe the basic commutators and the collecting
process of P. Hall. (For another more general way of defining basic commutators,
see the work of Shirshov [132].)

Let F be a free nilpotent group of class c with free generators x\,X2,... ,x„.
The following definition of basic commutators uses induction on their weight and
simultaneously defines a linear order on them.

Definition. The elements xi,X2,...,x„ are basic commutators of weight 1 in
x \ , X 2 , ..., xn. Commutators of weight I are linearly ordered arbitrarily. If c\ and
c2 are basic commutators of weight /Ί and /2 respectively, then the commutator
[c\, C2\ is a basic commutator of weight i\ + /2> if the following two conditions are
satisfied:

a) c\ > C2 and
b) if c\ = [en, c\2\, where c\\ and c\i are basic commutators, then c\2 < ci-
Basic commutators of greater weight are by definition greater (in the linear order)

than basic commutators of smaller weight. The linear order on basic commutators
of the same weight is defined arbitrarily.

For example, suppose that F = (xi,X2,x^). Put jci < X2 < X3 for weight
1. Then, according to the definition, the basic commutators of weight 2 will be
[*2,*ι]> [·*3, *ι], [*3,-*2]· Let us order them, for instance, in the following way:
[*2, χι] < [*3, x\] < [*3, χ?]. Then the basic commutators of weight 3 will be

[ X 2 , X l , X l ] , [ X 2 , X \ , X 2 ] , Ι*2,·*1,*3], [Χ3,Χ\,Χ\]

[*3,*2,.*2], 1*3, *2, -^l·
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Next, the basic commutators of weight 4 will be

rr v l [ v r 11

here dots denote the remaining simple basic commutators.
The following important theorem will be proved here only in part.

2.7.2 Theorem. The factors of the lower central series of the free group F with
free generators x\, x^ ..., xn are free abelian groups: for each k e N, the factor-
group Yk(G) I Yk+\(G) is freely generated by the basic commutators of weight k in
X] ? X2' · · · ' -*·/!·

We shall only prove here that the Yk(G)/Yk+\(G) for all k are generated by basic
commutators of weight k in x\, X2, · ·., x,, - this will follow from the collecting
process described below.

2.7.3 Corollary. The basic commutators in the free generators x \ , X 2 , ...,xn of the
free nilpotent group F /yc+\ (F) of class c taken in their order, constitute a Mal'cev
basis of F/yL.+ \(F). If c\ < ci < ... < CN are all basic commutators of weight
< c, then each element g E F/YC+\(F) may be uniquely represented in the form

' l 12 ' .V * ,— ^/7 /Ό Τ Λ \

Now we proceed to describe the collecting process. We shall need the formulae
gathered in the following lemma.

We use the abbreviation: [v, su] = [ v , u , u,..., «].

2.7.5 Lemma. For any u, v G F and for all k the following congruences hold
modulo Yk(F):

a) vu = uv[v, «];
b) vu~l ~ u~lv[v, 2u][v, 4«! . . . [v, 3«] '[u, \u]~l (mod
c) v~l u = w[u , M] ' u ';
d) v~lu~l = u ~ ] [ v , \u][v, «3] . . . [v, 4wl~ ' [ i i , 7 i i ] ~ l v ~ l (mod y/t

Since commutators of the form [u , . v w] belong to Yk(G) for s > k — 1, in the
formulae b) and d) the dots denote, of course, only a finite number of factors.

Proof. It is easy to verify a) and c) by direct calculation.
Next we have

1 = [v, uu~l] = [v,u l ] [ v , u ] [ v , u , u ] \ ,
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whence,

[ v , u - l ] = [v,u,u-lr] - [ υ , «Γ1·

Applying this to [[v, u], w ~ ' J, where [v, u] takes the role of v, we get on substituting

[υ,«-1] = [υ , Μ ,ι | - | Γ 1 . [υ , ΜΓ 1 =
= ( [ ν , Μ, u, ir1]-1 - (v, M, «Γ'Γ1 · [v, u}-1 =

= [ v , u , u ] [ v , u , u, u l ] [ v , u \ l .

We now repeat the process with [[v, u, u], u ~ ] ] , etc. Commutators of weight > k
are trivial modulo y*(F), and so after a finite number of steps this process yields

[υ, «"'] Ξ [u, 2« ]1υ ,4« ] · · . [ υ , 3«Γ'Ι>, ι«]"1 (mod y k ( F ) ) .

But u w ~ ' = Μ 'υ[υ,Μ Ί, and so b) is proved. It is also easy to verify that
υ"1«"1 = Μ '[ι>, M ~ ' ] 'υ ', so that the same congruence gives d).

The lemma is proved.

These formulae enable us to transpose basic commutators in such a way that the
additional factors emerging are also basic commutators or their inverses. This is
guaranteed by the following lemma, which is an easy consequence of the definition
of basic commutators.

2.7.6 Lemma. If v, u, \v,u\ are basic commutators in the free generators of a
free group F, then the commutators [v, /<u] are also basic commutators in the free
generators for all k.

The collecting process involves considering group words, written in the form

c'jl ·€%·...·€%, (2.7.7)

where e> = ±1, and the c-]r are basic commutators. The collected part of the word
(2.7.7) is by definition its initial segment (reading from the left) of the form

where we recall that c\ < c'2 < ... < CN are all basic commutators and, by
contrast with (2.7.7), the exponents /',. belong to Z. Every step of the collecting
process transforms the word (2.7.7) identically, lengthening its collected part.

In order to represent any element of F modulo yc+\(F) in the form (2.7.4), that
is, in the collected form, it is sufficient to apply the collecting process, which we
are about to describe, to the representation of this element as a product of the free
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generators x\,x2,...,x„ of F and their inverses, that is to its representation in the
form (2.7.7), where all commutators t, are of weight 1.

The collecting process consists of consecutive stages, each of which is devoted
to the "collecting" of all the occurrences of a given basic commutator c,0, while it
still occurs in the non-collected part of the product (2.7.7) - under the condition
that all basic commutators smaller than c,n are already "collected", that is, do not
occur in the non-collected part of (2.7.7). Here we say that the commutator c(|)
occurs in (2.7.7) if this product contains ce

io as a factor, where e = ±1.
Thus, at the first stage we collect all occurrences of c\ (for example, c\ = x\,

if x\ < X2 < . . . < xn}· At the start the first occurrence (from the left) of c\ is
transferred to the first place - the subwords Ϊ/'Μ· /, where e, f = ±1, u = c\ and v is
a basic commutator greater than C|, are replaced by the right-hand sides of formulae
2.7.5. Note that each such substitution transfers the first occurrence of c\ one step
to the left, and that all emerging additional factors are also basic commutators. The
latter is true by Lemma 2.7.6, because here we always have v > w, so that u, v and
[v, u] are basic commutators. After several such substitutions the first occurrence
of c\ will be at the beginning of the product (2.7.7) and will constitute its collected
part. Next, the first occurrence of c\ in the non-collected part is transferred in the
same way by 2.7.5 to the left, to the collected part, and so on.

Ultimately, there will be no occurrences of c\ in the non-collected part. The
collected part will be a power of C|, and all additional factors emerging will be
basic commutators greater than ci. The first stage is complete.

We proceed by induction. Suppose that after the first k stages of the collecting
process the collected part has the form

r" · c'2 · · r"C\ C2 · · · Ck: '

and the non-collected part contains only basic commutators v greater than Q with
the property that if v = [ v \ , vi], then v2 < Q-

At stage k + l all occurrences of Q+I are consecutively transferred to the left,
to the end of the collected part. Namely, the subwords veut, where <?, / — ±1,
u = Q+I and v is one of the basic commutators which is not only greater than
Q but also greater than Q+I, since we always transfer the first occurrence of Q+I
to the left, are replaced by applying 2.7.5. Here, either the weight of υ is 1 and
then [v, u] is a basic commutator, or υ = [v\, vi\, and by the induction hypothesis
V2 < Q < Q+I, so that [v, u] is also a basic commutator by definition. Therefore,
all additional factors appearing are basic commutators by Lemma 2.7.6. It is also
clear that all of them are greater than Q+I, and if ν = [v\, ui] is such an additional
factor which appeared at stage k + 1, then u? < Q+I .

After a finite number of such steps the collected part will be lengthened by a
power of Q+I , and in the non-collected part only basic commutators greater than
Q+I will be left. Also, if v = [ v \ , V2\ is such a commutator, then vi < Q+i (we
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pointed out above that this property held for commutators appearing at stage k + 1
and it is valid for other commutators by the induction hypothesis). This completes
stage k + 1.

Since in a free nilpotent group of class c there is only a finite number of basic
commutators in the free generators which occur in a given element, a group word, it
follows that this collecting process will transform that group word to the collected
form (2.7.4) in a finite number of steps.

The collecting process is a way of doing calculations in free nilpotent groups
and it may be used to carry out calculations in specific cases. However, it may be
also used to prove certain theorems. For example, we have just used the collecting
process to prove that, for all k, the factor-groups y/t(G)/y*+i(G) are generated by
the basic commutators of weight k in the generators of a group G. In the next
chapter we shall use this process to prove Zassenhaus' identity

[x, >', y, . . . , >'] = 1 (mod yp+1(G)),

which is satisfied by every group of prime exponent p. But here we record only
one example of such calculations.

Example. In any group G of exponent 3 the following congruence holds:

[ x , y , y ] = 1 (mod y4(G))

for arbitrary elements x, y e G.

Proof. It is clearly enough to prove, that we have [x, y, y] e F3, where ΛΓ, y are
free generators of a free nilpotent group F of class 3. We consider the power

e F3 and transform it using the collecting process:

Y = χ y xyxy = x2y[y, x ] y x y =

= x3y[y,x][y, x][y, χ, x]y[y, x]y =

= x3y2[y, x][y, x, y][y,x][y, x, y][y, x, x][y,x]y_ =

= x3y3[y, x][y, x, y][y, x, y][y, x][y, x, y]·
•[y,x,y][y,x,x][y,x\[y,xty] =

= x 3 y 3 [ y , x ] 3 [ y , x , y ] 5 [ y , x , x ] = [y,x,y]2[y,x,x] (mod F3).
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Here the element being transferred at any given step is underlined in bold. The dot-
ted underlining means that the element in question commutes with the transferred
element and does not give rise to additional factors.

Since the left-hand side of the resultant congruence lies in F3, we have
[_y, JT, y]2[y, .χ, x] € F3. Since χ and y are free generators and F3 is a verbal
subgroup, this inclusion will hold also after replacing Λ; by x2 (that is, we apply
the homomorphism extending the mapping χ —>· χ2, y —»· y). As a result we see
that

F3 3 [y, x2, y]2 · [y, x2. x2} = [y. JT, y]4 · [y, x, x]4 =
= [ y , x , >'![>',*, JT] (mod F3).

Multiplying the elements [y, x, y]2[y, x, x] and [y, x, y][y, x, x] from F3, we ob-
tain [y , jc , j r ] 2 e F3, whence, [y , J t , j c l e F3, as required.

(In fact it may even be proved that any group of exponent 3 satisfies [y, x, x] — 1
and [*!, A"2, x?,, X4] = 1.)

Concluding this section we extend Higman's Lemma to free nilpotent groups.
The statements and proofs of all results analogous to those in § 1.10, may be
obtained by simply reproducing the latter, replacing free groups by free nilpotent
groups of some class c. Note that, in view of the collecting process formulae, one
need only consider commutators in the free generators x-, (and not in .v, and A';~')
in the statements and proofs of such theorems.

§ 2.8 Finite p-groups

In this section p will always denote a prime number.

Definition. A group P is called a.finite p-group if \P\ = p" for some n.

It follows immediately from Lagrange's Theorem that the order of any element
of a finite p-group is a power of p.

The proof of the following important theorem is also based on the arithmetical
argument.

2.8.1 Theorem. Every finite p-group is nilpotent.

Proof. By induction on the order of the group it is obviously sufficient to show that
every finite p-group P has a non-trivial centre. The cardinality of the conjugacy
class of elements containing a given element g e P is equal to the index of its
centralizer, \P : Cp(g)\ (because the centralizer Cp(g) is the stabilizer of the
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point g and the conjugacy class containing g is an orbit of P acting on itself by
conjugation). Clearly, this number is either divisible by p, or equal to 1. In the latter
case, evidently, g € Z (P). But the group P of order p" is the union of pairwise
non-intersecting conjugacy classes. Since at least one of them has cardinality 1,
that consisting of the identity element alone, it follows by an obvious divisibility
argument that there must be at least p— l more one-element classes, whose elements
therefore belong to Z(P).

The theorem is proved.

We observe that Corollary 2.5.9 and Theorem 2.8.1 provide a criterion for a
finite group to be nilpotent.

2.8.2 Corollary. A finite group is nilpotent if and only if it is the direct product of
its Sylow subgroups.

We proceed to give some elementary properties of finite p-groups.

2.8.3 Corollary. In an arbitrary finite p-group
a) every maximal subgroup is normal and has index p;
b) every normal subgroup of order p is contained in the centre of the group.

Proof, a) If M is a maximal subgroup of a finite p-group P, then Np(M) > M
by Theorem 2.2.3 c), since P is nilpotent; therefore NP(M) = P, that is M < P.
Now if z is an element of order p from Z ( P / M ) and z e P is its inverse image,
then (z, M) clearly has order p\M\ and coincides with P, since M is maximal.

b) If N is a normal subgroup of order p of a finite p-group P, then ΝΓ\Ζ(Ρ) ^ 1
by Theorem 2.2.3 b), since P is nilpotent. Since \ΝΓ\Ζ(Ρ)\, which is not 1, divides
the prime number \N\ — p by Lagrange's Theorem, we have \N Π Z ( P ) \ = p =
\N\, that is Ν Γ\Ζ(Ρ) = N.

The theorem is proved.

Definition. The subgroup Φ(Ρ) = Ρ'Ρ1' of a finite p-group P is called the Frattini
subgroup of the group P.

2.8.4 Lemma. Let P be a finite p-group. Then
a) the Frattini subgroup Φ(Ρ) is the intersection of all maximal subgroups of P;
b) if (Φ(Ρ), Μ) = P, for some subset M, then (M) = P.

Proof. Let us denote by / the intersection of all maximal subgroups of P. For any
maximal subgroup M of P we have M < P and \P/M\ = p by Corollary 2.8.3.
In particular, P/M is abelian and has exponent p, whence M 2 P' and M 2 Pp·
Therefore I ^ Φ(Ρ).
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To prove the reverse inclusion we consider Ρ / Φ ( Ρ ) . This is an elementary
abelian group of exponent ρ and may be regarded as a vector space over the
field GF(p) (see §1.1). It is easy to see that the intersection of all subspaces of
codimension 1 is {0}. (Indeed, by the replacement theorem each non-zero vector
a may be included in some basis [a\ = a, ch-..., a,,} of this vector space. The
subspace spanned by (a^,... , a n ] has codimension 1 and does not contain .)
Therefore, the intersection of all maximal subgroups of the factor-group Ρ / Φ ( Ρ )
is 1. The full inverse images of the maximal subgroups of Ρ/Φ(Ρ) are clearly
maximal subgroups of P. So their intersection, which contains /, is contained in
Φ(Ρ).

b) Let us assume that (M) ^ P. Then the proper subgroup (M) is contained in
some maximal subgroup H. By a) we have Η D Φ(Ρ), whence

Ρ = (Μ, Φ(Ρ)} = ( Μ } Φ ( Ρ ) C ΗΦ(Ρ) = Η,

a contradiction.
The lemma is proved.

A minimal system of generators of a group is a set of generators such that any
proper subset generates a strictly smaller subgroup.

2.8.5 The Burnside Basis Theorem. A set of elements of a finite p-group Ρ is a
minimal system of generators for it if and only if the images of these elements in
the factor-group Ρ / Φ ( Ρ ) , viewed as a vector space over GF(p), form a basis.

Proof. Let a\, a2, · · · , # / ; be the inverse images of some basis {a\. α~>_ a,,} of
Ρ / Φ ( Ρ ) . It is then clear that ( a \ , #2. · · · , a„, Φ(/*)} = Ρ, whence by Lemma 2.8.4
b) we have ( a } , a2, . . . , « „ ) = P. No one of the elements a, can be deleted in the
left-hand side of this equation, because the images of the remaining elements will
not generate Ρ / Φ ( Ρ ) .

Now suppose that a\, ατ,... ? an constitute a minimal system of generators of P.
Then their images a\,a2,... ,an obviously generate Ρ / Φ ( Ρ ) . If they were linearly
dependent in the vector space Ρ / Φ ( Ρ ) , then some proper subset of them - elements
fl,·,, «,·, a,(, „y < n, say, - would form a basis. Then, by what was proved above,
«,·,, α , · Ί , . . . , «,v would generate P. But this contradicts the minimality of the system
of generators a\, aj...., 0,,.

The theorem is proved.

We remark that it is an immediate consequence of this theorem that the cardi-
nality of a minimal system of generators of a finite p-group is an invariant of the
group.

2.8.6 Theorem. Suppose that Ρ is a finite p-group.



62 Chapter 2 Nilpotent groups

a) Every normal subgroup N < P may be included into some central series of
P with factors of order p.

b) Every subgroup H < P may be included into some subnormal series of P
with factors of order p.

Proof, a) Induction on the order of P. Since P is nilpotent, we have Ζ ( Ρ ) Γ \ Ν φ \
by 2.2.3 b). Let ζ be an element of order ρ from Z(P) η Ν. Then by the induction
hypothesis P / ( z ) has a central series containing N / ( z ) , with factors of order p.
The complete inverse images of the terms of this series together with the subgroup
(z) will form the desired central series of Ρ containing N.

b) Since Ρ is nilpotent, we have Afc(//) > H for every proper subgroup H by
2.2.3 c). It is therefore easy to construct a subnormal series of P containing H by
starting with //, then taking its normalizer, then the normalizer of the normalizer,
and so on. The factors of this series are finite p-groups and by a) they have central
series with factors of order p. The complete inverse images of the terms of these
series taken together form the desired subnormal series of P containing H.

The theorem is proved.

Now we move on from elementary facts about finite /^-groups to more advanced
results. The first of them is remarkable in that a rather simple condition yields an
unexpectedly strong conclusion.

2.8.7 Theorem (P. Hall [28]). Let N be a normal subgroup of a finite p-group P
which is contained in γχ(Ρ). Then all factors of the lower central series of N, with
the possible exception of the last, have order > ps (that is |χ/(ΛΟ/χ/+ι(ΛΟΙ > ps,
whenever γ·,+\(Ν] / 1).

Proof. We first prove a generalization of the Three Subgroups Lemma.

2.8.8 Lemma. For normal subgroups A and B of an arbitrary group and for any
k the following inclusion holds:

[A,Yk(B)]<[A,B,B,...,B\.

(Note that a more general assertion is also true: for any k and normal subgroups
A, BI , #2- . . . , Bk of an arbitrary group the following holds:

[A, [Bi ,B2,..., Bk]] < [ A , Βπ(1), Βπ(2)
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Proof. Induction on k. For k = 1 the assertion is trivial. For k > 1, by the induction
hypothesis we have

[Λ, n _ i ( ), B] < [A, B, B,..., B, B] = [A, B, g, . . . . B ] .
k-l k

Also by the induction hypothesis, applied to the subgroups [A, B] and B instead
of A and B, we have

Ufi, A], Yk-i(B)] < [[ , A], , , . . . , Β] = [Α, Β, Β, ... , Β].
;— ι k

Hence, by the Three Subgroups Lemma 2. 1 .2, we also have

[A, Y k ( B } } = [n_i(#) , B, A] < [A,B,B,...,B].
k

The lemma is proved.

We return to the proof of the theorem. Suppose that yi+\(N) ^ 1, that is,
[y,-(/V), N] ^ 1. By Theorem 2.8.6 a) there exists a normal subgroup M < P, such
that y,+i(/V) > M, |y /+i (^V) : M\ = p and [ y i + \ ( N ) , P\ < M. Clearly, therefore
[γι(Ν),Ν\ £ M. By hypothesis N < y,(F), and so [γί(Ν),γ*(Ρ)\ £ Μ· ΒΥ
Lemma 2.8.8 we have [ γ ι ( Ν ) , γχ(Ρ}} < \γι(Ν), Ρ, Ρ,..., Ρ] and hence

.ν

[ γ ι ( Ν ) , Ρ, Ρ,..., Ρ] £ Μ. (2.8.9)
.ν

Denoting images mod y,+i(/V) by bars, consider the series

, P] > \Yi(N), P,P]>..-> [γ,(Ν),Ρ,Ρ . , P ] > 1
\- i

(2.8.10)
for Ρ = P/yi+i(N). We have

because otherwise

f[y,(AO, Ρ,Ρ,..., Ρ], Ρ] < [γ,·+ι(Ν), P] < M,
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which contradicts (2.8.9). Therefore all inclusions in (2.8.10) are strict inclusions,
since for k < s — 1 by Theorem 2.2.3 a), we have

[χ,·(ΛΟ, Ρ , . . . , Ρ] = (γ,-.(Ν), Ρ , . . . , Ρ, Ρ] < [χ,·(ΛΟ, Ρ , . . . , Ρ]
λ—l k~\

for the non-trivial normal subgroup [χ,-(Λ^), Ρ, . . . , Ρ] of P. Thus, each of the s
k-l

factors of the series (2.8.10) has order > p. The product of these orders is the
order of the factor-group x/(7V)/y,+i(/V), and hence the latter is at least ps .

The theorem is proved.

Now we shall prove a result which we need to prove the Magnus-Sanov Theorem
on the (p — l)-Engel condition for the associated Lie ring of a group of prime
exponent.

2.8.11 Theorem (Zassenhaus' identity). For any group G of prime exponent p
and for any elements x, v, yi,y>2, ···, yP-\ € G the following congruences hold:

a) Π I*. ywd), ν,τ(2) ..... y*(P-\)] = I (mod γ,,+ \ (G));

b) [ x , y , y , . . . , y ] = 1 (mod x„+i(G)).
p-\

Proof. We recall the abbreviation [v, u, «, . . . , u] = [v, nu}.
II

We show first that a) implies b). Putting y\ = y2 = . . . = yp-\ = y in a), we
get

[x,p-}y]("-"'- = l (modxp + J(G)).

Since ( p — \ ) \ = — 1 (mod p), we deduce b) at once since G is a group of exponent
P·

It suffices to prove a) for free generators ;c, y, vi , V2, - · · , yp-\ of a free group
F of the variety 07 p Π 23/; of nilpotent groups of class p and of exponent p (we
shall use the extra generator y in the proof)· We apply the collecting process to
the left-hand side of the equation

If v < x for basic commutators of weight 1, then we shall obtain a product of
basic commutators

y" · xr · a2 · a3 · ... · fl„_, · b · [x, „_oOx = 1, (2.8.12)
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where a, denotes a product of powers of basic commutators of weight / =
2, 3 , . . . , ρ — \, and b denotes a product of powers of basic commutators of weight
/?, different from [x, ;,_i v]. Note that all basic commutators occurring in b have
weight > 2 in x.

We now compute the power γ to which \x, ,,-\y] occurs in (2.8.12). It is clear
from the description of the collecting process (see §2.7) that a simple commutator
[x, sy] appears only when we pass the element y to the left over commutators
[·*> s - \ y ] which arose from previous steps. Therefore [x, p-\y] appears only

a) at the successive passing over the first element x of any ρ — 1 of the ρ
elements y, which originally were to the right of this element jt, that is, Cp~
times, and

b) at the successive passing over the second jc of all ρ — 1 elements y, which
were placed to the right of this second element x, that is, 1 more.

All together we have γ = C!,'~ + 1 = ρ + I.
Since F has exponent p, we may put γ = 1 and drop the factor y1' · x1' in

(2.8.12).
We shall also need the set R of all commutators in x, y, V i , }x . - . , »-ι, which

involve at least two equal variables.

2.8.13 Lemma, a) The subgroup (R) is normal in F.
b) If c is a commutator in Λ, y, >' i , >'2, · · · , }>-i of weight i in x, j in y, ks in yv ,

s = 1, 2, . . . , ρ — 1, then the commutator obtained from c by replacing x by x'', y
by yfl, >'.v by y,J'' (λ, μ, vs. e N) is equal to c* · r, where

-., }' ,.j ,/i ,/': ,/> 'κ — Λ · μ · υ, · V2 · .. . · v ; j_,,

and r is a product of commutators from R, each of whose weights is greater than
that of c.

Proof. This follows from 2.1.1 c), d).

We now replace all occurrences of y in (2.8.12) by the product >Ί · >'2 · · · · · »-i ·
By 2.1.1 c), d) one can transform the resulting equation to the form

a2ai...a,,-ib· J~[ [x, y,T()), yT(2), . . . , >'*</>-!)) = 1 (2.8.14)
-T6S,, ,

(after changing notation) where a, is a product of powers of basic commutators of
weight / = 2, 3 , . . . , ρ — 1 and b is a product of powers of basic commutators of
weight p, from R.

Now let v be an integer whose image in Z//?Z generates the multiplicative
group of the field GF(p) = Z//?Z, that is has order p — 1 in it. We replace
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all elements x, y>], y>, · · · , >>-i in (2.8.14) by their v-th powers and collect the
resulting equation. By Lemma 2.8.13 we obtain

"

where a? is the same as in (2.8.14), and the a·,, i = 3, . . . , / ? — 1 and έ have the
same properties as a, and b in (2.8.14).

Taking the (—v2)-th power of (2.8.14) and collecting the result, we get

where the element «2 is as before, and a(', b1 have the same properties as a\ and
&. This follows from the fact that the commutators of commutators occurring in
(2.8.14) lie in R, since all of them involve at least two occurrences of x. Thus, after
applying 2.1.1 and the collecting process, there appear no commutators of weight
1 in each variable x, y\, V2, · · ·, yP-\, other than those in the brackets associated
with the power — v2, which arise from the product

Multiplying the resultant equations in order to get rid of a^ for the same reasons
we get

v"-v-

where a" and b" have the same meaning as before. By our choice of v, we have
νΡ — v2 = v2(vp~2 — 1 ) ^ 0 (mod p), whence there exists an integer s such that
(vp — v2)s Ξ 1 (mod /?). Taking the s-ih power of the resultant equation, collecting
the result and using the same argument as before, we get

|

(u/'-v2).v

Ι Ι [Χ, νπ(1),>'π(2), · . . , y*(p-\)]
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(after changing notation), where a, and b have the same meaning as before. In a
group of exponent p we may drop the exponent (vp — v2}s, congruent to 1 modulo
p, so that we get

π e

Proceeding in the same manner we can successively eliminate all commutators
of weight < p — I , the product of the commutators of weight 1 in each variable
x, v i , V2, . . · , »-i being always equal to

[Χ, }'ττ(1), >',τ(2) ..... >;τ(ρ-1)]·
7T6

Eventually we obtain

bQ-bi-h2-...-bp-i = l, (2.8.15)

where bt denotes the product of the powers of those commutators which con-
tain exactly / occurrences of the element x. The multilinear component of the
left-hand side, that is the product of commutators of weight 1 in each variable
x, V ] , v2, . . . , \p-i (which is, of course, a part of b\) is equal to

We rewrite (2.8.15) additively in the abelian group Yr(F) and replace χ in it by
x1 for each / = 0, 1, 2, ..., ρ — 1. The following system of equations is obtained:

1 = 0 , 1

The matrix of coefficients (/ ;) has determinant of Vandermonde type and is non-
degenerate modulo p. This implies that

bo - b\ — ... = bp-i =0,

and, in particular, b\ = 0.
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We explain this in more detail. The system of equations under consideration may
be represented in matrix form with coefficients from the field Z/pZ = GF(p)

(a//)

\

bp-i )\p

where the coefficients a/y = (/ — iy~l are residues modulo p. The Vandermonde
determinant of the matrix (or(y)

det(a,-y) = (/, - 1) - (i2 - 1)) = ί'ί - /2)

is not 0, as ii — /2 7^ 0 for all factors. Therefore the inverse matrix (α/y)"1 exists.
Multiplying by it on the left and using the associativity of matrix multiplication
we get

^0 \

\bp-\ / 7-1 /

= K·)"1

(Another form of the same argument goes like this: the non-degeneracy of the
matrix (a/y) implies that there is a solution (ao,a\ α/?-ι) of the system of

(XQ,XI, ...,xp-\) · (a/y) = (0, 1,0, . . . , 0 ) .

p-\
Then, taking a linear combination of the equations Σ i'bj = ® w^ coefficients

a, gives

/=0 y= y=0 i=0

Hence, b\ = 0. Now we rewrite this equation in the form

where ^ i r / denotes a linear combination of commutators of weight i in y\ (and, of
course, of weight 1 in jc). Exactly the same arguments with respect to the variable
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y\ (replacing yi by >'j, /' = 0, 1, . . . , ρ — 1, etc.) yield

where the multilinear component of the left-hand side is

Repeating these arguments successively with respect to all variables x, y\,
yp- 1 , we obtain

x, >V( i ) , Χτ(2), · · · , >V(/7-i)] = 0,

as required.
The theorem is proved.
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Associated Lie Rings

Witt's identity

[a,b-l,c}b-[b,c-\a\c'[c,a-\b}a = \,

which holds in every group, looks similar to the Jacobi identity

[a, b, c] + [b, c, a] + [c, a, b] = 0,

which holds in Lie rings. Apart from the multiplicative notation, the difference lies
in the fact that in Witt's identity there are additional conjugating factors, or, using
the formula xy = χ · [x, y], additional factors which are commutators of greater
weight. One can omit these additional factors and thus define a Lie ring using the
group operations, but, of course, a lot of information about the group will be lost.
In fact, it is only for nilpotent (or residually nilpotent) groups that such a transition
to Lie rings makes sense.

Here we give not only the standard definition of the associated Lie ring, based
on the lower central series, but also an analogous construction, based on arbitrary,
so-called, strongly central series. This construction will be used in Chapter 5.

We prove the nilpotency of soluble groups of prime exponent, as an illustration
of the advantages of using Lie rings which are more linear objects than groups.

We also prove the Magnus-Sanov Theorem that the associated Lie ring of a
group of prime exponent p is (p — l)-Engel. This result reduces the Restricted
Burnside Problem for groups of prime exponent to Kostrikin's Theorem 1.3.1 on
Engel Lie algebras. The proof given here may well not be the shortest possible, but
it may help us see the kind of difficulty which may be encountered in passing from
groups to Lie rings and back. We shall also imitate this proof later at an analogous
point in the positive solution of the Restricted Burnside Problem for groups with
a splitting automorphism of prime order (Chapter 7).

One of the important advantages of studying a more linear object - a Lie ring - is
the fact that one can extend the ground ring and decompose the Lie ring into a sum
of the analogues of eigenspaces which arise under the action of an automorphism.
We give an account of this technique at the beginning of the next chapter which
deals with automorphisms of Lie rings.
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§ 3.1 Results on Lie rings analogous to theorems about groups

Here we state a few theorems about Lie rings whose proofs may be easily obtained
by translating the proofs of the analogous theorems about groups into the language
of Lie rings.

The terms of the lower central series y/(L) of a Lie ring L were defined in § 1.3.
Nilpotent Lie rings are defined analogously to nilpotent groups using the following
theorem.

3.1.1 Theorem. The following conditions are equivalent for a Lie ring L:
a)x,+ ,(L) = 0;
b) L has a central series of length c

L — L\ > L2 > ... > Lc > Lc+\ — 0,

that is, such that [L,·, L] < Li+\ far all i — 1 , 2 , . . . , c;
c) the Lie ring L satisfies the identity

[x},x2, ...,* (.+ i J = 0.

Definition. A Lie ring L, satisfying the conditions of Theorem 3.1.1, is said to
be nilpotent, and the least natural number c for which they hold, is called the
nilpotency class of L (sometimes another term - "index of nilpotency" - is used).

One often says that a Lie ring is nilpotent of class c meaning that it is nilpotent
of class < c.

We note that, in order to prove that a Lie ring is nilpotent, it is sufficient to
verify the nilpotency identity for its generators.

3.1.2 Theorem. If a Lie ring is generated by a subset M, then it is nilpotent of
class < c if and only if every commutator of weight c + 1 in elements of M is equal
toO.

The proof of this theorem follows easily from a description of the terms of the
lower central series, which we also give here for completeness' sake.

3.1.3 Proposition. Suppose that L is an arbitrary Lie ring and that k is a positive
integer. Then

a) the ideal Yk(L) contains all commutators of weight > k in elements of L;
b) the additive subgroup Yk(L) is generated by the simple commutators of weight

k in elements of L;
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c) // L = (M), then the additive subgroup y/<(L) is generated by the simple
commutators of weight > k in elements of M, it is also generated by the basic
commutators of weight > k in elements of M; in particular, if L is finitely generated
(with s generators), then for each k e N, the additive group yk(L )/}/£+1 (L) is also
finitely generated (with a (k, s}-bounded number of generators).

The definition of soluble Lie rings is also completely analogous to the definition
of soluble groups.

3.1.4 Theorem. The following conditions are equivalent for a Lie ring L:
a) L(i) = 0;
b) L has a series of ideals of length s with commutative factors

L = LQ > LI > ... > L,_, > Ls =0,

that is, such that [L,·, L/J < Li+\ for all i = 0, 1 , . . . , s — 1.
c) L satisfies the identity

8s(xi,x2, . .. , X y ) = 0.

(For the definition of 8S see the Preface, and for the definition of the terms of
the derived series L ( v ) see § 1.3.)

Definition. A Lie ring, satisfying the conditions of Theorem 3.1.4, is said to be
soluble, and the least natural number s for which they hold, is called the derived
length of L (sometimes the term - "index of solubility" - is used).

It is often said that a Lie ring is soluble of derived length s, meaning that it is
soluble of derived length < s.

Remark. The analogue of Theorem 3.1.2 does not hold for solubility: there
exist examples of Lie rings G = (M) with 8k(m\, m2, .. ·, m20 = 1 for any
m\,..., m2k e M, which, however, are not soluble of derived length k.

The following two theorems are Lie ring analogues of Theorems 2.3.5 and 2.4.5,
and their proofs may be easily obtained by translating the group theoretic commu-
tator calculations into the language of Lie rings.

3.1.5 Theorem. If all soluble Lie rings of derived length 2 in some variety of Lie
rings are nilpotent of class < c, then any soluble Lie ring of derived length s in this
variety is nilpotent of class < ^^γ.

3.1.6 Theorem. If the ideal y/<(L) in an arbitrary Lie ring L is finite and has order
n (or, for Lie algebra L, is of finite dimension n), then the Lie ring (Lie algebra)
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L contains a nilpotent subring of class k of finite (k.n)-bounded index (of finite
(k, n)-bounded codimension).

(Here the index of a subring means its index as a subgroup of the additive group
of the ring.)

§ 3.2 Constructing a Lie ring from a group

We first give the definition of the associated Lie ring which is defined in terms
of the lower central series of a group. This construction is then generalized to the
case of arbitrary so-called strongly central series.

Let G be a group. We shall put y* = y/t(G), k e N, in those cases where there
is only one ambient group G so that no danger of confusion arises.

3.2.1 Definition. The additive group of the associated Lie ring L(G) of a group
G is the direct sum

L(G)= 0 n/W+1,x-=i

writing the abelian groups Yk/Yk+ι additively.
For each k e N the direct summand y*/y*+i is called the homogeneous compo-

nent of L(G) of weight k. Multiplication in L(G) is defined for the elements of
the homogeneous components by

[a + Yi+].b + YJ+[\ = [a. b] + y /+ j,-+i,

where a + γί+\ and b + YJ+\ are the images of the elements a e γ\ and b € y/ in
factor-groups y//y/+| and YJ/YJ+\, respectively, and [a,b] + y /+_/+i is the image
of the group commutator [a, b\ in the factor-group y,-+y/y,·+_,·+!. Multiplication is
then extended to L(G) by linearity.

(Note that it may very well happen that [a + y,+i, b + YJ+\] = 0 in L(G),
although [a, b] φ \ in G, - we only need [a,b] G y/+y+i.)

Definition. The elements of the homogeneous component Yk/Yk+\ of weight k of
the Lie ring L(G) are called homogeneous elements of L(G) of weight k.

3.2.2 Theorem. Definition 3.2.1 defines a Lie ring structure on L(G).
If G is nilpotent of class c, then L(G) is also nilpotent of exactly the same class

c, and if G is also finite, then \L(G)\ = |G|. if G is soluble of derived length s,
then L(G} is also soluble of derived length < s.
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Every automorphism φ of the group G induces an automorphism of the Lie ring
L(G) by its action on the factor-groups χ,·/χ,·+ι and if G is finite and the order of φ is
coprime to the order of G, then φ faithfully acts on L(G) and \€ΐ(ο(φ)\ — \€α(φ)\·

(The automorphism induced on L(G) by φ is usually also denoted by φ.)

Proof. The correctness of the definition of multiplication of homogeneous elements
in L(G) follows from 2.1.3 a) and 2.1.1: if a' + yi+\ — a + yi+\ e Xr /X/+i and
b' + YJ+i = b + Yj+i e Yj/Yj+i, then a' = ag\, where gi e χ,·+ι, and b' = bg2,
where g2 6 Yj+i, and then

[a, b'] = [ag\,bg2\ = [a, b] (mod x/+y+i) ,

since [χ,, yj+}\ · [χ,·+ι, χ/] < Yi+j+\.
Anticommutativity and the Jacobi identity are multilinear and it therefore suffices

to verify them for homogeneous elements. Let a = a + χ,+ι € χ,·/χ,·+ι, b —
b + yj+l € Yj/Yj+ι and c = c + yk+{ € yk/Yk+\- Then

[a, b] = [a, b] + Yi+j+\ = -[b, a] + yi+j+\ = -[b, a],

since [a, b] = [b, a]~l for group commutators. Also we have

[ , b, c] + [b, c, ] + [c, , b] = [a, b, c] + [b, c, a] + [c, a, b] + yi+j+k+\ = 0,

because of Witt's identity 2.1.1 e) for group commutators

and

[a, b-{,c]b = [a, b~\c] · [[a, b~l,c], b] = [a, b~\c\ =
= [[a, b ] ~ l , c ] = [a, b, c]"1 (mod yi+j+k+\)

by 2.1.1 and 2.1.3 a) (analogously for [ b , c ~ l , a ] ( ' and [ c , a ~ ] , b ] a ) .
The fact that the nilpotency classes of G and L(G) are the same for G nilpotent,

is established by the following lemma.

3.2.3 Lemma. In the associated Lie ring of an arbitrary group G, the following
hold for any k:

a) yk/yk+i = + ( [ a } , a 2 , ...,ak]\ a-, €
b) yk(L(G)) = ® X//X/-H.

i=k
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(Here the right-hand side of a) is the additive subgroup, generated by the Lie
ring commutators.)

Proof. By Proposition 2.1.5 the factor-group x/t/Χκ+ι is generated by the images
of the commutators [g\, g2, · · · > £;·] of weight k in elements g, 6 G. Using the
definition of multiplication in the associated Lie ring, one can easily prove that
the image of such a commutator of weight k is equal to the Lie ring commutator
[ g \ , g 2 , - - - , g k \ , where g, is the image of g, in χι/χζ- So, passing to additive
notation, we get Yk/Yk+\ = + ([g\,g2, ···, gk]\ gi e χι/χι), which proves assertion
a).

Since [ g \ , g 2 , . . . , £ * ] € y*(L(G)), it follows from a) that yk(L(G)) 2 Θ Χ,/
/=*

/χ/·+ι; the reverse inclusion follows from the fact that [χ,,,, χ,,] < χ,,,+,,.
The lemma is proved.

The fact that |G| = |L(G)|, if G is a finite nilpotent group, follows from the
equations

and

where c is the nilpotency class.
If the group G satisfies the solubility identity

δ,(Χι,Χ2, · - . ,*2· ' ) = L

then, by the definition of multiplication in the associated Lie ring, the same identity
is satisfied by the homogeneous elements of L(G), and, since this identity is
multilinear, it is satisfied by L(G) itself.

If φ G. AutG, then for homogeneous elements = a + χ/+ι e X//X/+1 and
b = b + Yj+i Ε YJ/YJ+\, we have

By definition we extend the action of the induced automorphism φ to L(G) from
the abelian groups χ,/χ, + ι by linearity, and so, for any /] = £]/iv , /? = Σ/2*»

.V .¥

where //A. e χ?/χϊ +ι, i = 1,2, s e N, we have

~\ψ

Σ .φ
').V
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This means that φ really is an automorphism of the Lie ring L(C).
In the case where G is a finite nilpotent group, the faithfulness of an induced

automorphism of order coprime to the order of G follows from Corollary 1.6.3,
since an automorphism acts trivially on L(G) if and only if it centralizes all factors
of the lower central series of G. With the same hypothesis it follows from Theorem
1.6.2 that \CL(C)(<p)\ = \Cc(<p)\.

The theorem is proved.

Remark. By contrast with nilpotency class, the derived length of the associated
Lie ring L(G) may be smaller than the derived length of the group G, even if the
group G is nilpotent.

Lemma 3.2.3 a) has a useful corollary.

3.2.4 Corollary. For any group G the associated Lie ring L(G) is generated by
its homogeneous component γ\/γ2 of weight 1, and if the group G is generated by
a set M, then the Lie ring L(G) is generated by the images of the elements of Μ
in the factor-group γ\/Υ2·

Although the associated Lie ring may be constructed starting with an arbitrary
oc

group, it is clear that it reflects only the properties of the factor-group G/ (~] y, (G),
/ = ]

since, clearly,

For example, L(B(m, /?)) = L(B(m, /?)), although the free /«-generated Burn-
side group B(m, p) of prime exponent ρ is infinite (and insoluble) for m > 2 and
for any prime number p > 667 by the Adian-Novikov Theorem [1, 116], and the

oc
group B(m, p} = B(m, p)/ p) y,( (m, /?)) is finite by Kostrikin's Theorem [761.

; = l
A Lie ring may also be constructed using other types of central series.

Definition. A series of a group G

G = K} > K2 > ... > Kc > Kc+i = 1 (3.2.5)

is said to be strongly central if [K,, Kj] < K-l+j for all i, j = 1, 2 , . . . , c.

It is clear that any strongly central series is automatically normal and central,
and if a group G has a strongly central series of length c, then it is nilpotent of
class < c. The next theorem is completely analogous to Theorem 3.2.2.
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3.2.6 Theorem. Suppose that the group G has a strongly central series (3.2.5).
Then if we replace the subgroups y, by K, everywhere in Definition 3.2.1, we define
on the direct sum

the structure of a Lie ring which is nilpotent of class not greater than the nilpotency
class of G ; furthermore, the derived length of this Lie ring is not greater than the
derived length of G.

If G is also finite, then \LK(G)\ = |(G)|.
If φ is an automorphism of the group G such that all subgroups Ki are φ-

invariant, then its induced action on the factor- groups Ki/Ki+\ defines an au-
tomorphism of the Lie ring Lx(G). If, further, the order of φ as a group au-
tomorphism is coprime to the order of G then φ acts faithfully on L / ( ( G ) and

Proof. The fact that L^(G) is given a Lie ring structure by the definition is verified
by simply repeating the first part of the proof of Theorem 3.2.2, with the letter γ
replaced by K.

It follows from the definition of multiplication in L κ (G), that if some commuta-
tor identity is satisfied by C, then this identity is also satisfied by the homogeneous
elements of Lx(G). As the nilpotency and solubility identities are multilinear, this
implies, that the nilpotency class and the derived length of L/c(G) are not greater
than the nilpotency class and the derived length of G, respectively.

The rest of the proof is dealt with precisely as in Theorem 3.2.2.
The theorem is proved.

We now give some examples. If G is a nilpotent group and π any set of primes,
then, according to Theorem 2.6.2 the subgroups /T(y/(G)) form a strongly central
series of G/ln(\), and this gives rise to a Lie ring via Theorem 3.2.6. Note that
in general we cannot speak of a strongly central series of G itself, since / T ( l )
is not necessarily central. But if / T ( l ) = 1, that is, G has no π -torsion, then the
Ix(Yi(G)) form a strongly central series of the group G.

Another important example is the so-called lower central /?-series {A,(G) j of a
finite p-group G which is defined inductively as follows:

λΚΟ = G; λ/+,(Ο = [λ(·(Ο, G] · (λίίΟΚ

(this is the most rapidly descending central series whose factors have exponent p).
We remark that unlike the associated Lie ring defined using the lower central

series, the Lie ring LK(G) may have a smaller nilpotency class than the nilpotency
class of G. The simplest example is the group G = £> χ C, where D — (a, b\ a4 =
b2 — 1, ah — a ~ ] ) is a dihedral group, and C — (c) is a cyclic group of order 2.
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We put K\ = G, K2 = (a2) x (c) = D' χ C, K3 = (a2) = D' . It is easy to see that
the subgroups Κ ι form a strongly central series of G, and that the corresponding
Lie ring is commutative, since [ K \ , K\] < K^ and AT2, K^ < Z(G).

Nevertheless, for a π -torsion-free nilpotent group G, the Lie ring constructed
using the strongly central series of 7r-isolators Ιπ(γί(Ο}) behaves well from this
point of view.

3.2.7 Theorem. Let G be α π -torsion-free nilpotent group for some set of primes
π. Then the nilpotency class of the Lie ring L constructed via Theorem 3.2.6 using
the strongly central series of π -isolators /T(y/(G)) is the same as the nilpotency
class of G as a group.

Proof. Let k be the nilpotency class of the Lie ring L. It is sufficient to prove that
the nilpotency class of G is not greater than k since the reverse inequality follows
from Theorem 3.2.6. Translating Lie ring multiplication into the language of the
group G we get

for any #1, g2, . . . , gk+\ e G. In other words, for arbitrary g\,g2, .··, gk+\ e G
there is a π -number n such that

[ g \ , g 2 ---- ,gk+\]" e n+2(G).

The simple commutators of weight k + 1 generate the subgroup yk+\(G) (see
2.1.5 b)), and hence the orders of all elements of the abelian factor-group
Yk+\(G)/Yk+2(G) are finite π -numbers. It follows from Corollary 2.5.5 that
Yk+\(G) itself has the same property. But G has no π-torsion by hypothesis and
so, Yk+\(G) = I, as was required.

The theorem is proved.

§ 3.3 The Lie ring of a group of prime exponent

In this section we prove the Magnus-Sanov Theorem on the (p— l)-Engel condition
for the associated Lie ring of a group of prime exponent p. This theorem reduces
the Restricted Burnside Problem for groups of prime exponent p to the analogous
problem for (p — l)-Engel Lie rings, which was solved positively by Kostrikin
(Theorem 1.3.1).

Here the situation is more transparent than it is in the case of groups of composite
exponent pk, since the (p — l)-Engel identity is, in fact, multilinear.



§ 3.3 The Lie ring of a group of prime exponent 79

3.3.1 Lemma. The following two conditions are equivalent for any Lie algebra L
over a field of characteristic p > Q:

a) [x, y, > · . . . . , y] = 0 for any x, y € L;
p-\

b) Σ [·*' ν .τ(ΐ), >Vr(2), · · · , J.T(/?-I)] = 0 for any x, y{ , y2, - . · , >>-i e L.
jreS,,_,

o/ b) =>· a). Putting y\ = y2 = . . . = y,,_i = y in b), we get (p — l ) !x
xf jc , v, y, . . . , y] = 0, whence [JT, y, > ' , . . . , y] = 0, as (p — I ) ! is a non-zero

P-\ P-\
element of the field.

a) =3· b). On substituting y = y\ + v'2 + · · · + »-i in a) we see that the
multihomogeneous component of weight 1 in each variable x, y\, \2 ..... yp-i of
the resultant equation coincides with the left-hand side of b). In order to extract it
we now substitute in a) y = /y i + y2 + · · . + ν/,-ι for / = 0, 1 , 2, . . . , / ? — 1 . This
gives the system of equations

iMk=Q, i = 0, 1,2, ...,p- 1,
k=0

where M/< is the sum of all multihomogeneous elements of weight k in y\ . The
matrix ({'*) has a Vandermonde determinant which is not equal to 0. Therefore
MI · = 0 for all k = 0, 1, 2, . . . , p -~ 1. (See the more detailed explanation in the
proof of Theorem 2.8. 1 1 .)

Thus, in particular, M\ = 0. By replacing y2 by /V2 in this equation, using the
same argument as above, one can extract the sum of all homogeneous components
of weight 1 in yi and in y2, and so on. This process leads to b).

The lemma is proved.

3.3.2 Theorem (Magnus [100], Sanov [126]). The associated Lie ring L(P) of
any group P of prime exponent p satisfies the identities

pa=0 and [a, b, b, . . . , b] = 0.

Proof. Since the factor-groups χ , · (Ρ) /χ /+ι(Ρ) have exponent p, the Lie ring L ( P )
satisfies the identity pa = 0. Thus, the Lie ring L(P) may be regarded as a Lie
algebra over GF(p). By Lemma 3.3.1 it suffices to prove that

f a , b a ( i ) , &T,2), . . . , />π(;,-η] = Ο (3.3.3)
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for any a, hi,bi, . . ., br^\ e L(P). Since this identity is multilinear, the elements
a, b\,b2, · . . , bp-\ may be taken to be homogeneous elements of L(P).

It is convenient at this point to exploit the fact that groups of exponent p form
a variety in which there are free groups. Namely, let F be the free group with free
generators jc, y\, yi, . . . , y,,-\. By Theorem 2.8.1 1 a), we have

Π [x, yπ(\·), 3V(2>, . · · , y*(P-i)] = 1 (mod Fp · γρ+] (F)). (3.3.4)

It is natural to try to apply the homomorphism & of the group F into Ρ which
extends the mapping

A

x -+ a, y·, ̂  hi i = 1 , 2, . . . , ρ - 1 ,

where a and b\ are the inverse images of the elements α e γΧη(Ρ)/γΧ(ί+\(Ρ),
bj € ysi ( P ) / Y S i + \ ( P ) , respectively. However, though the image of the left-hand
side of (3.3.4) under ΰ is certainly equal to

| | [a,

and resembles the left-hand side of (3.3.3), and the image of the subgroup Fp

is 1, the argument is not quite valid. In fact (3.3.3), which we want to prove, is
equivalent, in terms of the group P, to the congruence

[a, b„(l), bn(2), ..., ϊ>π(ρ-\)} = 1 (mod χ,,,+,,+.,.+.^,+ι (/>)),

but the image of γρ+\ (F) under ΰ is not necessarily contained in χνο+νι+.. +s> 1+) (P).
Note that the original paper of Magnus [100J contained such a gap; it was filled
by him a bit later [101], but the same mistake was reproduced in the book [102].

This difficulty is overcome with the help of Higman's Lemma from § 1.10. The
congruence (3.3.4) is equivalent to requiring

\)\ e Fp · yp+i(F),
7T€S;,..|

where we see that the product is contained in the intersection of the normal closures
of all the elements x, y\, >'2, . . . , y,,-\- Since the subgroups Fp and yp+\(F) are
verbal, Corollary 1.10.6 may be applied to yield

J~] [x, ?τ τ ( ΐ ) , = w (mod F1'), (3.3.5)
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where w € yP+l(F) Π (X
F) Π (>-f > Π (y£) Π . . . Π {>£_,).

By Lemma 1.10.1 the element u; is a product

u; = c\ · €2 · . . . · cr (3.3.6)

of commutators c, of weight > / ? + ! , each depending on all of the elements x,
>'] ,y2 ---- , JV-i- Applying & to (3.3.5), we get

b„(2), ... Λ τ ( - ΐ ) ] = w&,

since $(FP) = 1.
It remains to show that w& e yV()+.S|+...+.s/;_1+i (P). Indeed, wu = cf -cf ·. . .-cf and

each cf is a commutator of weight > p + 1 in the elements , b \ , f a ..... bp-\ or
_ ^ Α Λ A

their inverses and each c,· is depending on all of the elements a, b i , f a , . . . , bp-\.
Using the fact that [χ,(Ρ), χ^ί/*)] < )/,·+; (P), it is clear that single occurrences of
the elements α, ει , fa, . . . , bp-\ in cf contribute the sum SQ +s\ + S2 + · · · +sp-\
to the index of that member of the lower central series of P, which must contain
the commutator cf . But the weight of cf as a commutator in a, b i , f a , . . . , br^\
is at least ρ + 1 - therefore there must be at least one additional occurrence which
increases that index by at least one. As a result we have

Ci

for all /, and therefore u;^ e yso+1Sl+_+!ti>_l + i
The theorem is proved.

§ 3.4 The nilpotency of soluble Lie rings satisfying the Engel condition

3.4.1 Theorem (Higgins [39]). If a soluble Lie algebra L of derived length s over
afield of characteristic p satisfies the n-th Engel condition, that is if

[x, >',

for all x, y e L and either p = 0, or n < p, then L is nilpotent of class <

Proof. All Lie algebras of characteristic p satisfying the rc-th Engel condition,
form a variety of Lie rings. Therefore, by virtue of Theorem 3.1.5, it is sufficient
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to prove the theorem in the case where s = 2, because the desired bound on the
nilpotency class follows from the statement of Theorem 3.1.5, provided that one
can prove for s = 2 that the nilpotency class is at most n + 1. We may therefore
assume in what follows that s = 2, that is, that L is soluble of derived length 2.

By repeating the proof of Lemma 3.3.1 more or less word for word, we find that
L satisfies the identity

(3.4.2)

jreS,,

It follows from the Jacobi identity [Ta,£],c] = — [[b, c], a] — [[c,a],b] =
[a, [b,c]\ + [[a,c],b], that a soluble Lie ring of derived length 2 satisfies the
identity [[a, b], c] = [[a, c], b] for a € 72 (^). ar]d hence also satisfies

[a, bn<\), b„(2), . .. ,b„(k)] = [ a , b ] , b 2 , ..., bk]

for any a e Y2(L), k e N and any permutation π e §;..
Thus on substituting χ = [x\, x2\ in (3.4.2), we obtain the identity

0 =
7T€S„

= n! · [Λ: ι , Λ, y\, ji, · · · - y,i ] ·

Since n\ ^ 0 by hypothesis, this is equivalent to the identity yielding nilpotency
of class n + 1, namely

U l , Z 2 , · . · , Zn+2'1 = 0,

(just substitute zi = x{, z2 = *2, £3 = yi , z4 = y2,..., z,,+2 = >«).
The theorem is proved.

The associated Lie ring of a soluble group of derived length s of prime exponent
p is also soluble of derived length < 5 by Theorem 3.2.2 and satisfies the identities
pa — 0 and [a,b,b,... ,b] = 0 by Theorem 3.3.2. This enables us to apply

Theorem 3.4.1 to soluble groups of prime exponent.

3.4.3 Corollary. Every soluble group G of derived length s of prime exponent p
is nilpotent and its nilpotency class is at most ^~.

Proof. It is clear that we may assume G to be finitely generated. We use induction
on s. By the induction hypothesis G/G (-V '' is nilpotent. Hence G is abelian-by-
nilpotent and therefore residually finite by a theorem of P. Hall [31]. Let {Na} be
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a family of normal subgroups of finite index in G intersecting trivially. It is clear
that it is sufficient to prove that each of the factor-groups G/Na is nilpotent of the
required nilpotency class. We may therefore assume that G is finite. As a finite
/7-group it is nilpotent, and it only remains to apply Theorem 3.4.1 to its associated
Lie ring.

The corollary is proved.

Note that Corollary 3.4.3 may be also proved without using Theorem 3.1.5,
which was given in § 3.1 without proof. For we have shown in the proof of
Theorem 3.4.1 that soluble Lie algebras of derived length 2 and characteristic p,
satisfying the (p — l)-Engel condition, are nilpotent of class < p. This implies
that soluble groups of derived length 2 of prime exponent p are also nilpotent of
class < p. We may now apply Theorem 2.3.5 directly, since groups of exponent
ρ form a variety. This yields the conclusion of Corollary 3.4.3.

It was Meier-Wunderli [112] who proved in 1951 that metabelian groups of
prime exponent p are nilpotent of class < p; his work, however, says nothing
about the nilpotency of soluble groups of exponent p of arbitrary derived length.

The bound for the nilpotency class in Theorem 3.4.1 may be improved to ^γ
(and, hence, to ( / )~_)

2~ m Corollary 3.4.3). We leave this for the reader as an
exercise simply outlining the way by stating the following proposition.

3.4.4 Proposition (Higgins [39]). If a soluble Lie algebra L of derived length s of
characteristic p satisfies the n-th Engel condition:

[ x , y , y , . . . , y ] = 0
n

for all x,y e L and either p = 0, or n < p, then for all k > 1
a ) [x* (L ' ) ,L ,L , . . . ,L ]c X t + , ( l ' ) ,

II

b) Yka+2(L) C yk+i(L') and
c) L is nilpotent of class < IJ^-·

Here c) follows from b) by an obvious induction on the derived length s and b)
is an easy consequence of a). One can prove a) noting first that if α € Yk(L') then

[a,bn(\},bn(2}, . . . , 6T(m)] Ξ [a,bi,b2, ---- bm] (mod χλ.+ ,(Ζ/))

for any m € Ν and any permutation π e §„,. Now apply arguments similar to
those used in the proof of Theorem 3.4.1.
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Chapter 4

Lie rings admitting automorphisms
with few fixed points

In this chapter we prove theorems of Higman, Kreknin and Kostrikin on regular
automorphisms of Lie rings, including Kreknin's Theorem on regular automor-
phisms of arbitrary finite order. Then a theorem on almost regular automorphisms
of prime order is proved: if the number of fixed elements is finite (or has finite
dimension) then there is a nilpotent subring of bounded nilpotency class and of
bounded index (or codimension).

§ 4.1 Extending the ground ring

Let L be a Lie ring, and φ an automorphism of L of finite order n. Let ω be a
primitive rc-th root of unity. We shall consider the Lie ring L = L ®ι Ζ[ω] with
φ acting naturally, where Ζ[ω] is regarded as a trivial Z{<p)-module.

We introduce analogues of eigenspaces.

Definition. The additive subgroup of the Lie ring L

'L = { / € 1\1φ =α>Ί}.

is called a φ-component of L with respect to ω'. The elements of (^-components
are called φ-homogeneous.

Definition. An ideal / of the Lie ring L is said to be φ-homogeneous, if / =
H - l

E / r V L .
/=()

Though L is not a vector space, "almost all" of L decomposes into an "almost
direct" sum of ^-components.
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4.1.1 Lemma, a) The following inclusion holds

n~L C°L + 'L + ... +"-'£.

b)///0+/i + . . .+/„_! =0, where lj e'Lthennlj =0 for all j = 0, 1 , . . . , n-
1.

c) /fi/ze additive group of L has no η-torsion, which means that for any l e L the
equality nl = 0 implies I — 0, then the sum of φ-components °L φ 'L Θ .. . φ ""'ϊ,
w direct.

η-1
Proo/ a) For each α e L and each ι =0, 1 , . . . , η — 1 we define 'a = Σ ω~~ιχαφί.

/=o
It is easy to see that 'a 6 'L:

( n—\ \ψ η — \

Σ
Λ·=0

«-1

= ω{

since ω" = 1 and φ" = 1.
On summing we get na:

n — l

/=0 ;=0 .v=0 .v=()

because for A: = 0 it is clear that £ ω° = η, and for & ^ 0 (mod n) we have
(=0

n-l
Σ ω"" = 0. (Indeed, for k φ 0 (mod η) we have

ι=0 ι=0 7=0

n-l
since ω" = 1, that is, the sum J^ ω'^ does not change on being multiplied by

/=(}
/i- 1

therefore Σ ω^ — 0' since ω/Γ τ^ ' ·)
ι=()
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H-l

b) Applying the automorphisms (pk, k = 0, 1, . . . , η — 1, to Σ /, = 0 (where
ι=0

/, 6 'L) we obtain the following n equations

/0 + / I + /2 + . . - + / „ -1=0
/o + ω ' · / , + ω2·12 + ...+ ω"-1 · / „ _ , = Ο
/ ο+ ω 2 · / , + ω 4 · / 2 + . . .+ ω2*"-1'·/,,^ =0

/ο + ω""' · /! + ω2("-υ · /2 + . . . + ω'"-"«»-" - /„_, = Ο

In order to show that η · l, · — 0 for some /, we multiply each of these equations
by an appropriate power of ω to make the coefficient of // equal to 1 and we then
sum all of these equations. It is easy to see that after cancellation each /_,·, j φ i,

"-'
will have coefficient JI ct)(J~')k which is 0 (see above). Therefore we get n -l,· = 0,

A=0
as required.

c) This is an immediate consequence of b).
The lemma is proved.

4.1.2 Lemma. For any i and j

where i + j is calculated modulo n. In particular, the sum of the φ-components
°L + 'Z + . . . + "~1L is a subring of the Lie ring L.

Proof. For a e ' L and b e J L we have

[a, bf = K, b*] = [ω' ·α.ω> -b\ = ωί+] · [a, b],

and so [a, b\ ei+JL.
The lemma is proved.

We set
n-l

la = y^o>-''V e 'L/__/
/=o

and call 'a φ-component of the element a e L. As we have already seen, we have

na=°a + *a + ...+"-la. (4.1.3)
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§ 4.2 Regular automorphisms of soluble Lie rings

Here we prove the Kreknin-Kostrikin Theorem on the nilpotency of a soluble Lie
ring with a regular automorphism of prime order. We identify the combinatorial
formulation of this theorem as a fact on free Z/nZ-graduated Lie rings, which will
be useful later.

4.2.1 Theorem (Kreknin, Kostrikin [82]). If a soluble Lie ring L of derived length
s admits a regular automorphism ψ of prime order p, then it is nilpotent and its
nilpotency class is at most (/'~J2~ .

We first prove a formally more general assertion for the subring pL.

4.2.2 Theorem. If φ is an automorphism of prime order ρ of a Lie ring L then, for
any s, we have

where

Proof. We extend the ground ring by a primitive p-th root of unity ω, setting
L = L ® ζΖ[ω] and specify the action of φ on L by regarding Ζ[ω] as a trivial
Z(<p)-module. It suffices to prove the assertion of the theorem for L, since

ζΖ[ω], Ζω - L(s} ® ζΖ[α>]
and Yf(pL) = Y/(pL) <8> ζΖ[ω]

(these equations follow easily from the definitions). Therefore, if

then

Yf(p.S)+i(pL) ® 1 = Yf(ptS)+i(pL) Π L ® 1 c
L ( s } ) ® ζΖ[ω] Π L ® 1 = (id(CL(<p)) +

(see § 1.2). So we may assume from the outset that the ground ring contains ω,
that is, L = L.

Let H denote the subring °L + 1L + ... + P~1L (see Lemma 4.1.2). By
Lemma 4.1.1 a) we have p L c H and hence the result follows from the last
part of the following proposition.

4.2.3 Proposition. For every s we have
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a) [Yn(H'),H,H,...,H]^Yn+l(H') + id(°L), n > 1;

b) yo,-[),I+2(//) c χη+Ι(/η +/v/ <°I), « > 0;
c) x/(/,..v)+I(//) c

' / - ' V /" · / l \ r X ι - - - ι ν j" -/ ^

/7 -2

/Vo<?/ a) It is clear from the definitions that the ideals H' and γ^(Η') are φ-
homogeneous. So, in order to prove a) it is sufficient to show that

[Ύ,''' y i , i2y2,....''"-' »-i ] e χ,,+ι (//') + ,-,/^Ζ,} (4.2.4)

for any «^-homogeneous elements '°c e χη(// ')Π'°Ζ, and '*>'* e '*L. This is obvious
if /,. = 0 for some r = 0, 1 , . . . , / ? — 1 ; we therefore assume from now on that
ir 7^0, for all r = 0, 1, ...,p- 1.

Note that any permutation of the elements '' >Ί , '2 >'2 ..... ''' ' y / ;_i does not change
the commutator (4.2.4) modulo the subgroup γ,1+\(Η'). This follows from the
Jacobi identity - for fa, b, c] — [a, c, b\ + [a, [b, c]] and thus, if a e y,,(//') then
[a, [fc, c]] e yn+, (//'), since [i>, c] € H' for fc, c 6 H.

Our aim is to rearrange the elements " y i , '2 >'2, . . . . ''"'>'/'- 1 in me left-hand side
of (4.2.4) by means of a permutation π € §ρ_ι in order to obtain the congruence

Ό + Μη + ί',τ(2) + · · · + /-π,) Ξ Ο (mod ρ),

where the left-hand side is the sum of several first upper indices of the resultant
commutator. Then by Lemma 4.1.2

for an initial segment of the resultant commutator so that the original commutator
(4.2.4) lies in Ya+l(H') + id(°L).

We now prove the following number-theoretic lemma.

4.2.5 Lemma. Let p be a prime number and let i\ , . . . , /'* be non-zero elements of
GF(p) (not necessarily distinct). We form the set

M=

where, by definition, the sum is Qfor S = φ. Then either Μ = GF(p), or \M\ >
k+\.
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Proof. We proceed by induction on k. For convenience we denote by M (s) the
set of all sums involving {/Ί, . . . , is}. For k = 1, we have |M(1)| — |{0, ιΊ}| = 2,
since i\ ^ 0. Next, if any of the sums σ +/*+ι, where σ e M (k), does not belong
to M(k) then \M(k + 1)| > \M(k)\ + 1 > fc + 2 by the induction hypothesis.
But if σ -Η ik+\ e M(&) for all σ 6 M(&), then, starting from 0 we find that 0,
z'fc+i , 2^+1, . . . , (p — !)/'*+] lie in M(k). These elements are all distinct, because
ik+i φ 0 by hypothesis, hence \M(k)\ = \M(k + 1)| = p, that is M (k + 1) =
GF(p).

The lemma is proved.

We now have p — 1 upper indices i\, 12, . . . , /p-i all of which are distinct from
0 modulo p. By Lemma 4.2.5 every residue modulo p may be represented as a
sum of some subset of these indices. In particular, the — /o may be represented
in this way. Transposing the elements '*y^ with the corresponding upper indices
in order to place them immediately after the element '"c we obtain a commutator
with an initial segment from °L, which lies in -,d(C^)} and equals (4.2.4) modulo

b) This follows from a) by induction on n. For n — 0 we have Y2(H) = γ\(Η'),
and for η > 0 we have

= [y( /,_i)( ; ;_i)+2(//), Η,Η,.,.,Η} C [γη(Η'), H, H, .. . , H]
p-\ p-\

by the induction hypothesis. An application of a) to the right-hand side completes
the proof.

c) Induction on s. For s = 1, obviously, γ2(Η) = Η'. For „y > 1, according to
b) we have

= Y(p-\)f(p.s-\)+2(H) C Yf(p<s_\)+\(H ) +/J ( L).

We now apply the induction hypothesis on the soluble Lie ring //' of derived
length s — 1 to the right-hand side of the above inclusion:

The proof of the proposition, and therefore of Theorem 4.2.2 is complete.
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Proof of Theorem 4.2.1. By hypothesis °L = 0 and L ( v ) = 0. Therefore, by
Theorem 4.2.2, we have

0 = Y f ( p . s ] + l ( p L ) = p f ( P - i } + l y f ( p M ( L ) .

In particular, this implies that the abelian group y/( /,,.v)+i(L) is a p-group. This
group is clearly ^-invariant, and, if it is not trivial, then the automorphism φ of
order ρ must have non-trivial fixed points in it (Corollary 1 .7.3). This contradicts
the hypothesis of the theorem and hence y/(^.s)+i(L) = 0, as required.

The theorem is proved.

We point out that we have also proved the following combinatorial fact.

4.2.6 Theorem. Let ρ be a prime, s a natural number and let f = f ( p , s ) =
(/7~;-2~' · tf ''}'!' '2>'2, · · · ι ' '" '>y+i are any elements of an arbitrary Lie ring with
arbitrary formal upper indices i\, ίτ, · · · , i f+\ € Ζ attached to them, then the simple
commutator

may be represented as a linear combination of commutators, each of which has
the same entry set ">Ί, '2> r2, . . . , '' '" '>y+i and either belongs to L ( s ) or contains a
subcommutator with its upper index sum zero modulo p.

Proof. We can say that Theorem 4.2.6 has already been proved because in the
course of proving Proposition 4.2.3 we were using only the Jacobi identity and were
actually transforming commutators of ζρ-homogeneous elements without changing
the entry set, and the subcommutators from °L clearly had upper index sums
zero (mod p). This metamathematical argument may be made more rigorous by
formalizing it within a free Lie ring as follows.

Let ω be a primitive p-U\ root of unity and let F be a free Lie ring over Ζ[ω]
with free generators ">Ί,'2 >'2, . . . , '·''-' >y+i. For each ι = 1, 2, . . . , / ? — 1 denote by
' F the additive subgroup of F generated by all commutators in the free generators
" Vi , '2>'2> · · · ,'f"1 vy+i, such that the upper index sum of their entry set is / modulo
P·

Note that the additive group of the ideal i(i(°F} is generated by all commutators
in elements '' V j , ':>!2, . . . , ί /"Γ | ν/·+ι which have subcommutators with upper index
sum zero (mod p ) .

We define an automorphism φ of order p of F by putting Ιψ = ω' · I for elements
/ e ' F, ι = 0, 1, ____ p — 1, and extending the action of φ to the sum F = Σ ' f

ί

by linearity. It is clear that the additive subgroups ' F are the (^-components. Since
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the additive group F has no torsion, by Lemma 4.1.1 c), we have

F = °F®'F®. . .0 ' ' - 1 F.
By Proposition 4.2.3 c) (here H — F) the following holds:

['>,, '-'.V2, - . . , ''-'37+]] € F(f) +,·,, (()F). (4.2.7)

But the ideals F (v) and ui(°F) are evidently multihomogeneous with respect to
the free generators hyx. Hence the left-hand side of (4.2.7) belongs to the mul-
tihomogeneous component of the right-hand side of weight 1 in each of the
'' .Χι* '2>'2, · · · , l / + 1 vy+i which means that the equation required by Theorem 4.2.6
holds. Since the elements ny\, '2 V2, · · ·, lf^]y/+\ are the free generators of F, ex-
actly the same holds for an arbitrary Lie ring L.

The theorem is proved.

§ 4.3 Regular automorphisms of Lie rings

The main result of this section is Kreknin's Theorem on the solubility of a Lie ring
with a regular automorphism of finite order. Higman's Theorem on the nilpotency
of a Lie ring with a regular automorphism of prime order will follow from this
theorem of Kreknin and from Theorem 4.2.1 of Kreknin and Kostrikin on the
nilpotency of soluble Lie rings with a regular automorphism of prime order. This
alternative proof of Higman's Theorem also provides an explicit upper estimate
for Higman's function bounding the nilpotency class. Here we also single out the
combinatorial formulations of these theorems as facts about free Z/«Z-graduated
Lie rings which will be referred to in the next section.

4.3.1 Theorem (Kreknin [83]). If a Lie ring admits a regular automorphism of
finite order n, then it is soluble and its derived length is not greater than 2" — 2.

First we prove the following assertion about the subring nL.

4.3.2 Theorem. If φ is an automorphism of finite order η of a Lie ring L, then

(«ΐ) ( ' ( Λ ) ) ς / ( / <°ΐ) ,
where °L = {/ + /*> + Ιφ"' + ... + Ιφ"~' I e L} and f(n~) = 2'1~' - 1.

By contrast with the method of argumentation in the preceding section, we
first prove the corresponding combinatorial result and then deduce Theorem 4.3.2
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from it. There is an advantage in doing this - one may consider the Lie ring to be
decomposed into a direct sum of «^-components which helps avoid certain technical
complications.

4.3.3 Proposition. Suppose that ω is a primitive n-th root of unity and that the Lie
ring Η over Ζ[ω] admits an automorphism φ of order n, where Η is decomposable
into the direct sum of 'φ '-components:

Η = °H 0 ' Η Θ 2H φ . . . φ "-' Η.

Then, for all k = 1,2, ... , η — l,
a) H(2k~[}nkH c (k+lH,k+2H ..... "-' H} + id(°H);
b) // (2*-'> C (M

(Here, as usual, (*+1//, k+2H, . . . , ""'//) denotes the subring generated by the
^-components *+'//, k+2H, . . . ,"- ' / / .)

Proof. Note first of all that under the hypothesis of the proposition the following
clearly hold for all s:

H(S) = "θ'//ωη''//,
/=0 (4 3 4)

H(S} n "'// = [# (ί~υ n "H, # (Λ'~υ n VH],

where in = 0, I , ... ,n — I , u,v > 0.
We shall need the following simple lemma.

4.3.5 Lemma. Suppose that a, b, c are natural numbers such that \ < a < n — \,
1 < b < n — 1 and 1 < c < n — 1. If a + b = c (mod n), then either both a > c
and b > c, or both a < c and b < c.

Proof. Since a < n and b < n we also have a + b < 2n. Therefore, either a+b = c,
ora + b = c + n.ln the first case, clearly a < c and b < c In the second case
both numbers are greater than c, because if any of them was less than c, then their
sum would be less than c + n, since the other is less than n.

The lemma is proved.

We prove parts a) and b) of Proposition 4.3.3 simultaneously by induction on k.
For k = 1 part a) means that

// 'n '// c (2H,3H, . . . ,"- ' / /} +id(°H).
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According to (4.3.4) the additive subgroup Η' Π ' Η is generated by commutators
of the form [ x , y ] , where χ e 'H, y e ·* H and i + j ΞΞ I (mod n). If any
of the residues i, j modulo η is 0, then [ x , y ] e ij^H). If, however, both are
greater than 0, then by Lemma 4.3.5 both of them are greater than 1, so that
[x, y] e (2H, *H, . . . ,"- '//}. For k = 1 part b) means that

H' C{2// ,3 / / , . . . , »-'//) +/£/(°//}

which follows from a) and (4.3.4).
Now suppose that /c > 1 . We prove a) first of all using the induction hypothesis

for both a) and b). By (4.3.4) the additive subgroup H(2k l} Π k H is generated by
commutators of the form [ x , y ] , where jc e H(2k'l~l> Π ''//, y e H(2t^~]) Π ·>'//
and i + j = k (mod n). If any of the residues /, 7 is 0 (mod n), then [ x , y ] e
id(°H). If both of them are greater than 0, then by Lemma 4.3.5 either both are
greater than k, or both are less than k. In the first case it is clear that [ x , y] e

In the second case we apply b) to the subring H(2~^ which contains jc and y:

Therefore the element y e //(2* '~ ! ) is equal modulo id(°H] to a linear combination
of commutators of the form

[ M I , w 2 ) . . . , «<,], M., e ''//, i.T > /c, y^y t.s = 7 (mod n).

By repeatedly applying the Jacobi identity [a, [b, c]] = [α, έ>, c] — [a, c, b], every
commutator of the form

[x, [ M I , w2 , · · · , « < / ] ]

may be expressed as a linear combination of simple commutators of the form

[ X ,

where ττ € S^. Therefore, the commutator [ x , y] is equal modulo ,·</(°//) to a linear
combination of simple commutators of the form

:, u , , v2, · ·., v g ] , vs e J x H , y, > k, 2_^ js Ξ j (mod n),
.v=l
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each of which certainly satisfies

i + j\ + J2 + ··· + jq = k (mod n).

If for such a commutator we have jq — k, then

i +j\+ J2 + --- + jg-\ = 0 (mod n),

which means that [x, v\, V2 ..... Vq-\} e °H whence

U, « ι , υ2, . . . , υ?] e ,·^0//).

If, however, 7, > fc, then clearly

' + 7i + h + · · · + Jq-\ = { ^ 0 (mod n),

and t > A; by Lemma 4.3.5. In this case

So, in any case the commutators Lv, ui , u?, . . . , vq] are contained in

This subring therefore also contains [x, y], as required.
We now prove b). Using the induction hypothesis for k — 1 we apply b) to the

Lie ring

c(H(*~l)nkH, H(2t 1 ) n t + I w , . . . , / / ( 2 t - | > n " - 1 f / } + l-rf{0w).

The additive subgroups //(2*~') η *+1 / / , . . . , T/'2^'' η ""'// are clearly contained
in the subring (k+l H, k+2H, . , . , "~1H) which also contains the additive subgroup
//<2* ' ) η *// by a) as proved above. Therefore,

as required.
Part c) follows from b) on putting & = /? — 1 .
The proposition is proved.

Before we turn to the proof of Theorem 4.3.2, we state a combinatorial conse-
quence of the proposition just proved. We recall the definition of the identities for
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soluble varieties:

4.3.6 Theorem. Suppose that η is a natural number and set f ( n ) = 22" ~ ' . If
ny\, ' 2 y 2 , · · · , lf(n)yf(n) are any elements of an arbitrary Lie ring with arbitrary for-
mal upper indices i\,i2, . . . , //·(„) e Z attached to them, then the commutator

may be represented as a linear combination of commutators each of which has the
same entry set l ] y \ , '2y2, . . . , '""'.ν/χ,?) and contains a subcommutator with its upper
index sum zero modulo p.

Proof. All we need do is to repeat the proof of Theorem 4.2.6 with obvious modi-
fications. We can, in fact, say that Theorem 4.3.6 has already been proved because
in the course of proving Proposition 4.3.3 we were using only the Jacobi identity
and were, in fact, transforming commutators of «^-homogeneous elements without
changing the entry set, and the subcommutators from °L clearly had upper index
sums zero (mod p). This metamathematical argument may be made more rigorous
by formalizing it within a free Lie ring as follows.

Let ω be a primitive p-th root of unity and let F be a free Lie ring over Ζ[ω]
with free generators " _ y i , '2y2, . . . , '""'jy/tn)· For each i = 1, 2, ... ,n — 1 denote
by ' F the additive subgroup of the Lie ring F generated by all commutators in
the free generators "ji, '2y2, . . . , ''"".V/»» sucn that the upper index sum of their
entry set is / modulo p.

Note that the additive group of the ideal id(°F) is generated by all commutators
in elements 'ly\, '2y2, ..., //"" }>/(„) such that they have subcommutators with upper
index sum zero (mod p).

We define an automorphism φ of order p of F by putting Ιφ = ω' -I for elements
/ e ' F, i — 0, 1 , . . . , η — 1 , and extending the action of φ to the sum F — Σ ' F

i

by linearity. It is clear that the additive subgroups ' F are the «^-components. Since
the additive group F has no torsion, by Lemma 4. 1 . 1 c), we have

By Proposition 4.3.3 c) we have

But the ideal ij{()F) is clearly multihomogeneous with respect to the free gener-
ators '·' v.v. Hence the left-hand side belongs to the multihomogeneous component
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of the right-hand side of weight 1 in each of the "y i , / :v2, . . . ,'·'"'"' v/<„) which
means that the equation required in Theorem 4.3.6 holds. Since the elements
">'i/:}'2> · · - > ' ' ' " " >'/(«) are me free generators of F, exactly the same holds for
an arbitrary Lie ring L.

The theorem is proved.

Proof of Theorem 4.3.2. We extend the ground ring by a primitive «-th root of
unity ω by putting L = L ®χ Ζ[ω] and defining the action of φ on L by regarding
Ζ[ω] as a trivial Z(^}-module. It is sufficient to prove the theorem for L since

M and (nL) ( / ) = ( n L ) ( f ) ®z Ζ[ω]

(these equations easily follow from the definitions), and therefore if ( n L ) ( t } C
,v,{°Z},then

(nL)(f] ® 1 = ( n l } ( f ) Π L ® \ C id(°L) ®z Ζ[α>] Π L ® l = ,·̂ 0!) ® 1.

We may therefore assume from the very beginning that the ground ring contains
ω, that is, L = L.

Put f ( n ) = 22" '-'. By Lemma 4.1.1 a) we have nL c °L + 'L + ... + " ~ ] L
and it is therefore sufficient to show that

for any φ -homogeneous elements 's>\. e ' 'L, .v = 1, 2, . . . , f ( n ) . But this easily
follows from Theorem 4.3.6.

Theorem 4.3.2 is proved.

4.3.7 Corollary. Suppose that the Lie ring L admits a regular automorphism of
finite order n.

a) If the additive group of L has no η-torsion, that is, nl — 0 implies I = 0, then
L is soluble of derived length at most 2"~' — 1.

b)Jfn is a prime number, then L is soluble of derived length at most 2""' — 1.

Proof, a) By Theorem 4.3.2 we have

>r " "z/2""-1' = (nL)<2" - '-» C ,/>£> c ,(l(CM) = 0.

Restriction on the additive group of L now implies that L (2/ '~" =0.
b) If n is a prime, then the Sylow η-subgroup of the additive group of L is

trivial, since otherwise an automorphism of prime order n acting on it would have
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non-trivial fixed points by Corollary 1.7.3. Hence the additive group of L has no
η-torsion and the result now follows by applying a).

Proof of Theorem 4.3.1. Let L be a Lie ring, φ e AutL, \φ\ = η and €^(φ) = 0.
We define

Τ = {a e L| nk-a = 0 for some k = k(a) e N}.

It is clear that Γ is a ^-invariant ideal of L. By Theorem 4.3.2

where f ( n ) — 22" ', and so L(2" ' !) c T. Therefore, in order to prove Theo-
rem 4.3.1 it is sufficient to show that T(2" ' ]) = 0, since then

We decompose the abelian periodic group T into a direct sum of its Sylow
subgroups

T = Τρι ®7K ® ... @Tpt,

where n — p\ p~,~.. - pk
r
r is the decomposition of n as a product of prime-powers.

It is clear that these Sylow subgroups are in fact ^-invariant subrings. It therefore
suffices to prove that each of the subrings Tpi is soluble of derived length < 2"~' — 1.

Suppose that for some prime p e {p\, P2, ···, Pr\ we have n = pk · s, where
( p , s ) = 1. We decompose the finite cyclic group (φ) into the direct product of
Hall subgroups

(ψ) = (φ)ρ χ (φ)ρ·,
where, of course, (φ)ρ — (<ps} and {φ}/,' — (φ1' ). Then €τι>(φρ ) = 0 (where Tp is
the Sylow p-subgroup of the additive group 7), since otherwise the automorphism
φ" of order pk normalizing the non-trivial abelian /^-subgroup CTt((pp ), would
have in it non-trivial fixed points (see Corollary 1.7.3), which would lie in

contrary to the condition C/_ (φ) = 0.
Hence the Tp admits a regular automoφhism φ1' whose order is coprime to the

orders of all elements of its additive periodic group. Therefore, by Corollary 4.3.7,
Tp is soluble of derived length < 2'1"1 — 1 since the order of φ1' is obviously not
greater than n.

Theorem 4.3.1 is proved.
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4.3.8 Corollary (Higman [40], Kreknin [83J, Kreknin and Kostrikin [82]). If a Lie
ring admits a regular automorphism of prime order p, then it is nilpotent, and its
nilpotency class is bounded by some number h ( p ) which depends only on p and is
not greater than ~ —

Proof. Such a Lie ring is soluble of derived length < 2'' ' — 1 by Corollary 4.3.7,

and therefore, by Theorem 4.2.1, it is nilpotent of class < ( / )~ l ) '_7——.
We also give a combinatorial formulation of this theorem.

4.3.9 Corollary. For any prime number p there exists a natural number h ( p )
depending only on p and not greater than (r~l)~_-,——, such that if ">Ί , ' : >- 2 , . . . .
''"'""'>'/! ( />>+! ore any elements of an arbitrary Lie ring with arbitrary formal upper
indices i\, ii, ..., i>,(/>)+\ € Ζ attached to them, then the simple commutator

may be represented as a linear combination of commutators, each of which has
the same entry set ">Ί, '2>'2, ...,''"'"-' yt,(p)+\ and contains a subcommutator with
upper index sum zero modulo p.

Proof. This may be deduced from Corollary 4.3.8 by using free Lie rings in ex-
actly the same way as the proofs of Theorems 4.2.6 and 4.3.6 are deduced from
Propositions 4.2.3 and 4.3.3 respectively.

By the Jacobi identity [a, [b, c]] — [a, b, c] — [a, c, b] any commutator may be
expressed as a linear combination of simple commutators, each having the same
entry set. Hence the ideal of the free Lie ring on free generators ' ' y i , ' :V2, . . . ,
""'"-'.>'/,<;,)+1 whose additive group is generated by commutators in the generators,
each having a subcommutator with upper index sum zero (mod /?), may also
be generated by simple commutators, each having an initial segment with upper
index sum zero (mod p). This remark allows us to strengthen the conclusion of
Corollary 4.3.9.

4.3.10 Corollary (Higman-Kreknin-Kostrikin Theorem). For any prime number
ρ there exists a natural number h ( p ) depending only on ρ and not greater than

!'~ ^_9——, such that if ''y\. ' 2 y j , ..., ' '"' 'Nly/ ) ( / ))+] are any elements of an arbi-
trary Lie ring with arbitrary formal upper indices i\, ϊτ. ..., ' / ι ( /> )+ι £ % attached
to them, then the simple commutator
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may be represented as a linear combination of simple commutators, each of which
has the same entry set ">Ί, '2γτ,...,'"""-'y/,(/,)+i and contains a subcommutator
with upper index sum zero modulo p.

For every prime number ρ there clearly exists a least number h(p) satisfying
Corollary 4.3.8 (or, equivalently, Corollaries 4.3.9 and 4.3.10). We call this Hig-
man's function and from now on we reserve for it the notation h(p).

The fact that Higman's function turns out to be the same whether it is defined
in terms of Corollary 4.3.8 or in terms of Corollaries 4.3.9 and 4.3.10, warrants
explanation. As we saw in the proof of Corollary 4.3.9 (or in the proofs of The-
orems 4.2.6 and 4.3.6), the value of h(p) which fits Corollary 4.3.8, also fits
Corollaries 4.3.9 and 4.3.10.

To see the converse, we suppose that h(p) is a number satisfying Corollary 4.3.10
and then prove that any Lie ring L with a regular automorphism φ of prime order ρ
is necessarily nilpotent of class < h(p). For L — L ®ζΖ[α>] where ω is a primitive
;?-th root of unity, we have pL C 1L + 2L + .. . + /;"'L. Then by Corollary 4.3.10

/7A(" )+1XA(„)-n ) = Y h ( p ) + i ( p L ) C id(°L) = 0.

Thus the additive group of the subring y/,( /,)+i(L) is a /j-group - therefore it is
trivial, since otherwise the automorphism φ of order ρ acting on it would have
non-trivial fixed points by Corollary 1.7.3.

§ 4.4 Almost regular automorphism of prime order

Here we generalize the Higman-Kreknin-Kostrikin Theorem on Lie rings with a
regular automorphism of prime order to the case where either the set of fixed
points is finite, or, for Lie algebras, the fixed points constitute a finite-dimensional
subspace. This "almost regularity" of the automorphism implies that the Lie ring is
"almost nilpotent" in the sense that there is a subring of bounded nilpotency class,
the bound depending only on the order of the automorphism, and of bounded index
(or codimension), the bound depending also on the number (or dimension) of fixed
points.

For convenience we shall use the terms like "(/?, m)-bounded quantity" to mean
that for any natural p and m there exists a natural number f ( p , m), such that this
quantity does not exceed f ( p , m ) .

4.4.1 Theorem. Let φ be an automorphism of prime order ρ of a Lie ring (alge-
bra) L. If the number of fixed points €^(φ) is finite and equal to \€^(φ)\ = q
(the dimension of the subalgebra €^(φ) is finite and equal to q), then L has a
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subring (subalgebra) of ( p , q)-bounded index (codimension), which is nilpotent of
p-bounded class.

(Here the index of a subring is its index as a subgroup of the additive group of
the ring.)

Proof. This exploits the Higman-Kreknin-Kostrikin Theorem on Lie rings with
regular automorphisms of prime order in its combinatorial form as a result about
Lie rings with a Z/pZ-graduation (Corollary 4.3.10). The method of constructing
the nilpotent subring of bounded index resembles the proofs of the converses
of the Schur-Baer Theorems in § 2.4. Instead of centralizers it uses generalized
centralizers relative to the commutation of ^-components of the Lie ring.

We note that it seems impossible to prove that a Lie ring with an almost regular
automorphism of prime order necessarily contains a subring of bounded index with
a regular automorphism of prime order.

At first we prove a consequence of the Higman-Kreknin-Kostrikin Theorem,
which is also of combinatorial nature.

In what follows p is the prime occurring in the hypothesis of the theorem.

4.4.2 Proposition. For any m and n there exists an (m,n, p}-bounded number
f = f(m,n, p) such that any simple commutator of weight f in the elements
nx\, '2X2, . . . . lfXf of an arbitrary Lie ring with arbitrary upper indices is φ 0
(mod p} attached to them, is equal to a linear combination of commutators, each
having the same entry set X = {'sx.,\ 1 < s < f ) and each either containing a
subcommutator of the form

[klw\,k-w2,...,k'wt], k ' W i & X , (4.4.3)

which has m initial segments with upper index sum zero modulo p:

k\ + k2 + ... + kfi.= 0 (mod p), i = 1, 2 m
1 < r\ < r2 < . . . < rm = t,

or containing a subcommutator of the form

[kaw,c\,C2,...,c„]. (4.4.4)

where k° w G X and each of the n simple commutators c, has the form
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with upper index sum zero modulo p:

ki+k2 + ...+ks=Q (mod /?).

HI-l

We can put f (m , « , / ? ) = 1 -f Σ (h (p) + l )' + ' · n' , where h(p) is Higman 's function
i = \

as in § 4.3.

Proof. It is clearly sufficient to prove this proposition regarding the elements
"xi, /2jc2, . . . , lfXf as the free generators of a free Lie ring L. We define on L
the Z/pZ-graduation

L = L 0 0 L i Θ L 20 . . .Θ Lp-i,

where for each s the additive subgroup Ls is generated by all commutators in the
generators "ΛΊ, '-XT, . . . , ''*/· having upper index sum congruent to s modulo p.

For brevity we write h — h(p) for the Higman's function.
We recall that Corollary 4.3.10 states that for any elements i'a·, e L _,·,., / =

1 , 2 , . . . , h + 1, the simple commutator

of weight h + 1 is equal to a linear combination of simple commutators in the
same elements, each having the same entry set and each having an initial segment
from LO which is an initial segment with upper index sum zero modulo p.

In fact, the proof of the proposition consists in multiple applications of this
assertion. Before giving it in full using the inevitable formalism of induction, we
highlight its basic ideas by doing the first steps. The initial segment of weight h + 1
of the commutator under consideration,

if xfl (4.4.5)

is equal to a linear combination of commutators with the same entry set and
with initial segments from L0 so that the whole commutator (4.4.5) is a linear
combination of commutators of the form

I*1*· k"-x· krx· k"\x· 1L Αί| ι Λΐ2 ι · · ' ' Λί,· ' 'r-1 ' ···!·>

r < h + l , ki +k2 + ... + kr =0 (mod p),

with the same entry set. For each such commutator put

kr-i-i v _ _fk, k2 kr * ' -Hv- . 1
.' 1 - l ΛΙ] ι ΛΙ2 ' ' · ' ' ';· ' '; + ! l
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(it is clear that kr^y\ 6 L* r M) and denote

*·''·-< jv = *rM' *,·,.+, for Λ· > 2.

Note that *'Μ>Ί = [* r~'JQ,^,, Co], where

CD = f*1*,· , ,*2*,· , , . . . , *'*/,] € L0.

We obtain a simple commutator of the form

whose weight is not less than f — h. For sufficiently large / we have / — h >
h + 2, and we may then apply the same transformation to each of the resultant
commutators, substituting its initial segment of weight h + 1 by its expression as a
linear combination of simple commutators in the same elements k'~]y\,k'+-V2, · · ·
with initial segments from L0. In each of these transformed commutators an element
of the form kr^y\ = [krrtXir^, Q>] either occurs in the initial segment from LO -
and this is a step towards the form (4.4.3) or does not occur there - and this serves
for accumulation of occurrences of subcommutators from LO and may be regarded
as a step towards the form (4.4.4). These transformations may be performed often
enough, if / is large enough, since at each step, on replacing the variables, the
weight diminishes at most by h.

These first steps may be illustrated by a picture ("1. c." being the abbreviation
for "linear combination"):

[*1,*2 ..... ·*/] = 1· C. U.Co,x],X ---- J

I I I I
= 1. c. [v'i , >'2, . . .J of weight > / — h
= I .e . [[c-o(.v),y|, > - , . . . ]

I I I I
= 1. c. [z\ , Z2, · · ·] of weight > f - 2h

Now we start the full exposition of the proof of the proposition.
We consider commutators of the form

Γ v i , ' ' 2 y 2 , . . . , '''»], (4.4.6)

where for each s the element l>ys has the from

S, = ['<*, c, , c2 _____ ck], k>0 (4 .4.7)
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where isx denotes one of the elements of X (the entry set of the commutator
(4.4.5)), and each element c, e L() also has the form (4.4.6) with r < h + 1 and
i\ +12 + ···+ ir

 Ξ Ο (mod p).
We define the height of the commutator (4.4.6) inductively as a sum of heights

of the elements '"ys(s = 1, 2 , . . . , r) the height of an element (4.4.7) being equal
to the sum of k and the sum of the heights of the elements c\, c2, ..., ck; for k = 0
the height of an element hys = '*x of the form (4.4.7) is 0 by definition.

We introduce an HKK-transformation of the commutator (4.4.6) which consists
in

a) representing it as a linear combination of simple commutators in the same
elements " jv i , '2y2,..., lryr with initial segments from LO of weight < h + 1, that
is, commutators of the form

[c. *"""'>'',,-1. A "" 2 v;„ . + , , . . . , kryir], (4.4.8)

where

c = \ki v ^v· *"'v· l e L
w <h + \, kl+k2 + ...+ kw = 0 (mod p), (4·4·9)

and, in light of this
b) changing notation

*"·+1ζι = -[c·, *""' V/,,^,], *"·+1Ζϊ = *"r'}>/,,+Λ for Λ > 2.

This transformation is possible by Corollary 4.3.10. We shall say that the resultant
commutators of the form

[^'ζιΛ^, . . . ,* 'Zr-« , ] (4.4.10)

are obtained from (4.4.6) by means of HKK-transformation.

4.4.11 Lemma. Every commutator of the form (4.4. W), obtained from the commu-
tator (4.4.6) by means of HKK-transformation, is also a commutator of the form
(4.4.6), and its height is precisely 1 greater.

Proof. It is clear that the elements k"'tszs = *"U s )>,„,_, for s > 2 have the required
form (4.4.7). For s = 1 we substitute into k"'+lzi — [Α'"'+Ι)Ί·,,.+,, c] the expression for

by (4.4.7):

= [*"+')>;,„,, C] = [''"*'*, C], C2, . . . , Ck, C].
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Here the c, have the form (4.4.6) with r < h + 1 and c is also of the form (4.4.6)
with r < h + 1 by (4.4.9). Hence ^'" 'zi has the form (4.4.7), and the whole
commutator (4.4.10) has the form (4.4.6).

Evaluating the height of (4.4.10), we see that the only difference between it and
the height of (4.4.6) is the additional occurrence of the element c e L() in k"-{Z].

The lemma is proved.

If HKK-transformation is applied sufficiently many times, it produces commu-
tators satisfying the conclusion of Proposition 4.4.2.

4.4.12 Lemma, if a commutator of the form (4.4.6) has weight r < h + 1, and
'"-'

height > f\(m. η, ρ) = Σ (h(p) + I)' · /?', then it is equal to a linear combination
i = \

of commutators, each containing either a subcommutator of the form (4.4.3), or a
subcommutator of the form (4.4.4) from the conclusion of proposition 4.4.2.

Proof. We construct a graph of occurrences of subcommutators c e LO in the
commutator (4.4.6). Its vertices will be partitioned into different levels, and each
level will be partitioned into groups. The vertices of level 1 are the elements c, from
the expressions (4.4.7) for all elements / 1>'S , occurring in the commutator (4.4.6)
under consideration. These vertices c, of level 1 are partitioned into groups with
respect to elements '·' yv - they form a group if they occur in the same expression
(4.4.7). Every element c, of level 1 also has the form (4.4.6) by definition and
by formulae (4.4.7) it contains other elements from LO - the latter are called the
vertices of level 2 connected with the given vertex of level 1. The vertices of level
2 are partitioned into groups in the same way, and so on.

It is obvious, that the total number of vertices of this graph is equal to the height
of the original commutator (4.4.6). We note also that each vertex is connected with
the vertices of the next level from not more than h + 1 groups, and at level 1 there
are also not more than h + 1 groups, since the ambient commutator (4.4.6) has
weight r < h + 1 by the hypothesis of the lemma.

We shall show that either the number of levels is at least m, or at least one of the
groups in some level contains at least n vertices. Indeed, if we suppose that this is
not the case, then at level 1 there are less than (h + 1 )n vertices, since there are at
most h + 1 groups at this level, and then at level 2 there are less than (h + I)2«2

vertices, because each vertex of level 1 is connected with vertices of level 2 from
at most h + 1 groups each containing less than n vertices, and so on. It is easy to
establish by induction that at level / there are less than (h + 1)V vertices. The
total number of vertices will be less than

m-\
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which contradicts the hypothesis of the lemma.
But if some group at some level has at least n vertices, then there is a subcom-

mutator of the form (4.4.4). And if the number of levels is at least m then there is
a nested chain of subcommutators from LQ of length m. Transforming them in turn
starting from inside, by the Jacobi identity [a, [b, c]\ = [a, b, c] — [a, c, b], into
linear combinations of simple commutators (in the elements of X — {'sxs}) from
LO, we eventually reach a linear combination of commutators, each containing a
subcommutator of the form (4.4.3).

The lemma is proved.

To prove Proposition 4.4.2 we apply HKK-transformation to the commutator
(4.4.5), then to each commutator of the form (4.4.6) in the resultant linear combina-
tion which is equal to (4.4.5), and so on, f\ (m, n, p) times. At every step the weight
of each commutator of the form (4.4.10) is less than the weight of the commutator
(4.4.6) from which it was obtained by means of HKK-transformation, by not more
than h+l. Hence, if the initial weight is at least f(m,n, p) — (h+\)-f\(m, n, /?)+!
then it is possible to apply HKK-transformation f\(m, n, p) times. If the resultant
linear combination contains commutators of the form (4.4.6) of weight > h -f 1,
then we proceed to apply HKK-transformation to them, until we get a linear com-
bination of commutators of the form (4.4.6) of weight r < h + l , which is equal
to the commutator (4.4.5).

Since the (4.4.5) is also a commutator of the form (4.4.6) of height 0, then after
the transformations described above, it will be expressed by Lemma 4.4.11 as a
linear combination of commutators of the form (4.4.6) of weight < h + 1 and
height > f\(m, n, p). Application of Lemma 4.4.12 completes the proof of the
proposition.

We now turn to the proof of Theorem 4.4.1. Suppose that L is a Lie ring and φ
is an automorphism of L of prime order p. We first consider the case where the
number of fixed points is finite: \€^(φ)\ = q. Let L = L ®z Ζ[ω], where ω is a
primitive p-th root of unity, and define the natural action of φ on L by regarding
Ζ[ω] as a trivial Ζ{φ)-module. It is easy to see that C-L(<p) = €^(φ) ®ζ Ζ[ω],
and hence |Q(<p)l = |C/ j(<p)| / '~1 = <]''~]· If the assertion of Theorem 4.4.1 has
been proved for L, then the intersection of its subring of (p, q;>~')-bounded index,
which is nilpotent of /^-bounded class, with L will clearly be the desired subring
of L of (p, ijO-bounded index, which is nilpotent of the same p-bounded class.
We may therefore assume from the outset that the ground ring contains ω, that is,
L = L.

At first we shall prove - and this will be the main part of the proof of the
theorem - that the subring pL contains a subring of (p, #)-bounded index (in pL)
which is nilpotent of /?-bounded class.
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As it was shown in § 4. 1

where ' L are the φ-components of L. In each of the ^-components ' L for / φ Ο
we shall construct generalized centralizers of different levels s = 1, 2. . . . , h + l
(we recall that h = h(p) is Higman's function). These are the additive subgroups
' K(s) < ' L which contain each other and have (p, g)-bounded indices in ' L. Since
Ι°*Ί = \ C L ( < p ) \ = q , thesubring

1)),

generated by the generalized centralizers of level h + 1, has (p, «^-bounded index
in pL. We shall prove that this subring is nilpotent of class < f ( h + \,h, p), where
/ is the function appearing in the statement of Proposition 4.4.2, and therefore will
be the sought one (at this stage of the proof of Theorem 4.4.1, dealing with pL).
We put N = f ( h + 1, A, /?) for brevity.

Definition. A pattern of a commutator in (^-homogeneous elements 'Jjcs e ' S L
is defined to be its bracket structure together with the arrangement of the upper
indices in it. The commutator itself will be called the value of this pattern at the
elements 'sxs.

For example,

[[·<ιΛΛ],[2</Λ]] and [[VV4z],[2M,5i>]]

are values of the same pattern

[f1*,3*,4*], [2*,5*]].

We shall further need homomorphisms which resemble the mappings μα: χ — >
[χ, a] into the set of commutators arising in the proof of Lemma 2.4.3.

For every ordered set (of arbitrary length k)

of (^-homogeneous elements 'v jcv e '"L we choose j < p — 1, such that

j + i\ + Ϊ2 + ··. + ik Ξ Ο (mod p),
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and define a homomorphism

#.r : ;y^ [V'*i, /2*2,..., '***], J y z j L ,

from the additive subgroup J L into °L. Since |°L| = q, the following result holds.

4.4.13 Lemma. For any χ we have \J L : Ker ϋ^\ < q.

The construction of generalized centralizers is achieved by induction, simultane-
ously fixing of certain <p -homogeneous elements, called representatives of different
levels. First we put ' t f ( l ) = 'L for all / φ 0.

Next, for each element c e °L which may be represented as a value of some
pattern of weight < W at «^-homogeneous elements 'sxs e ' JL for /v φ Ο, we
fix one such presentation for each possible pattern of weight < Ν . The fixed
«^-homogeneous elements 'v jcv occurring in all of these presentations are called
representatives of level 1, level being indicated by parenthesis: ' 'J tv(l) . It is clear
that the total number of representatives of level 1 is (p, g)-bounded, since the
number of all patterns of weight < Ν = f(h + 1, h, p) is evidently /7-bounded
and the number of elements c e °L is at most q.

Now we construct the generalized centralizers ! Κ (2) of level 2, putting for each
j = 1 , 2, . . . , / ? - 1

J K ( 2 ) = Ker ̂ ,

where χ = ('' x\ ( 1 ), l-X2(\ ) , · · · , '*·Χ*(1)) runs through all ordered sets of lengths
k < N of representatives of level 1 (and, of course, j + i\ + /2 + . . . + /'* Ξ Ο
(mod p) in accordance with the definition of the homomorphisms #f). Since the
number of these ordered sets is clearly ( p , ^-bounded, and the index of each of
the subgroups Kertff in JL is at most q by Lemma 4.4.13, then the index of
the subgroup J Κ (2) in J L is also (p, g)-bounded. (We recall that the index of an
intersection of subgroups is not greater than the product of their indices.)

We note that the following centralizing property holds for the elements Jy e
7 K (2) with respect to the representatives of level 1:

whenever j + i\ + /2 + . . . + /<.· = 0 (mod p) and k < N.
Now we proceed by induction. Suppose that for t < h + l and for each j =

1 , 2, . . . , p — 1 we have already constructed generalized centralizers of levels < /,
that is additive subgroups of j L

JK(\) >JK(2) > ... >
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of (/?, ^-bounded index in ' L, and that we have fixed representatives 'i jc,(e.v) € '·' L
for ί'Λ. φ· 0 of levels εχ < t, whose total number is (p, <y Abounded. Suppose also
that for every s < t the following centralizing property holds for the elements
•>y € J K ( s ) with respect to the representatives of levels < s:

whenever jy e J K ( s ) , k < N. (4.4.14)
Sj < s (j = 1,2, ... , k) and j + i\ + /2 + · · · + 4 = 0 (mod p).

Now for j = 1 , 2, . . . , ρ — 1 set

where Jc = ("*] (ε\), '-Χι&ι) ..... "**(£*)) runs through all ordered sets of lengths
k < N of representatives of levels ε,, < t (and, of course, j + i\ + . . . + ik = 0
(mod p) in accordance with the definition of the homomorphisms ι?,.). The total
number of all such ordered sets is obviously (p, g)-bounded, and the index of
each of the subgroups Ker#j in !L is at most q by Lemma 4.4.13. Thus the
index of the subgroup ·* K(t + 1) in ·> L is also (p, ^)-bounded. It is also clear that
jK(t + 1) <jK(t).

It follows from the construction that the centralizing property (4.4.14) holds for
the elements jy e j K(t + 1) for Λ : = t + 1 with respect to the representatives of
levels < t.

Next, for every element c € °L which may be represented as a value of some
pattern of weight < N al ^-homogeneous elements 'IA\ € ' s K ( t + 1) for is φ Ο,
we fix one such representation for each possible pattern of weight < N. The fixed
<p -homogeneous elements ' 'jcv, occurring in all of these representations, are called
the representatives of level (/ + 1): ' ';cv(r + 1). It is clear that the total number of
representatives of level (/ + 1) is also (p, </)-bounded.

We have finished the inductive definition of the generalized centralizers J K ( \ ) ,

As was already noted at the beginning of the proof, the subring

{' K(h + 1), 2K(h + 1), . . . , /'-' K(h + 1)) ,

generated by the generalized centralizers of level h + 1 intersects pL in a subring
of (/?, #)-bounded index in pL. We shall prove that this subring is nilpotent of
class < N — f ( h -t- 1, h, p) where / is the function from Proposition 4.4.2. For
this it is sufficient to show that every simple commutator of weight N of the form

ν , ν 2 , · · · < '*>*], '' v.5 e K(h + 1), (4.4.15)
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in elements generating this subring is equal to 0 (see 3.1.2). In order to do this,
in turn, it is sufficient by Proposition 4.4.2 to show that commutators of the form
(4.4.3) and (4.4.4) from the conclusion of Proposition 4.4.2, applied to the com-
mutator (4.4.15) with m = h + 1 and n = h, are all equal to 0.

We consider first the commutator

[ J y , c i , c 2 , . . . , c h ] (4.4.16)

of the form (4.4.4). For every s = 1 , 2, . . . , h we replace cs by its expression as
a value of a pattern of weight < N at the representatives of level s which were
fixed above. This is possible, since cs is the value of a pattern of weight < N at
elements o f ' K ( h + 1), / 7^ 0, and since we have inclusions l K(s) 2 ' K(h+ 1) for
all s < h, so that, by construction, there is also a representation of c, as a value
of that same pattern at representatives of level s.

Expanding the inner brackets using the formula [a, [b, c]] = [ a , b , c ] — [a, c, b],
we represent (4.4. 1 6) as a linear combination of commutators of the form

[Jy, '''*(!), . . . , Ml), '^(2), . . . , ''jt(2), . . . , ̂
\). (4.4.17)

Here, for simplicity, we have dropped the lower indices on the representatives
since the only important thing here is that they are placed in order of increasing
level.

The main idea in what follows is to represent each of the commutators (4.4.17)
as a linear combination of simple commutators with initial segments of weight
h + 1 consisting of representatives of different levels 1 , 2, . . . , h and the element
Jy e i K(h + 1). (This will allow us via the Higman-Kreknin-Kostrikin Theorem
to apply the centralizing property (4.4.14) as a result of which all these initial
segments will turn out to be equal to 0.) To achieve this we begin by using the
formula [a, b, c] = [a, c, b] + [a, [b, c]] to transpose the first (from the left) in
(4.4.17) representative of level 1 to the left to the second place directly after the
element jy, then to transpose the first in (4.4.17) of the representatives of level
2 to the left to the third place, and so on, aiming to arrive to a commutator with
initial segment

Of course, in performing such transformations some additional summands will
appear. Nevertheless, they also may all be transformed into linear combination
of commutators of a similar form, and they will also be equal to 0 by some
generalization of formulae (4.4.14).
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Definition. A quasirepresentative of level s is a commutator in representatives
which contains only one representative of maximal level .v, the levels of the re-
maining representatives being smaller than s. The representatives themselves are
also regarded as quasirepresentatives of the same level.

4.4.18 Lemma. If Ι ι χ \ ( ε \ ) , '^(ει). · · · , '*·**(£*) are quasirepresentatives of levels
£u < s (u = 1,2, ... , k) and an element J y either belongs to J K(s) or is a
quasirepresentative of level s, then

[ J y , "*,(£,), / 2Jc2(fi2), · · · , '''**(£*)] = 0, (4.4.19)

whenever j + i\ + /2 + ··· + '* Ξ Ο (mod p ) and k < Ν .

Proof. We express each of the quasirepresentatives '"xu(£u) as a commutator in the
representatives of levels < s and using the formula [a, [b, c]] — [a,b, c] — fa, c, b\
we expand the inner brackets in the commutator (4.4.19) as a commutator in these
representatives and ·* y.

If J y € J K (s), then (4.4.19) is equal to a linear combination of commutators of
the form (4.4.14), which are equal to 0.

If 7 ν is a quasirepresentative of level s, then the element J '' y, as a commutator
in representatives, is equal to a linear combination of simple commutators in rep-
resentatives which start with the unique representative of maximal level 5, which
belongs to 7 K(s) by definition. Again the commutator (4.4.19) is equal to a linear
combination of commutators of the form (4.4.14), which are all equal to 0.

The lemma is proved.

4.4.20 Lemma. Any commutator of the form (4.4.17) is equal to a linear combina-
tion of commutators of the form

v" x(h). V A - ' Jc(e / I + 1 ) . . . .], (4.4.21)

i/i whose initial segments after ·* y € } K(h + 1) are situated quasirepresentatives,
one from each level 1, 2, . . . , / ? , in order of increasing level.

Proof. To the commutator (4.4.17) we apply a collecting process which will be
defined now (this is not to be mixed up with the collecting process for groups from
§ 2.7). At each step the commutator (4.4.17) will be equal to a linear combination
of commutators of the form

\jy, V | i ( l ) , r :Jf(2), . . . , l I 'JcCv), lv ii(£,+1), . . .], (4.4.22)

in •'y and quasirepresentatives, each having the property that to the left of the
first quasirepresentative (from the left) of any given level there lie only J ' v and
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quasirepresentatives of lower levels. In particular, (4.4.17) is also a commutator
of form (4.4.22). In such commutators (4.4.22) the collected part is the maximal
initial segment of the form

['V *0 ) , . . · , "'Jr(i)l, s> 1,

which contains to the right of jy quasirepresentatives one of each level 1,2,..., s
placed in order of increasing level.

The main step in the collecting process is to transpose in each of the commutators
(4.4.22) the first quasirepresentative of level s + 1 (from the non-collected part) -
say, the element x(s + 1) - to the left, to the end of the collected part, using the
formula

[... b, x(s + 1) . . . ] = [ . . . x ( s + 1), b...] + [ · . . [b,x(s + 1 ) ] . . . ]

(where dots denote unaltered parts). After a finite number of such transpositions,
(4.4.22) will be transformed into a commutator with the longer collected part in
a sum with a linear combination of additional summands. However, all of these
additional summands are also commutators of form (4.4.22), being shorter than
that one to which this step of the collecting process is applied. Indeed, firstly,
in the additional commutator of the form [ . . . [b, x(s + 1 ) ] . . . ] which arises, the
subcommutator [/>, x(s +1)] is a quasirepresentative of level s+l, since the level of
the quasirepresentative b is less than s + ] by definition of (4.4.22); secondly there
are no quasirepresentatives of levels > s+1 to the left from the quasirepresentative
[b,x(s + 1)], because there were none such to the left of x(s + 1).

Note also that all commutators of the form (4.4.22) which appear, including
the shorter ones, contain quasirepresentatives of all levels \,2,... ,h. Of course,
greater levels cannot appear so that this collecting process will finish after a finite
number of steps, and (4.4.17) will be represented by the desired linear combination.

The lemma is proved.

We now show that any commutator of form (4.4.21) is 0. By the Higman-
Kreknin-Kostrikin Theorem 4.3.10, the initial segment of (4.4.21) of weight h + l,
namely,

l j y , V t x ( \ ) , V l x ( 2 ) , . . . , V l ' x ( h ) ]

is equal to a linear combination of simple commutators in the same elements
J y , V ] x ( l ' ) , v-x(2),..., Vhx(h) with initial segments from °L. If such an initial
segment contains jy then on representing it as a linear combination of simple
commutators with the same entry set beginning with Jy, we get 0 by Lemma
4.4.18, since Jy € jK(h + 1). If such an initial segment does not contain ·> y then
it contains exactly one quasirepresentative Vsx(s) of maximal level s. Representing
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such an initial segment as a linear combination of simple commutators with the
same entry set beginning with v*x(s), we also get 0 by Lemma 4.4.18.

Now by Lemma 4.4.20 any commutator of form (4.4.17), and hence any com-
mutator of form (4.4.16), is equal to 0.

We now consider the commutator

l * ' u M , * 2 u > 2 , . . . ,* 'u>, ] , k'Wi e X , (4.4.23)

of the form (4.4.3) from the conclusion of Proposition 4.4.2, applied to (4.4.15)
with m — h + I and n = h. This commutator has h + I distinct initial segments
with upper index sums zero modulo p:

k\ + k2 + . . . + kfi ., Ξ 0 (mod p), t = 1 , 2, . . . , A + 1 ,
1 < r\ < Γ2 < . . . < r/,+i = t.

The commutator (4.4.23) belongs to °L and is a commutator of elements from
the generalized centralizers ' K (h + 1 ) of level h + 1 . It may therefore be represented
as a value of the same pattern at representatives of level h + 1

[*'*(A + l)/2 x(h + \ ) , . . . , * ' x(h + 1)]. (4.4.24)

(Here, the lower indices are again dropped for simplicity.)
Next, the initial segment of length r/, of (4.4.24) also belongs to °L and is a

commutator in elements from the generalized centralizers ' K(h) of level h, since
1 K(h) > ' K(h + 1). We replace it by its expression as a value of the same pattern
at representatives of level h and so on. As a result, (4.4.23) will be equal to a
commutator of the form

[*'*(!), . . . , *'*(!), *'-'*(2), . . . , *>*(2), . . . . *«"*(Α + 1), . . . , k'x(h + 1)] .
(4.4.25)

4.4.26 Lemma. Every commutator of the form (4.4.25) is equal to a linear combi-
nation of commutators of the form

Γ'χ(1) , v-x(2), ..., "*" Jt(A + 1), l-*-2Jc(eA+2), . . .], (4.4.27)

whose initial segments contain one quasirepresentative of each of the levels 1 , 2 , . . . ,
h + 1 located in order of increasing level.

Proof. This is absolutely analogous to the proof of Lemma 4.4.20, the only differ-
ence being that the collected parts of the commutators, appearing in the course of
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the collecting process, are initial segments of the form

s> 1.

Now in essentially the same way as in the case of (4.4.21), it is proved that
any commutator of the form (4.4.27) is equal to 0. For this we apply the Higman-
Kreknin-Kostrikin Theorem 4.3.10 to its initial segment of weight h + l in order
to represent it as a linear combination of simple commutators in the same elements
U l j c ( l ) , u-Jc(2), . . . , Vll~]x(h + 1) with initial segments from °L. Each of these latter
initial segments contains exactly one quasirepresentative l'sx(s) of maximal level
5. Expressing such initial segments as linear combinations of simple commutators
with the same entry set, beginning with y'Jc(.v), we get 0 by Lemma 4.4.18.

Hence, by Lemma 4.4.26, commutators of the form (4.4.25), and therefore also
commutators of the form (4.4.23), are equal to 0.

Therefore the subring

lK(h

generated by generalized centralizers of level h + 1 is nilpotent of class < N =
f(h + 1, h, /?), where / is the function in the statement of Proposition 4.4.2.

We have proved that the subring

L, = pL Π ( l K ( h + 1), 2K(h + 1), . . . , P ~ l K ( h + 1)},

which has a (/?, ^-bounded index in pL, is nilpotent of /7-bounded class. We now
finish the proof of Theorem 4.4. 1 in the case of a finite number of fixed points.

Note that the subring L \ is clearly «^-invariant since all of the additive subgroups
pL, *K(h + l),2K(h + \),...,P~lK(h + 1) are ̂ -invariant.

We shall prove that the subring

L2 = -L, ={/ e L\ pi € L i }
P

has (p, ^-bounded index in L and that it also contains a subring of (/?, ^-bounded
index which is nilpotent of p-bounded class.

The assertion about the index |L : L2 | is elementary: if a\,ai, . . . ,ar are the
representatives of the cosets of LI in pL, then a\ = pb\, ai — pb^, . . ., ar — pbr
for some elements b\,bi, ... , b,· e L. Now for any / e L we have: pi e a, · + L\
for some / and hence pi = at + l\ = pb, + l\ for some l\ e L\. This implies
p(l — b;) € L I , that is I — b, e LI, so that / € bj + LI. Hence,

(bi + L2) U (b2 + L2) U . . . U (br + L2) = L
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and the index of the additive subgroup LI in L is not greater, than r = \pL : L\\.
It is clear that Li is also ^-invariant.
Suppose that the subring L\ is nilpotent of class g — 1 where g — g ( p ) , that is,

Y8(L\) = 0. Then we have

0 = x*(Li) 2 YK(pL2) = P K Y S ( L 2 ) ,

so that the additive subgroup %, ( L i ) is a y?-group whose exponent divides ρκ.
This subgroup is clearly (^-invariant, and, since \€^(φ)\ = q, its rank is (/?,<?)-
bounded by Corollary 1.7.4. Hence the subring yg(L2) is finite and its order is
(p, #)-bounded. By Theorem 3.1.6 this implies that L2 contains a subring of (p, q}-
bounded index which is nilpotent of class < g. This subring is what is required,
since its index in L is also (p, <?)-bounded.

So, we have completed the proof of Theorem 4.4. 1 in the case of a finite number
of fixed points.

Now let L be a Lie algebra with an automorphism φ of prime order p, and let
dim C/.. (^) = q < σο. If the characteristic of the ground field is equal to p, then
by Corollary 1.7.5 the dimension of the whole algebra L is (/?, g)-bounded.

For the case where the characteristic of the ground field is different from /?, the
proof may be obtained by simply repeating the above arguments in the case of
a finite number of fixed points, replacing the words "order |C/.(t/j)l" and "index"
by "dimension dimCt(<p)" and "codimension", respectively (note, that here, under
the hypothesis on the characteristic, we have L = °L φ 'L φ . . . φ ^ 'L after
extending the ground field by a primitive p-th root of unity).

The theorem is proved.

§ 4.5 Comments

The contents of § 4.1 -4.3 are to a large extent taken from Chapter VIII of [49],
where the proof of the Higman-Kreknin-Kostrikin Theorem from the works of
Kreknin and Kostrikin [82, 83] is given. We have introduced only a few modifi-
cations in order to emphasize the combinatorial nature of this theorem, because it
is in that form that it is used in § 4.4. It is also more convenient to consider first
of all a Lie ring which is a direct sum of its «^-components, and only afterwards
to apply the result to the general case.

Regular automorphisms of prime order. The upper bound for the Higman's
function h(p) in Corollaries 4.3.8, 4.3.9, 4.3.10 is very far from Higman's conjec-
ture that h(p) — ILj^- for p > 2 and h(2) = 1. In [40] Higman has constructed
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"*

examples showing that h(p) > ^— for p > 2. In the same paper Higman has
shown that h(5) = 6. In addition, Scimemi has verified with the aid of a computer
that h (7) = 12, and I. Hughes confirmed this later in [47].

It is quite straightforward to prove that A(2) = 1 and /z(3) = 2. For p = 2 we
only have to consider in a Z/2Z-graduated Lie ring L = °L + ' L a commutator
of weight 2 in elements from 'L, which clearly belongs to °L. For ρ = 3 one
has to consider in a Z/3Z-graduated Lie ring L — °L + 'L + 2L, commutators
[a, b, c] of weight 3 in elements a, b, c either from 'L or from 2L. If a, b, c e 'L
or a,b,c € 2L, then [a, b, c] e °L. In all other cases one can assume without loss
of generality that a e 'L; if b e 2L, then [a, b] e °L; and if £ e 'L and c e 2L,
then by the Jacobi identity we have

[a, b, c] = [a, c, b] + [a, [b, c]] e i r f(°L),

since both [a, c] and [b, c] are in °L.
For applications of the Higman-Kreknin-Kostrikin Theorem to groups with reg-

ular or almost regular automorphisms of prime order see Chapter 5.

Regular automorphisms of non-prime order. Kreknin [84] proved that a finite-
dimensional Lie algebra admitting a regular automorphism of infinite order, is also
soluble. The proof is by reduction to the case where the regular automorphism has
finite order.

Unfortunately, in the case of composite order, Kreknin's Theorem 4.3.1 on the
solubility of Lie rings with a regular automorphism does not allow us to estimate
the derived length of a nilpotent group with a regular automorphism, because there
is no good correspondence between the derived length of a nilpotent group and
that of its associated Lie ring. (However, Kreknin's Theorem has been recently
successfully used in the "modular" case, where an automorphism of order pk

acts on a finite p-group - see Chapter 8, and in the theory of pro-/?-groups of
finite coclass - see the Comments in § 5.4.) Perhaps progress could be made if the
following conjecture were to be proved: if a Lie ring admits a regular automorphism
of order pk (or of order p\l · p1^ · ... · p^, k = k\ + k2 + ... + kx), then it has a
series of nested ideals whose length is bounded in terms of k and whose factor-
rings are nilpotent of (p, &)-bounded class. This conjecture corresponds to some
known results about finite groups with regular automorphisms - see § 5.4.

Up to now such a theorem is known to be true only in the simplest case where
the regular automorphism has order 4. We consider the situation where 2L = L,
φ e AutL, \φ\ = 4 and CL(<p) = 0. Then L = L <g> Zfi] = 'L + 2L + 3L, where
' L are the <p-components. For the ideal Η — ,·</{—/ + Ιφ'\ I e L) we have, first of
all H — ( 'L, 3L> (that is, H is generated by 'L and 3L as a Lie ring). Secondly,
the factor-ring L/H is nilpotent of class 1 because 2L admits the automorphism of



§ 4.5 Comments 119

order 2 induced by φ, which acts like multiplication by — 1 and by the hypothesis
2L = L.

Simple combinatorics show that the Lie ring Η is nilpotent of class < 3. To
prove this assertion it is sufficient to show that an arbitrary simple commutator of
weight 4 in elements from 1L or 3L is 0. Note that [a, b] = 0, if a e 'L, b e 3L.
We consider all possible patterns; without loss of generality we may assume that
an element from 'L, if it occurs, is placed at the start:

I1*, '*, '*, '*] =0;

['*, '*, '*,3*] = ['*, '*,3*. '*] = ['*,3*, '*, '*] = 0;

[<*, '*,3*,3*] = ['*,3*, '*,3*] = ['*,3*,3*. '*] = 0;

['*,3*,3*,3*] = 0: [3*,3*,3*.3*] = 0.

Analogous calculations of a slightly more complicated nature show that also
[L(2), L] — 0, so that, in particular, y3(K?(L)) = 0. This theorem is due to Kov cs
who proved in [79] the same (but more difficult) assertion for groups with a regular
automorphism of order 4.

As we saw, the "combinatorial" value of Higman's function, satisfying Corol-
laries 4.3.9 and 4.3.10, is the same with the value fitting Corollary 4.3.8 on the
nilpotency of Lie rings with a regular automorphism of prime order. It would be
interesting to know whether a similar phenomenon occurs tor Kreknin's functions
in the statements of Theorems 4.3.1 and 4.3.2 - we had to double the function
from 4.3.2 in order to prove Theorem 4.3.1.

Regular groups of automorphisms. In the theory of finite groups a lot of progress
has been made in the study of groups with regular groups of automorphisms, that
is groups G such that Cc(A) = 1 for some group of automorphisms A < AutG,
which is not assumed to be cyclic, but has order coprime to the order of G. On
the one hand, such a group must be soluble (this was verified by Clemens [15]
modulo the classification of finite simple groups). On the other hand, for soluble
groups with this property, the so-called nilpotent length is bounded (see § 5.4).
However, for Lie rings there is a simple example showing that the existence of a
regular group of automorphisms is not sufficient for the solubility of a Lie ring,
even in the case where the regular group of automorphisms is a four group (that is,
non-cyclic of order 4). Let L be a three-dimensional simple Lie algebra (over an
arbitrary field of characteristic Φ 2) with basis e\, 62, e$ and structural constants
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Linear transformations, which have matrices

and -1
l / \ -l

relative to e\,e2,e->„ generate a subgroup A < AutL such that \A\ =4 and
CL(A)=0.

Almost regular automorphisms. If, for whatever reasons, it is known beforehand,
that a Lie ring admitting an almost regular automorphism of prime order p, is
soluble of derived length s, then it may turn out to be more valuable to estimate the
index of the nilpotent subring in terms of s, p and q and its class in terms of p and 5
(where q is the number of fixed points) - this was done in [63]. Although this paper
contains only a theorem on nilpotent groups with almost regular automorphisms of
prime order which are soluble of derived length s, the analogous result on soluble
Lie rings (without the additional nilpotency hypothesis) can be proved in exactly
the same way.

Theorem 4.4.1 was proved in [68] under the additional assumption that pL = L;
the extension to the general case was also obtained independently by Medvedev
[111] .

For almost regular automorphisms of prime order it would be interesting to find
out the best (or better) estimates for the index and nilpotency class of the subring
mentioned in Theorem 4.4.1. Of course, as we have already said, the exact values
of Higman's function h(p) are not yet known, but it is possible to look for the best
(or better) estimates in the form of functions depending on h(p) as we in fact did in
the proof of Theorem 4.4.1. (Note that explicit expressions for these functions may
be easily extracted from the proof of Theorem 4.4.1.) For example, may h(p) + 1
be a bound for the nilpotency class of a subring of (p, g)-bounded index? As it was
shown by Hartley and Meixner in [35], this is true in the case p = 2. On the other
hand it is apparently impossible to prove that a Lie ring, satisfying the conditions
of Theorem 4.4.1, necessarily contains a subring of (p, ^-bounded index which
is nilpotent of class h(p}.

As far as almost regular automorphisms of composite order are concerned, it is
natural to conjecture that if a Lie ring admits an automorphism of order n, having a
finite number q of fixed points, then it should contain a subring of (n, g)-bounded
index, which is soluble of n-bounded derived length. However, up to now, this has
not been proved even in the simplest case n = 4.



Chapter 5

Nilpotent groups admitting automorphisms
of prime order with few fixed elements

The results of this chapter are based on the theorems of the previous one about
automorphisms of Lie rings. First of all we prove Higman's Theorem bounding
the nilpotency class of a nilpotent group which admits a regular automorphism of
prime order.

We next show the rather unexpected fact that the Higman-Kreknin-Kostrikin
Theorem is applicable to the "modular" case of finite p-groups with an automor-
phism of order p. We prove that if a finite p-group admits an automorphism of
order p with exactly pm fixed points then it contains a subgroup of (/?, m Abounded
index which is nilpotent of class h(p).

Then a theorem on nilpotent groups with an almost regular automorphism of
prime order is proved: if a nilpotent group admits an automorphism of prime order
p with exactly m fixed points then it contains a subgroup of (p, m Abounded index
which is nilpotent of /7-bounded class. In the proof of this theorem considerable
difficulties in going from groups to Lie rings and back have to be overcome. These
difficulties arise because there is no good correspondence between subgroups of
the group and subrings of the associated Lie ring.

We have included also the results of Makarenko, who refined the bounds for the
nilpotency class of the subgroups in the theorems on almost regular automorphisms,
and of Medvedev, who generalized the theorem on periodic nilpotent groups with
an almost regular automorphism of prime order to the case of arbitrary nilpotent
groups.

The latest results of Shalev and the author on automorphisms of order pk acting
on p-groups with few fixed points are contained in Chapter 8.

§ 5.1 Regular automorphisms of prime order

Using the Higman-Kreknin-Kostrikin Theorem one can obtain a bound for the
nilpotency class of a nilpotent group which admits a regular automorphism of
prime order p. In the case of a periodic group it suffices to consider its associated
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Lie ring. By Corollary 1.7.3 the Sylow p-subgroup of such a group is trivial.
Then, by Theorem 1.6.2, the induced automorphism of the associated Lie ring is
also regular. Hence, by Corollary 4.3.8, this Lie ring is nilpotent of class < h(p),
and hence the group is also nilpotent of the same nilpotency class. But we cannot
in general claim that the regularity of an automorphism of a group implies the
regularity of the induced automorphism of the associated Lie ring. Nevertheless
using another construction we are able to reduce the proof of the following theorem
to the case of a regular automorphism of a Lie ring.

5.1.1 Theorem (Higman [40]). If a nilpotent group G admits a regular automor-
phism φ of prime order p, then its nilpotency class is at most h(p), where h(p}
is Higman 's function bounding the nilpotency class of a Lie ring with a regular
automorphism of prime order p.

Proof. We fix notation as follows: c is the nilpotency class of the group G and
γι = y/(G) are the members of the lower central series of G.

We note first of all that G has no /?-torsion. For if it had we would have a non-
trivial subgroup /;,(!), which, being a characteristic subgroup, is also ^-invariant.
Since //;(!) is nilpotent, its centre Z(I!,(\)) is a non-trivial abelian ^-invariant
p-subgroup. Then Cz(i,(\))(<p) φ 1 by Corollary 1.7.3, which contradicts the fact
that φ is regular.

By Theorem 2.6.2 the series of /^-isolators

G > Ιρ(γϊ) > Ip(n) >..·> I,,(Yc) > /„(Xr+i) - MO = 1

of the members of the lower central series of G is a strongly central series of G.
According to Theorem 3.2.6 this series gives rise to a Lie ring

L = 9 Ip(Yi)/Ip(Yi+i),i=\

where the nilpotency class of L coincides with the nilpotency class of G by The-
orem 3.2.7. Therefore, if we prove that the induced automorphism φ of L is also
regular, then an application of the Higman-Kreknin-Kostrikin Theorem will finish
the proof.

It is clear that it is sufficient to show that φ induces regular automorphisms
of all the factor-groups G/lp(y·,). By an obvious induction on c, it is sufficient
to show this for G/!P(YC). Assuming the contrary we have €α/ιι,(γί.)(φ) / 1-
Suppose that glp(yc) € CG//„(X,)(<P) for g £ Ιρ(γ(·). Since Ι,,(γί:) < Z(G) (this
is a particular case of the result that the series of p-isolators {/,,(//)} is strongly
central in groups without ^-torsion), the group (g, IP(YC)) is commutative. Hence
the elements g, gip, g9',..., g^' ' commute since they lie in this group. Thus it is
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clear that

and so g · gtp · $φ~ · . . . · g<fl> = 1, since CG (φ) — 1. But we have

8·8φ·8φ2·...·8φ1"1 =gp (mod //,(/,)),

so that we get gr = 1 (mod I r ( y c ) ) . This means, however, that glp(yc) is a non-
trivial element of order p in G/Ilf(Yc), which contradicts the definition of ίρ(γ(·).

Thus, CG// / ) (K)(<p) = 1 for all /, and therefore C/.(<p) = 0. By Corollary 4.3.8,
L is nilpotent of class < h(p) and hence G is also nilpotent of class < h(p}.

The theorem is proved.

If we happen to know the derived length of a group in advance, then it may be
better to use Theorem 4.2.1 instead of Corollary 4.3.8. By essentially repeating the
proof of Theorem 5.1.1 we obtain the following result.

5.1.2 Theorem. If a nilpotent group which is soluble of derived length s admits a
regular automorphism of prime order p, then its nilpotency class is at most (

§ 5.2 Nilpotent /»-groups with an automorphism of order p

Suppose that P is a nilpotent p-group, φ an automorphism of order p of P and
\Cp((p)\ = pm . We ask the question: how can one restrict the structure of G in
terms of p and ml

At first glance the Higman-Kreknin-Kostrikin Theorem does not seem relevant
to this situation. As we saw in the case of a regular automorphism, the orders
of the group elements are coprime to /?, and φ acts on abelian sections and on
the associated Lie ring in a semi-simple, diagonalizable way, which seems quite
impossible for the action of an automorphism of order p on a vector space over a
field of characteristic p. However, as was first noticed by Alperin, the generalized
combinatorial form of Corollary 4.3.10 allows us to apply the Higman-Kreknin-
Kostrikin Theorem in the "modular" case. In fact, by Theorem 1.6.1 and Corollary
1 .7.4, the ranks of the «^-invariant sections of P are bounded, and, modulo small
subgroups or small indices, one has to consider sections of large exponent where
the Higman-Kreknin-Kostrikin Theorem can work.

5.2.1 Theorem. If a nilpotent p-group P admits an automorphism φ of prime order
p with exactly pm fixed points, then it has a subgroup of(p, m)-bounded index which
is nilpotent of class < h(p), where h(p) is Higman' s function.
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Proof. At first we shall prove the existence of a subgroup of (p, m)-bounded index
with a slightly worse bound on the nilpotency class, namely, h(p) + 1. For what
follows we put h = h ( p ) .

Consider the Lie ring L = L(P) ®z 2[ω] , where ω is a primitive p-lh root of
unity, and φ acts naturally on L. By Lemma 4.1.1 a) and Corollary 4.3.10 we have

Yh+\(pL) c

5.2.2 Lemma. In the Lie ring L we have ρ'"υ^ι(φ)) — 0.

Proof. We note first that it is easy to deduce from the definitions that

CL(P)(<P) = θ CV,/X,T,(<P) and CL(<p) = CL(P)(<p)
( = 1

where YJ = Yj(P). By Theorem 1.6.1 we have

so that, in additive notation, p'nCYi/Yi^((p) = 0 by Lagrange's Theorem. Hence
p'"C£,(#0 = 0 whence also pmij(C^)) = 0. (Indeed, every element of id (C L (φ))
is a linear combination of elements of the form [c, a\, . . . , a^J, where c e €^(φ).
We have for such elements

p'"[c, ai,...,ak] = [p'"c, a\, . . . , ak] = [0, a\, . . . , ak] = 0.)

The lemma is proved.

By this lemma we have

p"'+h+iyh+l(L) = p'"Yh+l(pL) < pm
itl(CL(<f>))=Q.

Since y/,+i(L) = Θ y,(L)/y, + i(L), this implies that all factor-groups Yi(P)/
i>h

/Yi+\(P} for ι > h + 1 have exponents dividing pm+h+] . Furthermore, by Corol-
lary 1.7.4 the ranks of all these factor-groups are at most pm (we recall that
|CV//y/+i(^)l < |CV(<p)l = P'")· The restrictions on the rank and exponent taken
together clearly restrict the orders of these abelian factor- groups:

\Yi(P}/Yi+\(P)\ < p"'n(m+h+l} for all / > h + 1.

It is clear that the same estimate is valid for any ^-invariant subgroup P\ :

\Yi(P\)/Yi+i(P\)\ < p'"n(m+h+{) for all i > h + 1. (5.2.3)
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On the other hand by P. Hall's Theorem 2.8.7 we have:

\Yi(Y,-(P))/Yi+i(Yr(P))\ > Pr as soon as yi+](yr(P» φ 1.

Compare this inequality with (5.2.3), setting P\ = YN(P}· We see that when
yy = pm(m + h + 1) + 1, the only way to avoid a contradiction is to conclude
that γη+2(ΥΝ(Ρ}} = 1· Thus we have found a subgroup YN(P) of P which is
nilpotent of class < h + 1 and whose corresponding factor-group is nilpotent of
class < pm(m + h + 1).

However, a minor modification in the proof enables us to restrict the structure
of P even more. This modification involves applying the above argument to the
group Ρ (φ) which admits the automorphism φ with exactly pm+l fixed points. We
obtain

γι,+2(γΜ(Ρ(φ))) = i,
where Μ = p(m + \)(m + 1 + A + 1) + 1.

The automorphism φ centralizes the factors of the lower central series of the
group Ρ (φ) so that

(and the left-hand side is even < pm for s > 2, since Υ2(Ρ(φ)) < Ρ)· Hence
\Ρ(φ) : γΜ(Ρ(φ})\ < //»<"-'>+' and \P : γΜ(Ρ(φ))\ < ρ»™-».

Thus ΥΜ(Ρ(Ψ)) is the required subgroup of (p, m Abounded index, which is
nilpotent of class < h + 1 .

We shall now show that P even has a subgroup of (p, m Abounded index which
is nilpotent of class < h. By what we have just proved we may assume that P
is nilpotent of class h + 1. It was shown above that p'"+h+l L(P) = 0. Since
Yi,+2(P) = 1. this means that γι,+\(Ρ)!'"' ' = 1. Since a homomorphism exists
of the tensor product P/P' ® . . . ® P/P' onto γι,+\(Ρ) = y/!+i(/>)/y/,+2(/>), we

Λ + 1
have

and for r = /-(/?, m) large enough (for instance, r = ["'/|^+'] -f 1) the right-hand
side of this equation is equal to 1.

Furthermore, using the fact that [γ·,, y / J < yi+j for all / , j we see that every
commutator of weight h + I which involves at least one element from P' lies in
y/,_i_2, and hence equals 1.

Thus we have shown that every commutator of weight ft + 1 in the generators
of Pp> P' is equal to 1. Hence this subgroup is nilpotent of class < h(p) (see
Theorem 2.2.2), and, since both the rank and the exponent of the abelian factor-
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group P/(PP' P') are (p, m)-bounded, its order, that is \P : Ρ1'' Ρ' , is also (p, m)-
bounded.

The theorem is proved.

Note that we may extract an explicit bound for the index of a nilpotent subgroup
of class < h(p) + I , namely

and an explicit upper bound for the value h(p) is contained in §4.3. It is equally
easy to obtain a bound for the index of a nilpotent subgroup of class < //(/?).

If we happen to know the derived length s of the group P, it may turn out to
be better to estimate the index and the nilpotency class by functions which also
depend on s. Such estimates are produced using Theorem 4.2.2 in essentially the
same way as above.

5.2.4 Theorem. If a soluble p-group P of derived length s admits an automorphism
φ of prime order p with exactly pm fixed points, then it has a subgroup of index

which is nilpotent of class < (p~ ̂  — l· 1.

Proof. We note that a soluble p-group P is locally finite and locally nilpotent. And,
since the ranks of the abelian sections of P are bounded, it is finitely generated and
hence finite and nilpotent. It then suffices to repeat the proof of Theorem 5.2.1 with
the obvious modifications - replacing certain functions and replacing the reference
to Lemma 4. 1 . 1 a) and Corollary 4.3. 10 by a reference to Theorem 4.2.2. We leave
this to the reader as an exercise.

We state two applications of Theorem 5.2. 1 . The first of them deals with finite
p-groups of maximal class, that is, p-groups of order p" and of nilpotency class
n — 1 . Without plunging into the theory of such groups we merely point out that any
p-group P of maximal class has an element A· such that C?(s)\ = p2 (see [10] or
[48, Chapter III]). It is clear that s'' € Z(P) and hence s induces an automorphism
of P of order p by conjugation. We may therefore apply Theorem 5.2.1.

5.2.5 Corollary. Every finite p-group of maximal class contains a subgroup of
p-bounded index which is nilpotent of class < h(p).

In the next chapter we shall also show that in any p-group of maximal class the
commutator subgroup (which has index p2) is nilpotent of p-bounded class. How-
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ever the papers of Shepherd [131] and Leedham-Green and McKay [93] contain
stronger results on /7-groups of maximal class.

5.2.6 Corollary. Any locally finite p-group in which there is a centralizer of an
element of prime order p which is finite of order p'", is almost nilpotent and satisfies
the conclusion of Theorem 5.2.1.

Proof. The group theoretical property "containing a subgroup of index < k, which
is nilpotent of class < d, for given k and d", may be expressed as a universal
formula of the predicate calculus. All finitely generated subgroups of the group in
the statement of the corollary which contain the given element χ of order p with
finite centralizer of order //", form a local covering. Each of these subgroups is a
finite p-group which admits an automorphism of prime order, induced by x, with
exactly p"' fixed points. Thus each subgroup in the local covering satisfies Theorem
5.2.1, and therefore the whole group also satisfies this property by Mal'cev's Local
Theorem.

We note that, by a theorem of Blackburn [11], a group satisfying the hypothesis
of Corollary 5.2.6, even has an abelian subgroup of finite index. The essence of
Corollary 5.2.6 lies in the bounds obtained from Theorem 5.2.1, because there is
no bound on the index of an abelian subgroup or even of a nilpotent subgroup of
class c, where c is a constant not dependent either on p or m. This is shown by
the following example.

5.2.7 Example. Let p be a prime greater than 2 and let ω be a primitive /?-th root
of unity over Z. We denote by Ζ ,,.<[&;] the factor-ring of the ring Ζ[ω] over the
ideal /?ΛΖ[ω], and by U we denote the free (p — l)-generated Z^^l-module. The
group of matrices of the form

A =

a\ oi

1 β,

Ο
Oj € Z„< [ω]

is commutative and acts on V in the natural way. The element

ω
φ = Ο

ω

Ο

ρ-\
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also acts on U and, by conjugation, on A. It may therefore be considered as an
automorphism of the semidirect product P = U Χ Α.

It is easy to compute that for k φ 0 (mod ρ) there are exactly ρ elements
b e Ζ/λν[ω] such that (ω* — \)b = 0. From this, elementary calculations yield the
order of the central izer

\Cp(<p)\ = \Cu(<p)\ · \CA(<p)\ = //'-' · ρρ-2 = p2"-\

This number does not depend on s. At the same time the minimal index of a
subgroup of P, which is nilpotent of class exactly p — I , tends to infinity with s.

§ 5.3 Nilpotent groups with an almost
regular automorphism of prime order

In this section we prove a generalization of Higman's Theorem 5.1.1 on nilpotent
group with regular automorphisms of prime order to the case where the number of
fixed points is finite: from this "almost regularity" of the automorphism follows the
"almost nilpotency" of the group - the existence of a subgroup which has index
bounded in terms of the number of fixed points and the order of the automorphism,
and which is nilpotent of class bounded in terms of the order of the automorphism
only. This is first of all proved for a periodic nilpotent group with an almost regular
automorphism of prime order p, where by Theorem 5.2.1 it suffices to consider the
case of a //-group. The result is then extended to the general case (this extension
is due to Medvedev f i l l ] ) . This extension, however, leads to worse bounds on the
index and on the nilpotency class (bounds which were in any case far from best
possible).

On the other hand Makarenko [103,104] showed that in this situation there is a
(p, g)-bounded number s (where q is the number of fixed points), such that the
subgroup generated by all s-th powers is nilpotent of class < h(p) - and this bound
for the nilpotency class cannot, of course, be improved.

5.3.1 Theorem. If a periodic nilpotent group G admits an automorphism φ of prime
order p having a finite number q of fixed points, then it has a subgroup of (p, q)-
bounded index which is nilpotent of p-bounded class.

This group-theoretic result, which is analogous to Theorem 4.4.1 on Lie rings,
cannot, however, be derived from the latter as easily as in the case of a regular
automorphism. Certainly, by Theorem 5.2.1, the group G may be assumed to be a
//-group, so that the induced automorphism ψ of the associated Lie ring L(G) has
the same number q of fixed points. By Theorem 4.4.1 the Lie ring L(G) contains
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a subring of (p, <?)-bounded index, which is nilpotent of p-bounded class. But this
says nothing about the nilpotency class of any of the subgroups of G since there
is no good correspondence between subgroups of G and subrings of the associated
Lie ring (just like an upper bound on the derived length of the Lie ring L(G) says
nothing about the derived length of the group G).

We note also that we could not prove that under the hypothesis of Theorem 5.3.1
the group necessarily contains a subgroup of (p, g Abounded index with a regular
automorphism of order /?; apparently, this seems to be wrong.

The proof of the theorem exploits the method of constructing generalized cen-
tralizers which was developed in the course of the proof of Theorem 4.4. 1 . In an
analogous way we construct for G (via its associated Lie ring L(G), extended
by ω - a primitive p-th root of unity) representatives and augmented subgroups
of increasing levels which have the centralizing property. In order to do this we
need to translate properties of the elements of the Lie ring over Ζ[ω] into group
theoretic language. The main idea which enables us in the end to use the technique
developed in the proof of Theorem 4.4.1, is to prove that G, rather than a subgroup
of G, is itself nilpotent of p-bounded class. The advantage of such an approach
lies in the fact that, in order to prove the nilpotency of the group itself, it suffices
to prove that its associated Lie ring is nilpotent of the required class. However, the
disadvantage of this approach lies in the fact that such an assertion is false!

This big "disadvantage" is overcome by induction on a complex parameter which
controls the possibility of representing commutators in ^-homogeneous elements
of the Lie ring as commutators in representatives of higher levels (in the language
of the proof of Theorem 4.4. 1 ). If this parameter is smaller for any subgroup of
(p, i/)-bounded index arising in the construction, then the induction hypothesis
may be applied, and if it remains constant for long enough, then we can prove
that L(G) is nilpotent of p-bounded class, and, therefore, that G is nilpotent of
the same class.

We move on now to the details.

Proof of Theorem 5.3.1. Since G is nilpotent it is the direct product of its Sylow
subgroups; in particular, G = Gp χ G p , where Gp is a p-group, and G p> is a
/»'-group, both normal Hall subgroups being ^-invariant. Therefore,

We may apply Theorem 5.2.1 to the /?-group Gp, so that it is sufficient to prove
Theorem 5.3.1 in the case where G is a nilpotent p'-group which we shall from
now on assume. We note in particular that for every k e N, g e G there exists a
unique element u e G, such that upk = g (in fact, u = gJ for some j € N, since
the mapping g — >· gr is an automorphism of the cyclic group (g); uniqueness
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follows, for instance, from 2.6. 1 a)). The same is true for any abelian section of
G, where we shall use additive notation to denote u = ( !///)#.

We recall that h = h(p) denotes Higman's function.
We shall construct a decreasing series of subgroups K(s), the generalized central-

izers of levels s < 2h + 1, which have (p, «7 Abounded indices. We simultaneously
shall compute for them the value of a certain induction parameter. If, for any of
the subgroups K(r), this value is less than that for G itself, then, by the induction
hypothesis, K(r), and hence also G, contains the required subgroup of (p,q}-
bounded index, which is nilpotent of p-bounded class. If, however, this parameter
remains constant up to level 2h + 1, then we shall prove that in this case the group
itself is nilpotent of class < f(h + l,2h, p), where / is the function appearing
in the statement of Proposition 4.4.2. The same bound f(h + 1, 2h, p) will also
fit as a bound on the nilpotency class of a subgroup of (p, g Abounded index in
the conclusion of the theorem, because it may be incorporated in the induction
hypothesis. For the rest of the proof we put W = f(h + \,2h, p).

Let L(G) be the associated Lie ring of G. Since G is a periodic p' -group, we
have |C/,(G)(<p)l = \Cc(<i>)\ by Theorem 1.6.2.

We put L = L(G) <8>z Ζ[ω], where ω is a primitive p-U\ root of unity, and we
regard the Lie ring L(G) as embedded in L by the rule / -> / ® 1.

Since G is a periodic //-group, we have

where the ' L are the ^-components of L in the sense of § 4. 1 . By contrast with
the proof of Theorem 4.4. 1 we shall only consider here commutators in elements
of L which are homogeneous of weight 1, that is, elements of the form χ <g> r,
where r e Ζ[ω], and i is the image of χ Ε G in G/y2(G). We recall that χ =
°Jt + 'je + . . . + p~lx, where for every i

p-\

x^ e 'L

(see §4.1). This notation will remain fixed for what follows and we shall say that
these elements 'x e ' L are ^-components of the image χ of ;c e G in C//X2(G),
which latter group is viewed as a homogeneous component of weight 1 of the Lie
ring L(G).

We shall construct the generalized centralizers K(s), simultaneously fixing the
representatives following the analogy of the proof of Theorem 4.4.1. The trouble is
that here the generalized centralizers must be subgroups of G, while the centralizing
property is naturally defined within the Lie ring L = L(G) ®z 1\ω\. This is why
we have to translate this property into group theoretical terms and it is also why
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along with representatives in the «^-components of the Lie ring we here also fix
corresponding elements in G. This translation is done using the following lemma
which gives a certain sufficient condition (there may very well be also a similar
necessary condition, but we do not need it).

5.3.2 Lemma. Suppose that the following congruence holds:

j + ii +12 + ... + ik = 0 (mod /?),

for some k, where j, i\, ii, · · · , ik ufe residues modulo p. Then in order to have

in the Lie ring L for φ-homogeneous elements j y e J L , 'Λ jcv e 's L , 5 = 1 , 2, . . . , k,
which are homogeneous of weight 1, it is sufficient that, for every ordered set a\,

2, . . ., dk of residues modulo p, the following congruence holds in G:

= \ (mod

(Here, of course, the φ -homogeneous elements •'y, nx\,..., ''jq. of L are con-
structed from the corresponding group elements y, x\,..., x^ in the above-men-
tioned sense.)

Proof. We substitute the expressions of the 7y, '*xs:

[ j y , i l x \ , h x 2 , . . . , ! t x k ] =

Σ Γν^'0 fV ' 1 ?v" Y^l[y ' χ ι - X 2 ' · · · ' x k j '- p*+. ̂ M

1 /=() -JO ί | Μ - ···-Ή*" ' lmod/»
«-->,·-/' - ι

where the y, Jc, are the images of y, ;c, e G in G/y2(G), regarded as elements of
L. Since j + i{ + .. . + ik =0 (mod p), the summation range in the inner sum on
the right-hand side may be written in the form
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Therefore, as it is easy to see, this inner sum is partitioned into several sums of
the form

*"' X2
ι 2

By the definition of multiplication in the Lie ring L(G) these sums are equal to 0
in L if and only if the corresponding congruences in the statement of the lemma
hold.

The lemma is proved.

We now need homomorphisms, analogous to those used in the proof of Theorem
4.4.1, but this time defined for the group G.

For every ordered set χ = (x\ , X2, . . . , Xk) of elements of G (of size k) and
for every ordered set a = (a\, aa, . . . , a*) °f residues modulo p, we define a
homomorphism

yk+2(G)

of G into Yk+\(G)/Yk+2(G) (the product on the right-hand side is a product of
images of commutators of weight k + 1).

5.3.3 Lemma. For any χ and we have \G : Ker #(jc, a)| < q.

Proof. The image of an element _>' under the homomorphism ϋ(χ,α) is equal to the
product of commuting elements of an orbit under the action of the automorphism
φ on the abelian group x£+i(G)/xk+2(G). Hence this image belongs to
and so

|G : Ker#(*, 5)| < \CL(C}(<p)\ = |CG(<p)l = q.

The lemma is proved.

Associated with the ordered set χ = (x\, x2, . . . ,XK) as above, we now define
the subgroup

.y=0

where runs through all ordered sets = (a\, «2, - . . , a^) of residues modulo p
of size k. The total number of subgroups involved in this intersection is obviously
(p, fc)-bounded, and the index of each of them is at most q by Lemma 5.3.3.
Hence, the index |G : K(x)\ is also (/?, q, fc)-bounded. (We recall that the index of
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the intersection of subgroups is less than or equal to the product of their indices.)
Moreover, K ( x ) is «p-invariant by construction.

From the definition we see that K ( x ) has the following centralizing property
relative to χ — (x\, X2, . . . , Xk)'· for any >' € K(x)

[^,"Λι , '2χ2 , . . . , '^Α .] = 0 (5.3.4)

whenever j -\-i\ + 12 + · · · + k = 0 (mod p).
We recall that the pattern of a commutator in ^-homogeneous elements '';c.y e ' JL

is its bracket structure together with the arrangement of upper indices in it, and
that such a commutator is called the value of its pattern at the elements '!xs. From
now on we restrict our attention to commutators only in ^-homogeneous elements
which are homogeneous of weight 1 .

We turn now to the promised inductive construction of generalized centralizers
of levels / < 2h + 1, that is, subgroups K ( i ) of G of (p, ^-bounded index, and
to the simultaneous specification of representatives. We put K(\) — G.

For every homogeneous element c € CY(G)(<p) of weight < N we express c (at
level 1) as the values of all possible patterns p of weight < N = f ( h + 1, 2h, p)
in (^-homogeneous elements which are homogeneous of weight 1 of the form
^y(l) = r · jx(\), where r 6 Ζ[ω] and j x ( l ) is a «/^-component of the image of
jc( l) e G in G/y2(G) (of course, we only do this for such pairs (c1, p) for which
such an expression exists). The level is indicated in parentheses and both ;>'(1) € L
and x(\) e G are called representatives of level 1. It is clear that the total number
of representatives of level 1 is (p, <?)-bounded since it is clear that the total number
of patterns of weight < N = f ( h + \,2h,p) is p-bounded, and the number of
homogeneous elements c € C^(C)(< ) is at most <?·

Now we define the subgroup

.id)

where J f ( l ) = ( x \ ( l ) , xiO), · · · , -**(!)) runs through all ordered sets of size k for
all k < N, consisting of representatives of level 1. Note that K (2) is «^-invariant
since all K ( x ) are «^-invariant. The index of #(2) is (p, <?)-bounded since the
indices of the subgroups K ( x ) and the number of them are (/?, g)-bounded. The
subgroup K (2) is a generalized centralizer relative to the representatives of level
1 in the following sense: for every z € K (2)

= Ο

whenever j +i\ + r> + ... + /'* Ξ 0 (mod p) and k < N. This follows from (5.3.4).
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Now suppose that we have already constructed subgroups K ( l ) > K(2) > ... >
K ( s ) for some s < 2/z + 1 and, for every / < s, have fixed representatives of level
/ of the form j y ( i ) = r · jx(i), where r e 1\ω\ and jx(i) is a ^-component of the
image of x ( i ) e K ( i ) in G/xz(G). We next define the subgroup

A: (*+!) =

where x ( s ) = (χ\(ε\), xi(£2), . . . , Xk(Sk)) runs through all ordered sets of sizes
k < N, consisting of representatives of levels ε/ < s. It is clear that K(s + 1) <
K (s). Also K(s + 1) is ^-invariant, since the K(x) are «^-invariant, and its index is
(p, g)-bounded, since the indices and the number of the K ( x ) are (p, g)-bounded.
The subgroup K(s + 1) is a generalized centralizer relative to the representatives
of level < s in the following sense: for every z e K(s + 1)

[ ; ζ," νι (£ι ) , ' ^2 (ε2) , - . . , ' Α · ^ (^ ) ] =0 (5.3.5)

whenever ε, < s for all /, j + i\ + . . . + ik Ξ 0 (mod p) and k < N. This follows
from (5.3.4).

For every homogeneous element c e C/.(o(i>) of weight < N we express c at
level 5 + 1 as the values of all possible patterns p of weight < N = f(h+\,2h,p)
at ^-homogeneous elements which are homogeneous of weight 1 of the form
Jy(s + 1) = r · jx(s + 1), where r e Ζ[ω], and jx(s + 1) is a «^-component of
the image of x(s + 1) € K (s + 1) in C/X2(G) (again, for such pairs (c, p) for
which such an expression exists). Both j y ( s + 1) € L and x(s + 1) e G are called
representatives of level s + 1 . It is clear that the total number of representatives
of level s + 1 is (p, g Abounded since it is clear that the total number of patterns
of weight < N = f(h + 1, 2/z, /?) is ^»-bounded, and the number of homogeneous
elements c e C/.(o(^) is at most q.

This completes the inductive definition of the generalized centralizers K ( i ) and
the representatives of levels / < 2h + 1 .

We now make some comments on the differences between this situation and
that considered in the proof of Theorem 4.4.1 and on ways of overcoming the
difficulties which arise. As we have already said, our objective is to prove that
the group G itself is nilpotent of p-bounded class < /V, or, equivalently, that the
same is true for the Lie ring L(G). In order to do this it is sufficient to show
that every commutator of weight N in the ^-homogeneous elements of L which
are homogeneous of weight 1 is equal to 0. To achieve this it is in turn enough,
by Proposition 4.4.2, to consider the commutators mentioned in the statement of
Proposition 4.4.2 which involve a large number of subcommutators from °L. It
would then be natural to try to apply to them the collecting process described at
the end of the proof of Theorem 4.4.1. However, that process gave the desired
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result there because it produced commutators with long enough initial segments
filled by representatives (or quasirepresentatives) of different levels. In the proof of
Theorem 4.4. 1 the existence of the necessary reserve of representatives of different
levels followed automatically from the fact that we were considering commutators
in elements of maximal level and could replace subcommutators from °L by the
values of the same patterns at elements of lower levels (because the subgroups of
higher levels are contained in the subgroups of lower levels). But here we have
to deal with commutators in arbitrary ^-homogeneous elements of L which are
homogeneous of weight 1, and we can replace the subcommutators from °L by
values of the same patterns at representatives of the 1-st level only.

This difficulty is overcome by introducing an induction parameter which controls
the possibility of replacing commutators from °L by values of the same patterns at
representatives of high levels. The proof of the theorem then proceeds by induc-
tion on this parameter. This gives a reduction to the case, where the substitutions
mentioned above are possible. And in this case we only need repeat almost word
by word, with little technical modification, the arguments from the end of the proof
of Theorem 4.4. 1 .

Definition. The induction parameter is a triplet (q,q,t), where

q = \CG(<f>)\, q = (qi,q2, ...

<?« = |CX,(C)/K,,M(6-)(<P)|, / = i, 2, . . . , yv, t = |P(G)|,

where P(G) is the number of pairs (c, p), where c is an element of C/,(G)(<p) which
may be represented as a value of the pattern p of weight < Λ/ at (p-homogeneous
elements of L which are homogeneous of weight 1 .

By (<?(//), <?(//), /(//)) we shall mean a similarly constructed triplet, formed rel-
ative to the ^-invariant subgroup H (in particular, (q, q, t) — (q(G), q(G), t ( G ) ) ) ,
and P(//) we shall use to denote the corresponding set of pairs (c, p) for the sub-
group H.

We order the set of vectors q — (q\ , q2, . . . , <?#) in an inverse lexicographic way
so that

q\ = ( < ? 1 1 > < ? 1 2 < · · · , < ? l / v ) < <?2 = 0/2 1.

<£> for some k > 1, q\\ = q2i for all i < k and q\k > qik-

We also order the set of triplets (q,q,t) lexicographically:

(q\,q\,t\) < (q2,q2,t2) & either q\ < q2,
or q\ — qj and q\ < q^.
or q\ = q2, q\ = q2 and t} < t2.



136 Chapter 5 Nilpotent groups admitting automorphisms of prime order

5.3.6 Lemma. For any φ-invariant subgroup H we have

( q ( H ) , q ( H } , t ( H ) } < (q (G) , q (G) , t -(G)) .

Proof. It is clear that q (H) < <?(G), since CH(<p) c CG(<p). Now let <?(//) = q(G),
that is, Cc(<p) c //; we want to prove that in this case q(H) < q(G}. Suppose
that for some k > 1 we have qi(H) — <?,(C) for all / < /c; we now have to show
that qk(H) > qk(G). Since \Cc(<p)\ = \CH(<p)\ and qi(H) = qi(G) for all / < k,
then \€γΐί(Η)(φ}\ = |Cn.(C)(<p)|. Obviously, Cw ( W )(<p) c Cw(G)(<p) so that these two
subgroups are identical; we set C = CW(/ /)(<p) = ^η(ο(<^) for short. By Theorem
1.6.2 we have

= c/c n
and also

= c · Yk+i(G)/Yk+\(G)

The order of C/C Π %+ι(//) is clearly not less than the order of C/C Π
Hence, qk(H] > <^(G), as required.

Finally, suppose that <?(//) = ?(G); we shall prove in this case thati(W) < t(G).
In order to do this we define an injective mapping from the set of pairs P(//),
defining the number t ( H ) , into the corresponding set of pairs P(G) as follows.

Suppose that the homogeneous element c e C/,(//)(^>) of weight k, k < N, is the
image in η·(#)/η-+ι(#) of c e Cn(H)(<p) c CW(G)(^), and also that c e Ct(G)(<o)
is the image of c in y/t(G)/x*+i(G). We have shown that if q(H) — q(G} then
CG (ψ) η y/(//) = CG(^) Π y/(G) for all / . Therefore, by Theorem 1.6.2, we have

n w(//))/(cG(^) n
n Yk(G))/(CG(<p) n n+1(G)) =

Hence, the mapping μ: c -+ c is an isomorphism of CYk(H)/Yl.J_l(H)(<p) with

Next, suppose that c is equal to the value of the pattern ρ of weight k < N
at (^-homogeneous elements which are homogeneous of weight 1 of the Lie ring
L(H) ®z Ζ[ω], that is, let (c, p) e P(//). We define the mapping

v. (c, p) -> (c, p).

The following lemma shows that if q(H) — q(G) then (c, p) belongs to the set
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5.3.7 Lemma. Suppose thai q(H) = q(G} where H is a φ-invariant subgroup of
G and that the homogeneous element c € CKH)(<P} of weight k, k < N, which is
the image in γι((Η)/γ/(+\(Η) of the element c 6 Cc(<p), is equal to the value of
the pattern ρ of weight k at the ψ-homogeneous elements y';y, = r,· · J'Xj which are
homogeneous of weight 1 in the Lie ring L(H) ®z Ζ[ω], where r, 6 Z[o>] and the
J'Xi are the φ-components of the images in Η / H' of the elements Xj e H. Then the
image c e €κο(φ) of c in Yk(G) / Yk+\(G} is equal to the value of the same pattern
ρ at the φ -homogeneous elements jiy>i = r, · 7'jf, which are homogeneous of weight
1 in the Lie ring L(G) ®z Z[cu], the coefficients r, € Ζ[ω] being as above, and ^ Jc,
being the φ-components of the images of the *,· in G/G'.

Proof. Since Ζ[ω] = 1 Θ ωΖ Θ . . . Θ ω/;"2Ζ, then

L(H) ®ζ ΖΜ = L(H) Θ coL(H} Θ ... Θ ωρ-21(Η)

(see § 1.2). Hence two elements in L(H) <S>z 2[ω] are equal if and only if the
corresponding coefficients of 1, ω, ω2, . . . , ωρ~2 are equal: these coefficients being
elements of L(H). By the definition of the associated Lie ring L ( H ) , two of its
elements are equal if and only if their homogeneous constituents are equal. And
two homogeneous elements of L(H) are equal if and only if the corresponding
products of powers of group commutators are congruent modulo the corresponding
members of the lower central series. Analogous assertions are also valid for the
Lie ring L(G) ®z Ζ[ω].

Therefore, since the ^-components *Xj are expressed by fixed formulae in the
images in H /H' of the jc,·, the fact that in L(H) <8>ζΖ[ω] the element c 6 CL(H)((p)
is equal to the value of the pattern ρ mentioned in the statement of the lemma, is
equivalent to a system of congruences in group commutators ca of weight k in the
elements x,

' Ξ ΓΚ·ν(°·α) (mod n+1 (//));

= nc„i(1-e) (mod n+i
Ca*<2·«") (mod n+i (//));

(here the z'-th congruence expresses the fact that the coefficients of ω' ' are equal).
It is also clear that the integers s(i, a) may be taken as depending only on ρ and on
the /·/ e Z[o>]. But the same congruences clearly also hold modulo 7,1+1 (G) (which
contains γ^+\ (//)). And modulo %+ i (G) this system of congruences is equivalent
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to the fact that the element c is equal in the Lie ring L(G) ®% Ζ[ω] to the value
of p.

The lemma is proved.

We return now to the proof of Lemma 5.3.6. By Lemma 5.3.7, if q(H) — q(G),
then (c, p) = v(c, p) belongs to P(G), the set which defines the number /(G). We
have noted above that in this case the mapping μ: c — » c is an isomorphism of
CYk(H)/Yk^(H)(<P) with Cw ( G ) / n i_ l ( C )(<p). Therefore ν clearly takes distinct pairs to
distinct pairs. Therefore /(//) < /(G) if q(H) = q(G).

Lemma 5.3.6 is proved.

It is important in what follows to note that this argument yields that if
( q ( H ) , q ( H ) , t(H)) — (q(G),q(G),t(G)) then ν is in fact a one-to-one cor-
respondence between the set P(G) of all pairs (c, p), defining the number r(G),
and the set P(//) of all pairs (c, p), defining the number t(H}. In particular it
is not hard to see that in the language of the generalized centralizers K ( i ) and
representatives of levels t = 1, 2, . . . , 2h + 1 we have

5.3.8 Lemma. Suppose that, for all levels i = 1 , 2, . . . , 2h + 1, we have

, q(G), /(G)).

Then for each s = 1, 2, . . . , 2/z + 1 each homogeneous element of CL(O((P}, which
can be represented as the value of a pattern p at φ -homogeneous elements (of level
\) which are homogeneous of weight 1, can be also represented as the value ofp
at representatives of level s, that is, elements of the form ·* y(s) = r · ^x(s), where
r e Ζ[ω] and 'x(s) is a φ-component of the image ofx(s) e K (s) in G//2(G).

Now everything is ready for the completion of the proof of Theorem 5.3.1.
We note that for a given value q of q(G) the number of possible triplets
(q(G),q(G},t(G)) is clearly (/?,<?) -bounded. Thus for the proof of the theo-
rem it is sufficient to show by induction on the parameter (g(G), g(G), /(G)),
that G contains a subgroup of (p, ^-bounded index which is nilpotent of class
< N — f ( h + 1, 2/2, 77). At the first induction step we have the case <?(G) = q = 1,
which means that φ is a regular automorphism. Then G is nilpotent of class
< h < N by Higman's Theorem 5.1.1.

If, for some i — 1, 2, . . . , 2h + 1, the induction parameter for K(i) is smaller
than that for G itself, that is, if

(q(K(i)),q(K(i)),t(K(i))) < (q(G),q(G),t(G))

then, by the induction hypothesis applied to the ^-invariant subgroup K ( i ) , the
group G contains a nilpotent subgroup of class < ./V which has (p, </)-bounded
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index in K ( i ) . This subgroup is what we want, because the index of K ( i ) in C is
also (p, ^-bounded.

It therefore suffices to consider the case where, for each / = 1 , 2, . . . , 2Α + 1,

, q(G),

and this will be assumed in what follows. We shall prove that in this critical
situation G itself is nilpotent of class < N. As is well known, in order to establish
this, it is sufficient to show that the Lie ring L — L(G) ®ι 1\ω\ is nilpotent of
class < N (see Theorem 3.2.2 and § 1.3).

We note that we may also assume that €ς(φ) < G'. Otherwise €\β.φ](ψ) <
CG(«P), since, by Corollary 1.6.5, we have [G, φ] Π CG(<?) < G', and the proof is
completed by the induction hypothesis applied to the ^-invariant subgroup [G, φ],
whose index is at most q, because G = [G, φ] · CG(<P) by Corollary 1.6.4. Hence
we also have €^(φ) < Y2(L), and L is generated by «^-components ' L with / Φ 0.
Since we need only verify the nilpotency identity on the generators of the Lie ring
(Theorem 3.1.2), in order to prove that the Lie ring L is nilpotent of class < N, it
is sufficient to show that

(5.3.9)

for any «^-homogeneous elements ''>'., e l!L with /'., Φ Ο which are homogeneous
of weight 1 .

In order to do this, according to Proposition 4.4.2, it is sufficient, in turn, to
show that all commutators of the forms (4.4.3) and (4.4.4) from Proposition 4.4.2,
applied to the commutator (5.3.9) with m = h + 1 and n = 2/z, are 0 (we recall
that TV = f ( h + 1, 2Λ, p), where / is the function in Proposition 4.4.2).

The following argument essentially reproduces the end of the proof of Theorem
4.4. 1 on replacing the centralizer property for representatives in the old sense by
the centralizer property for representatives in the new sense. That this is possible is
due to Lemma 5.3.8, which may be applied in the critical situation under consider-
ation to guarantee the representability of commutators from °L in «^-homogeneous
elements of level 1 which are homogeneous of weight 1 as values of the same pat-
terns at representatives of higher levels. A small modification, involving enlarging
the parameter n appearing in Proposition 4.4.2 from h to 2h, is necessary only for
commutator of the form (4.4.4).

First we consider the commutator

(5.3.10)

of the form (4.4.3) from Proposition 4.4.2 applied to commutator (5.3.9) with
m = h + 1 and n = 2h. This commutator has h + 1 different initial segments with
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upper index sums zero modulo p:

kl+k2 + ... + kr:=0 (mod /?), ι = 1 , 2, . . . , h + 1
1 < ΓΙ < r-ι < ... < rh+l = t.

Since, for all / = 1, 2, . . . , 2h + 1, we have

, q(G),

then, by Lemma 5.3.8, the commutator (5.3.10) may be represented as a value of
the same pattern at representatives of level h + 1. Since K ( i ) > K(i + 1) for all
i, we may then in turn represent the initial segment of weight r/, of the resultant
commutator as a value of the same pattern at representatives of level h, then the
initial segment of weight r/,„i of the resultant commutator as a value of the same
pattern at representatives of level h — 1, and so on (all these initial segments lie
in °L, as does the commutator (5.3.10) itself). As a result we obtain a commutator
which is equal to (5.3.10) and has the form

· · · , S(0, kl "' v(2) ..... S(2), . . . , k"-ly(h + 1), . . . , k'y(h + 1)] ,

where the lower indices are omitted to simplify notation.
We may now apply to this commutator the arguments from §4.4 which were

used to prove that (4.4.25) is equal to 0. The only modification needed is to replace
the centralizer property (4.4.14) by (5.3.5), and the subgroups j K ( s ) - by the sets
{>y\Jy = r - J x , χ € K ( s ) , r e Ζ[ω]}.

We now consider the commutator

(Jy,cl,c2,...,c2h} (5.3.11)

of the form (4.4.4). For each s — 1 , 2, . . . , 2/ι, we replace cs e °L in (5.3. 1 1 ) by its
expression as the value of the same pattern of weight < N at the representatives
of level s which were specified above. This is made possible by Lemma 5.3.8,
since cs is the value of some pattern of weight < N at elements (of level 1) from
1 L, i φ 0. However, once we have expanded the inner brackets, we cannot directly
apply the arguments which were used to prove that the commutator (4.4.17) is
equal to 0, to every commutator of the form

of the resultant linear combination. Indeed, the initial element Jy here does not
possess any a priori centralizer property, that is, it neither belongs to the analogue
of a centralizer of high level, nor it is a representative of high level.
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Nevertheless, the arguments which we applied to (4.4. 1 7), allow us to represent
the initial segment

y, , - . . , J c , - * , . . . , χ

as a linear combination of commutators of the form

where the initial segment of weight h + 1, beginning with jy, contains exactly
one quasirepresentative of each of the levels 1 , 2, . . . , h (in the order of increasing
level).

By the Higman-Kreknin-Kostrikin Theorem 4.3.10, the initial segment of weight
A + l

of each of these commutators may be expressed as a linear combination of simple
commutators in jy, v ' 'x(l)/'2Jc(2), . . . , Vlix(h) with initial segments from °L. If
such an initial segment from °L does not contain 7'y, then it is 0 for the same
reasons as used for the commutator (4.4.27). If, however, such an initial segment
from °L contains ;y, then we can replace it by a value of the same pattern at
representatives of level 1 . We now need only prove that

. . . , ihx(h + 1), . . . , '"'jf (2/z), . . . , ''".x(2A)] (5.3.12)

is 0. Note that this commutator involves only representatives, and all levels
sr+\ ..... ε.ν are less than A + l. We apply essentially the same collecting process
to it, as we did to (4.4.17). The only difference is that only the first quasirepresen-
tatives from the left of levels > h + 1 are transposed to the left, and the collected
parts are the initial segments of the form

>'(!), l ' ' J r ( A + l ) . . . . . v'x(h+s)], , v > 0 .

As a result the commutator (5.3.12) will be expressed as a linear combination of
commutators of quasirepresentatives with initial segments of weight A + 1 of the
form

y(l) / ' '^(A+ 1 ) , . . . , l '*Jc(2A)].

Applying the Higman-Kreknin-Kostrikin Theorem to such an initial segment, we
obtain a linear combination of commutators in quasirepresentatives of different
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levels with initial segments from °L, all of which are 0 by the same arguments as
used in the case of (4.4.21).

The theorem is proved.

Under the hypothesis of Theorem 5.3. 1 Makarenko recently obtained a somewhat
different conclusion with best-possible bound for the nilpotency class. (She also
extended this result to the case where the group is not necessarily periodic, but we
prefer to deal first with the periodic case and to refer to the proof later, after the
extension of Theorem 5.3.1 will be obtained.)

5.3.13 Corollary (Makarenko [103J). Under the hypothesis of Theorem 5.3.1 there
is a (p, q}-bounded number s — s ( p , q) such that the subgroup Gx = (g* g 6 G)
is nilpotent of class < h(p).

Proof. We note first that G""1 < (Gm)" for any m, n e N.
By Theorem 5.3.1, G has a subgroup G\ of (p, ^-bounded index which is nilpo-

tent of p-bounded class. By Poincare's Theorem, G contains a normal subgroup
Ö2 of ( p , q ) -bounded index k < (|G : G]|)!. By Lagrange's Theorem we have
Gk < GI, so that, since Gk is ^-invariant, in order to prove Corollary 5.3.13 we
may assume from the outset that G is nilpotent of /^-bounded class c — c(p).

By an obvious induction on c it is sufficient to show that, if c > h(p), then for
some (p, g)-bounded natural number r ~ r ( p , q), the subgroup Gr — (gr g E G}
is nilpotent of class < c — 1 .

By 4.1.1 a) and the Higman-Kreknin-Kostrikin Theorem 4.3.10, applied to the
associated Lie ring L(G) of G, we have

ph+(yh+l(L(G)) = Yh+i(pL(G)) C id(CL(G)(<p)).

As in the proof of Theorem 5.2.1 we obtain

C

In terms of the group G, this means that for / > h + 1 the exponent of
X/(G)/X/+i(G) divides qph+l . In particular, yc(G)^"+l = 1, if o h.

Since there is a homomorphism of G/G' (g> . . . ® G/G' onto yc(G), we have

for any #, e G. Hence the subgroup G? / ) 'T , generated by the elements gi>p' , is
nilpotent of class < c — 1.
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The corollary is proved.

An extension of Theorem 5.3.1 to arbitrary nilpotent groups admitting an almost
regular automorphism of prime order, was obtained recently by Medvedev [111].
The following result is formally more general, but its proof makes use of Theorem
5.3.1 and consists in reduction (which is, though, by no means trivial) to the
periodic case.

5.3.14 Theorem. If a nilpotent group G admits an automorphism φ of prime order
ρ having a finite number q of fixed points, then G has a subgroup o f ( p , q)-bounded
index which is nilpotent of p-bounded class.

Proof. The property of a group to have a nilpotent subgroup of given nilpotency
class, whose index is bounded by a given number, may be written as a quasiuni-
versal formula in the predicate calculus. It therefore suffices to prove the theorem
(with appropriate bounds for the index and the nilpotency class of a subgroup)
for finitely generated groups. Indeed, the finitely generated subgroups {Ha} form a
local covering of G. For each of these subgroups //a, the subgroup (Ηα

{φ>>) is also
finitely generated and ^-invariant. If the theorem holds for each {//„<v>), then, by
Mal'cev's Local Theorem, it also holds for G itself (see § 1.1).

We therefore suppose that G is a finitely generated nilpotent group with an
automorphism φ of prime order ρ having a finite number q = |CG(<£>)! of fixed
points. We denote by T = 7(1) its periodic part, which is a finite subgroup by
Proposition 2.5.10. Since T is the direct product T = Tp χ Τρ· of its Hall p- and
//-subgroups, by Remak's Theorem, G embeds in the direct product of G/TP and
G/Tp'. Hence, in order to prove Theorem 5.3.14, we may assume that T is either
a /7-group or a //-group.

The following two lemmas hold in either case.

5.3.15 Lemma. Under the hypothesis of Theorem 5.3.14 the automorphism φ in-
duces a regular automorphism of the factor-group G/T.

Proof. Assume that this is not so and let α Γ be a non-trivial element of CG / τ ( ψ )
that is, a g T and αφ = at for some / e T. We define the subgroup

Η = (α, αφ, ..., a*'"*) = (a, t, ίίψ, . . . , ί ί ψ · . . .·ίψ" ' ) .

For every / e Ν the factor-group γ,·(Η)/γί+ι(Η) is generated by the images of
the commutators of weight / in the elements a, t, ί [ φ , . . . , ηφ·.. Λφ'' '. Since there
is a homomorphism of G/G' < 8 > . . . <g> G/G' onto y/(G)/y,+ i (G), the images of

;
these commutators, which for / > 2 are dependent on at least one of the elements
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of finite order /, ttv, ... ,ίίφ ·.. .·ίψΙ'~\ also have finite order for i > 2. Hence, the
factors of the lower central series of the group //, from the second one on, are
finite since they are both finitely generated and have finite exponent.

Therefore, the commutator subgroup of Η is finite. Then, by Theorem 2.4.4, the
centre of Η has finite index in Η . Therefore, a"1 e Z(G) for some m e Z. Since
H is ^-invariant and the image of a'" also belongs to Co/r(<P), then (αιη)φ = amt\,
where t\ is an element of Η of finite order n. We then have

(am>T = ((α"1)*1)" = (amt\Y = a"mt[' = am\

that is, am" belongs to CG(<P)· But amn has infinite order, since a <£ T. This
contradicts the finiteness of CG(<P).

The lemma is proved.

(Note that if we had at our disposal the useful Hall-Petresco formula, then we
could have easily obtained that there is a natural ra, large enough (relative to the
nilpotency class of G and the order of t), such that

= am · tm · [a, r] / l (m) · [a, /, t]h(m) · [a, t, a}h(m] ·...= am.)

Applying Theorem 5.1.1 we obtain

5.3.16 Corollary. The factor-group G/T is nilpotent of class < h(p).

We also have

5.3.17 Corollary. // B is a φ-invariant normal periodic subgroup of G then
< \Cc(<p)\.

Proof. The periodic part of G /B is clearly the image of the periodic part T of G.
By Lemma 5.3.15 φ is regular on G/T so that CG/B(<P) = CT[B((p~). Since T is
finite, we have

\CT/B(9)\ < \CT(<P)\ = \CG(<P)\

by Theorem 1 .6. 1 .

We now prove

5.3.18 Lemma. Let Ν be a normal φ-invariant subgroup of the group G and let
g N be an element of the centralizer CG/ Ν (ψ)· Then for every natural k there exists
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n e N such that the image of gp n in the factor- group G / [ N , G, . . . , G] belongs
k

to the centralizer CC/\N.G ..... β)(ψ)·
k

Proof. Induction on k. The case k — 0 is covered by the hypothesis. For k > 0 by
k— \the induction hypothesis there is an n' e N such that the image of g\ = gr n

belongs to CG/\N,G ..... G\(<f>), that is, g^ = g\n\, where n\ € [N, G, . . . , G].
A·- 1 A--1

Since g\ and n\ commute modulo [N , G, . . . , G], then modulo [/V, G, . . . , G],
It *

the elements g\, g\v, §\φ~ , . . . , g^1' also commute. The image of their product in
G / [ N , G, . . . , G] therefore belongs to CO-/I/V.G α\(ψ)· But we have:

k k

~
Si · 8ιφ · 8~ ····· 8ιφ"~ = gip = Ο " « ' ) " = 8" (mod N),

which proves our assertion.
The lemma is proved.

We now turn to the proof of Theorem 5.3.14. We consider first of all the case
where the periodic part Τ of G is a finite //-group. Then the group G, being finitely
generated and nilpotent, is a residually finite //-group (see, for instance, [123,
Theorem 9.38]). Hence, there exists a normal subgroup N such that N Π T = I

P-\ ,
and G/N is a finite //-group. Replacing, if necessary, N by p| Νφ , we may

/=o
P-\

assume that N is (^-invariant (note that G/ p| Νψ' is also a finite //-group, since
i=()

by Remak's Theorem it embeds in the direct product of the finite //-groups G /Νφ< ).
We observe that

f /V , G, G, . . . , G ] < K/ ; + l (G)n /V < ΤΠΝ = 1.

This means that W <
We prove now that CG/N((p) = CG((p)N /N. Indeed, if #N e CG/N(<p), then by

Lemma 5.3.18, there is an element n e N such that

'gpn 6 CC/IN.C ..... ci(iP) = Cc((p).
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Hence, the image of g1'' in G/N belongs to the image of CG(<P}· Since G/N is a
finite p'-group, the image of g also belongs to the image of CG (φ), as required.

Thus, in particular,

\Cc/N(<p)\ = \CG(<p)N/N\ = \CG(<p}/CG(<p}r\N\ = \Cc(<p)\=q,

since CG (ψ) Π TV < Τ Π Ν = 1. By Theorem 5.3.1, G/N contains a subgroup G \ /N
of (p, g)-bounded index which is nilpotent of some p-bounded class g = g ( p ) .
Then its full inverse image - the subgroup G\ - is nilpotent of class < g + h,
since N < &(G), as shown above. The subgroup G\ is the required subgroup of
(p,g)-bounded index which is nilpotent of /7-bounded class.

We now consider the case where the periodic part Γ of G is a finite p-group.
By Corollary 1.7.4 the ranks of all of the (^-invariant abelian sections of T are

(p, g)-bounded.
By Corollary 5.3.13 there is a (p, ^-bounded natural number r = r(p, q}, such

that Tp> is nilpotent of class < h.
We note that the order of T/TP' is bounded in terms of p and q. Indeed, the

derived length of T/TP' is (p, q)-bounded, since this is true for T itself. Also
the ranks of all factors of the derived series of T/TP> are (/?,^)-bounded. This,
together with the fact that their exponents are (p, g)-bounded (they divide //),
yields the desired bound for the order.

We put G, = CG(T/Tp'), that is G\ = {g e G [T, g] < Tp'}. The subgroup
G ι is characteristic in G, just as Tp' is, and its index is (p,q)-bounded, since
G/GI embeds in the automorphism group of T/TP' which is of (p, q}-bounded
order. Therefore it suffices to prove that the theorem holds for G\ (which is, of
course, ^-invariant).

The factor-group G\/TP' is nilpotent of class < h + 1, since y/l+\(G\) < T
by Corollary 5.3.16 and since [T, G\] < Tp' by definition. The group Tp', being
nilpotent of class h, is soluble of derived length < 1 + Iog2 h and so it has a
characteristic series of p-bounded length having abelian factors. The theorem now
follows from the following proposition by an obvious induction on the length of
such a series (since the order of the centralizer of φ does not increase in the
factor-groups over subgroups contained in T).

5.3.19 Proposition. Let Η be a φ-invariant subgroup ofG\ which contains a normal
φ-invariant finite abelian p-subgroup A such that H/A is nilpotent of class s. Then
H contains a φ-invariant subgroup of (s, /?, q)-bounded index which is nilpotent of
class < s + h + 1.

Proof. We shall use here the well-known fact that the ranks of all abelian sections
of a Sylow /^-subgroup of the automorphism group of a finite abelian p-group
are bounded in terms of the rank of the group (see [23] or [115]). The rank of
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A is (p, ^-bounded by Corollary 1.7.4 and therefore the ranks of all abelian
sections of ///C//(A) are also (/?, <?)-bounded, since the latter group embeds in
the automorphism group of A and is a p-group since Η is nilpotent.

Our aim is to estimate the order of CH/C,,(A)(<P)· By Lemma 5.3.18, for
any element gCH(A] e CHIC„(A)(<P) mere exists c e C#(A) such that the
image of gP'c in H / [ C H ( A ) , H, ... , H] belongs to CH/\C„W.H ..... Η\(ψ). Since

ν χ
[C//(A), H, . . . , Η] < γχ+\(Η) < A, the image of gp*c in H/A also belongs to

Λ

CH/A(<P)· The order of CH/A((p) does not exceed q = \Cc(<p}\ by Corollary 5.3.17.
Hence, (gp ' c)q = 1 (mod A) and therefore gpiq e C//(A), that is, the order of an
arbitrary element gC//(A) e CH/C„(A)(<P) divides p"q.

Thus the exponent of C///CW(A )(</>) is Cv, /?, g)-bounded. Together with the bound
for the nilpotency class (which is at most s, since H/A is nilpotent of class 5) and
the bound for the ranks of the factors of the lower central series (obtained above
for all abelian sections of ///C//(A)), this yields a bound for |C///c,,<A)(<p)| in
terms of 5, p and q.

The natural semidirect product A X ///C//(A) admits an automorphism φ
of prime order ρ having an (s, p, ̂ -bounded number of fixed points equal to
\CA(<P)\ · \CHIC,,(A)(<P)\· By Theorem 5.2.1, AX/ / /C / / (A) contains a subgroup Β
of (s, p, g)-bounded index which is nilpotent of class < h. We denote by A\ the
intersection of B with A, by B its image in (A X H/CH(A))/A = H/CH(A) and
by //i the full inverse image of B < ///C//(A) in H. Note that the index of H]
in H is (i, /?, <?)-bounded.

Since the index A : AI | is (,y, p, </)-bounded and the rank of the abelian subgroup
A is (p, g)-bounded, there is an (s, p, <?)-bounded number / = t(s, p, q), such that
Ap' < AI . It is clear that the order of A/ Ap' is also (s, p, <y)-bounded. (We replace
AI by A1'' since A1'' is characteristic in A and is therefore ^-invariant and normal
in //.)

Now we put

where CH(A/AP'} = {h € H\ [A,h] < Ap'}. The factor-group H/CH(A/AP<)
embeds in the automorphism group of A/A7 / and its order is therefore (s, p, q)-
bounded. So, the index of H^ in H is also (s, p, g)-bounded.

We shall prove that //2 is nilpotent of class < s + h + 1, and is therefore what
we require. We have

Yx+h+2(H2) < [A,H2,H2 H2] <
Λ + 1
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< [A^, H2, H2,..., H2] < [A,, / / , , / / , , . . . , //,].

By the definition of the semidirect product A X ///C#(A), the subgroup [Ai ,
HI, ..., HI] coincides with [ A \ , B,..., B], which is trivial, since B is nilpotent

Λ Λ
of class < h.

The theorem is proved.

5.3.20 Corollary (Makarenko [104]). Under the hypothesis of Theorem 5.3.14 there
is a (p, q)-bounded number s = s ( p , q} such that the subgroup Gs = (gs\ g € G)
is nilpotent of class < h(p).

Proof. As in the proof of Corollary 5.3.13, an application of Theorem 5.3.14 enables
us to assume from the outset that G is nilpotent of p-bounded class c — c(p). It
will then suffice to repeat the proof of Corollary 5.3.13 provided that we show that
the additive group of the ideal id(CL(G)((p)) has (p, «^-bounded exponent. This in
turn follows from the fact that the additive group of C/.(c)(^) has (p, ^-bounded
exponent.

It is clearly sufficient to prove that Cc/y,.(C)(^) nas (p, g)-bounded exponent for
all i. Suppose that g//(G) is an element of €ο/γί(θ)(ψ}· Then by Lemma 5.3.18
there exists η e y/(G) such that the image of g'}<""*"'« in G/[y/(G), G , . . . , G] = G

c-i + \
belongs to CG(<p). (Note that here |y,(G), G, . . . , G] < y /+c_ /+ ,(G) = yc+i(G) =

<-/ + !

1). Hence, by Lagrange's Theorem, (gp> / r ' n J = 1 and therefore gqp< 'T ' e y,:(G).
This means that the exponent of CG/X,(G)(<P) divides qpc and is therefore ( p , q ) -
bounded, since c = c(p) is (p, ^)-bounded.

The corollary is proved.

§ 5.4 Comments

Regular automorphisms. Unlike Lie rings, where the regularity of an automor-
phism implies solubility, and even nilpotency if the order of the regular automor-
phism is prime, in the case of groups one must impose some restrictions on the
group. The example of a free group F — (XQ, x\,..., jc / ;_i) and the automorphism
φ cyclically permuting the free generators (xjv = x, + i , where i + 1 is the residue
modulo /?), shows that in general the regularity of the automorphism (it is easy to
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see that €?(φ) = 1) does not imply the solubility of the group, even in the case
where \φ\ =2. There exist also infinite soluble groups admitting regular automor-
phisms of prime order (and even of order 2) which are not nilpotent (and whose
derived length is not bounded).

On the other hand, by Thompson's Theorem [140], any finite group admitting
a regular automorphism of prime order, is nilpotent. This allows us to replace
"nilpotent" in the hypothesis of Theorem 5.1.1 by "locally finite".

For estimates of Higman's function, see §4.5.
As we said above in §4.5, in the case of composite order, Kreknin's Theorem

4.3.1 does not imply any bound on the derived length of an (even a priori nilpotent)
group with a regular automorphism. Such a bound is known only in the case where
the automorphism is of order 4; more precisely, Kov cs proved in [79] that if a
locally finite or a locally nilpotent group G admits a regular automorphism of order
4, then G" < Z(G). We prove here a somewhat weaker result.

If G is a nilpotent periodic group with a regular automorphism of order 4, then the
factor-group G/[G, φ2] is abelian, because φ induces on it a regular automorphism
of order 2. In the associated Lie ring L = L([G,#r]) we have €^(ψ} = 0 and
L = 2L. Therefore, L = ( ] L , 3L) and °L = 0 for L = L®zZ[i], where ι = J-ϊ.
As was shown in §4.5, this implies that L is nilpotent of class < 3, and hence
the group [G, φ2] is also nilpotent of class < 3. Thus G has a normal series
G > [G, φ2] > 1 of length 2 whose factors are nilpotent of classes 1 and 3.

On the other hand, under certain conditions, there exists a better correspondence
between a nilpotent group and a Lie ring, which preserves the derived length. For
example, the Baker-Hausdorff formula provides the so-called Mal'cev correspon-
dence (a "category isomorphism") between radicable torsion-free nilpotent groups
and nilpotent Q-Lie algebras (see Chapter 8).

Another example is the recent work of Shalev and Zel'manov 1130] where they
gave a new, much shorter, proof of the solubility of pro-p-groups of finite coclass
using Kreknin's Theorem. (Earlier Donkin [19] proved that p-adic analytic pro-
p-groups of finite coclass are soluble for p > 3 and Leedham-Green [91] showed
that every pro-p-groups of finite coclass is p-adic analytic. The work of Donkin
applies the classification of simple p-adic Lie algebras, as well as Iwahori and
Matsumoto's arithmetic theory of p-adic Chevalley groups.)

Kreknin' Theorem turned out to be applicable also in the "modular" case of an
automorphism of order pk acting on a finite p-group with few fixed points - see
Chapter 8.

The example of a Lie ring L with a regular non-cyclic group of automorphisms
A of order 4 from § 4.5 may be transformed into a family of examples of nilpotent
groups, admitting Λ as a regular group of automorphisms, where derived lengths
cannot be bounded by any constant ("function", depending on A only). To do
this, we introduce a prime factor ρ into the structural constants of the Lie ring.
Namely, we define a Lie ring R over Z, whose additive group is generated by
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elements e\,e2, £3, with structural constants

[e\,e2] = pe^\ [e2, e3] = pe\\ \e$, e\\ = pe2.

It is easy to see that the factor-ring RfpsR is nilpotent of class s, and its derived
length is equal to [Iog2s] + 1.

If the additive group of a nilpotent Lie ring is a /?-group and its nilpotency class
s is less than p, then the Baker-Hausdorff formula enables us, using the Lie ring
operations, to define a group operation on the same set R/p" R. The resultant group
P is also nilpotent, its derived length is the same as before and all automorphisms
of the Lie ring acting as before on this set turn out to be automorphisms of
P. (This was noticed by Lazard [89]; this transition from Lie rings to groups
is reversible and is also a so-called categorical isomorphism. Lazard' s theorem
generalizes the analogous Mal'cev correspondence [106] for nilpotent torsion-free
radicable groups, see Chapter 8.)

It is easy to verify that the linear transformations defined on the generators
e\, e2, CT, by matrices

1 \ /-I
-1 and

-I/

generate a regular non-cyclic group A of order 4 of automorphisms of the Lie ring
R. Hence A < Aut P and C P ( A ) = 1, but the derived length of the group P tends
to infinity with s and p (s < p).

This easy way of using the Baker-Hausdorff formula has, however, made the
derived length depend on p, but it seems that some more complicated construction
may give examples which are not thus dependent.

In view of the example above the following result of Shumiatskii [ 1 34] seems
very natural. He proves that if a finite soluble group of derived length k admits a
regular group of automorphisms of exponent 2 and order 2", then it has a normal
series of length n whose factors are nilpotent of (k, n)-bounded classes; in the case
n = 2, he obtains a ^-bounded estimate of the nilpotency class of the commutator
subgroup. It would be interesting to generalize this theorem, for instance, to the
case, where a finite soluble group of derived length k admits a regular group of
automorphisms of order pn or where a finite soluble p-gmup of derived length k
admits a group of automorphisms of order p" with a given number p'" of fixed
points.

In this book we have been interested in automorphisms of nilpotent groups. We
should mention that within the wider context of the theory of finite groups in
general, a lot of effort has been invested in trying to prove the solubility of an
arbitrary finite group G admitting a regular group of automorphisms A of coprime
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order, that is, where CC(A) = 1 and (|G|, |A|) = 1. This condition on orders is
essential here, since the group of inner automorphisms of any finite group with
trivial centre acts fixed-point-free. This conjecture has been proved modulo the
classification of finite simple groups (K.-H. Clemens [15]). There is also a number
of partial results (for example, when A is elementary abelian or cyclic of order a
product of two primes, etc.), which do not use the classification theorem, but which,
of course, are based on the techniques and results developed within classification
theory (for instance, signalizer functors).

Within the theory of finite soluble groups much effort has been devoted to
attempting to settle the following conjecture: if Λ is a regular group of automor-
phisms of a finite soluble group G where the order of A is coprime to that of G
(that is Cc(A) - \ and (|G|, |A|) = 1), then the nilpotent length of G is at most
n ( A ) , where n(A) denotes the number of prime factors in the decomposition of
|i4| into a product of (not necessarily distinct) primes. The nilpotent length h(G)
of a soluble group G is the length of its shortest normal series with nilpotent fac-
tors. Thompson [141] proved that if Λ is a soluble group of automorphisms of a
soluble group G and (|G|, |A|) = 1, then h(G) < 5"(A) -h(Cc(A}}\ Kurzweil [87]
achieved a linear bound under the same hypothesis: h(G) < 4n(A) + h(CG(A)).
Further efforts were applied to obtaining estimates closer to the best possible one
n(A) (in the case of a soluble regular group of automorphisms Λ). At present this
conjecture has been proved for a large class of groups of automorphisms, including
cyclic ones (Shult [133], Gross [26], Berger [8, 9j); we also cite one of the results
of Turull [142]: h(G) < 2n(A) + h(CG(A)).

If one drops here the coprime condition on the orders, then, for every non-
nilpotent finite group A there exist finite soluble groups of unbounded nilpotent
lengths which admit Λ as a regular group of automorphisms. Such examples were
constructed by Bell and Hartley [7].

If, however, A is nilpotent, then the coprime condition on the orders can be
omitted at the expense of enlarging the bound for the nilpotent length of G: Dade
[17] proved that if a soluble group H contains a nilpotent subgroup N which
coincides with its normalizer, then the nilpotent length of H is bounded by some
(exponential) function of n(N); it is clear that if CG(^) = 1 for a group of
automorphisms Λ of a group G, then the normalizer of A in the natural semidirect
product G X A coincides with A.

The method used for estimating the nilpotent length is known as the so-called
Hall-Higman Theorems, originating from the works of P. Hall and G. Higman [32]
which contains the reduction of the Restricted Burnside Problem for soluble groups
to groups of prime-power exponents pk , and of W. Feit and J.G. Thompson [20],
proving the solubility of finite groups of odd order. The essence of this technique
lies in considering the action of a group on its commutative invariant sections,
which action is similar to that of a matrix group of linear transformations. This
facilitates the use of results from representation and character theory. For instance.
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one of the key steps in the proof of the Hall-Higman Theorem involves the action
of an automorphism on the enveloping algebra of a representation of a finite group,
which is a full matrix algebra.

Almost regular automorphisms: "the modular case". Alperin was the first in
[2] to apply the theorem on a regular automorphism φ of prime order p of a Lie
ring L, or rather its combinatorial form y/,(/;)+i(pL) c ( i/(C/,(<p)), to bound the
derived length of a group satisfying the hypothesis of Theorem 5.2.1. For p = 2,
Theorem 5.2.1 was proved by Hartley and Meixner in [35] (in fact, this paper deals
with the more general case of a periodic group with an involution having a finite
centralizer, where the basic fact is Shunkov's theorem [135] stating that such a
group is locally finite and almost soluble).

In [59] Theorem 5.2.1 was proved giving the bound h(p) + 1 for the nilpotency
class of a subgroup. This bound was improved to the apparently best possible value
h(p) by Makarenko in her recent work [103].

Within the theory of finite p-groups of maximal class, founded by Blackburn's
work [10], Shepherd [131] and Leedham-Green and McKay [93] have proved that
if \Cp(<p)\ = p, where φ is an automorphism of prime order p of a finite p-group
P, then P contains a subgroup of p-bounded index which is nilpotent of class
< 2. (They have also shown that a finite p-group of maximal class necessarily
contains a subgroup of index p which is nilpotent of p-bounded class. In Chapter
6 we shall show that the commutator subgroup of a finite p-group of maximal
class which has index p2, is nilpotent of p-bounded class.)

We remark that the answer to a question raised by Leedham-Green and McKay
in [93] on the existence of finite p-groups of maximal class having arbitrarily large
derived lengths (of course, with increasing p), was given by Panfyorov in [118].
Namely, let e\, ^ 2 , . . . , en be a basis of a Lie algebra over GF(p) with structural
constants

J O ' - j)ei+j, if ι +j < n
^ J O , if ι + y > n

It is easy to verify that these structural constants really define a Lie algebra which
is nilpotent of class n — 1 and whose derived length is ^ Iog2«. The order of
this Lie algebra is p". When n — 1 < p, by Baker-Hausdorff formula, this Lie
algebra may be transformed into a finite p-group of the same order with the same
nilpotency class and derived length (see above).

In further articles Donkin, Leedham-Green, Mann, McKay, Neubiiser, Newman,
Plesken, Shalev and Zel'manov have developed a theory of finite p-groups of
given coclass. A finite p-group is said to have coclass d, if its order is p" for
some n > d and its nilpotency class is n — d. It turns out that every finite p-group
of coclass d contains a subgroup of (p, c/)-bounded index which is nilpotent of
class < 2. These results prompt the following interesting questions. Does there
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exist a function f ( m ) such that any finite /?-group admitting an automorphism
of order p with exactly p'" fixed points, contains a subgroup of (p, m]-bounded
index which is nilpotent of class < /(m)? Does there exist a function g(m) such
that any finite p-group admitting an automorphism of order pk with exactly p'"
fixed points, contains a subgroup of (p, k, m)-bounded index which is soluble of
derived length < g(m)l

Chapter 8 contains the latest achievments in the "modular" case where a nilpotent
p-group P admits an automorphism of order pk with exactly p'" fixed points. It is
proved there that such a group P is almost soluble with a strong bound, in terms of
p and k only, on the derived length of a subgroup of bounded index. The proof is
based on Kreknin's Theorem on Lie rings from Chapter 4. The proof uses group-
theoretic corollary to Kreknin's Theorem, obtained with the help of the Mal'cev
correspondence given by the Baker-Hausdorff formula, and some techniques from
the theory of powerful p-groups, especially, from Shalev's work [129], where a
weak bound, in terms of p, k and m, for the derived length of P was obtained.

We note that in the case \φ\ = 4 one can expect a stronger conclusion since
there is a stronger theorem for regular automorphisms of order 4 (see §4.5).

Almost regular automorphisms of coprime order. If the derived length s of a
group with an automorphism of prime order p with exactly q fixed points is known
in advance, then it may turn out to be better to estimate the index of a nilpotent
subgroup in terms of .v, p and q and its class in terms of p and s, using a theorem
proved in [63].

Theorem 5.3.1 was proved for metabelian groups by Meixner in [113] and in
the case of p — 2 by Hartley and Meixner in [35]. (They also proved some other
general facts on periodic groups with an involution with finite centralizer using
Shunkov's Theorem [135].)

Hartley and Meixner [36] proved that if φ is an automorphism of prime order p of
a finite soluble group C and \€ς(φ}\ = q·, then G contains a nilpotent subgroup of
(p. i/)-bounded index. Together with Pong's work [22], where it is proved modulo
the classification of finite simple groups that an arbitrary finite group with an
element of prime order p which has centralizer of order q, has a soluble subgroup
of (p, ^-bounded index, this gives the following result: a locally finite group with
an element of prime order p having a finite centralizer of order q, has a locally
nilpotent subgroup of (p, ^-bounded index. Combining this with Theorem 5.3.1
we get (modulo the classification of finite simple groups) the following corollary.

5.4.1 Corollary. If a locally finite group contains an element of prime order p
having centralizer of finite order q, then it has a nilpotent subgroup of ( p , q ) -
bounded index whose nilpolency class is p-bounded.

The structure of finite soluble groups with almost regular groups of automorphisms
(modulo the structure of nilpotent groups) was recently significantly clarified. Hart-
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ley and Turau [37] proved that if a finite soluble group admits an automorphism of
prime-power order pk (which is not necessarily coprime to the order of the group)
with exactly q fixed points then it has a subgroup of (q, /?,/0-bounded index
whose nilpotent length is at most k (this is a very natural generalization of results
on regular automorphisms). Earlier Meixner [114] proved this theorem under the
additional assumption that p is coprime to the order of the group. Under some ad-
ditional assumptions a more general theorem was proved by Turull [143]. Finally,
in a recent paper [34], Hartley and Isaacs proved that if Λ is a soluble group of
automorphisms of a finite soluble group G with |Cc(A)| = q and (|C|, |A|) = I
then G contains a subgroup of (q, |A|)-bounded index whose nilpotent length is at
most 2n(A)+ 1 (where |A| is the product of n (A) not necessarily distinct primes).
It is also shown there that if A is a finite p-group, the coprime condition on the
orders can be dropped at the expense of increasing by 1 the nilpotent length in the
conclusion.

Here, estimation of nilpotent length is also done by using the above-mentioned
theorems of Hall-Higman type.

It may be conjectured that if a nilpotent group admits an automorphism of prime-
power order pk having exactly q fixed points, then it has a subgroup of (p, k, q}-
bounded index whose derived length is (p, &)-bounded. We recall, however, that
up to now even the case of a regular automorphism, when q =· 1, remains open.
This conjecture is not yet proved either in the case of pk = 4, where the regular
case is known.

We finally point out one more application. P.V. Shumiatskii uses our Theorem
5.3.1 in his preprint On locally finite groups admitting an automorphism of prime
order whose centralizer is Cernikov, Thechnion, Haifa, 1992, to prove that a locally
finite <7-group admitting an automorphism of prime order p whose centralizer is a
Cernikov group, is soluble. Together with earlier results of B. Hartley (1982, 1988)
and V. Turau (1985), this yields that a locally finite group having an element of
prime order with Cernikov centralizer has a soluble subgroup of finite index. (A
group is said to be Cernikov if it satisfies the minimum condition on subgroups
and contains an abelian subgroup of finite index.)
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Nilpotency in varieties of groups with operators

In this chapter we prove two theorems of a rather general nature, bounding the
nilpotency classes of nilpotent groups in certain varieties of groups with operators
(for groups with operators see § 1.9). Let Ω be a group and let {va} be a family
of Ω-identities defining a variety of operator groups 9Ji. We denote by [va] the
family of (ordinary) group identities obtained from {va} by replacing all operators
from Ω by 1 and by 3Jt the variety of groups defined by the identities {va}.

We first of all suppose that there is a constant c bounding the nilpotency class of
any nilpotent group in Q7i. The first result (Theorem 6.2.1) then states that, if for
an Ω-group G e 9JI the semidirect product G Χ Ω is nilpotent, then the nilpotency
class of G is also bounded by c.

Although the requirement that G Χ Ω is nilpotent seems rather strong, it may
be satisfied automatically - for instance in the case where both G and Ω are finite
p-groups.

The author's result in [56] on the nilpotency of soluble groups with an automor-
phism φ of prime order ρ satisfying the (<p)-identity

γ . yf . yf2 . . ff'' ' I
r\ ' r\ " - A . " t . , ,\ 1

(that is, with a splitting automorphism of prime order p) is a prototype for the first
theorem. If we put φ = 1 we get the identity xp = 1. Now soluble groups of prime
exponent ρ and of derived length s are nilpotent of class < ( / '~^~' by Proposition
3.4.4. Hence, Theorem 6.2.1 will yield that a soluble /?-group of derived length s
with a splitting automorphism of prime order p is nilpotent of class <
This specific result is related to the structure theory of finite p-groups admitting a
partition and will be applied in Chapter 7. We shall deduce it in this chapter as a
corollary of a more general theorem. Its consequence is that the nilpotency class
of the commutator subgroup of a finite p-group of maximal class is bounded in
terms of p only.

The second result (Theorem 6.3.1) gives a positive solution to the Restricted
Burnside Problem for a variety of operator groups 3JI, provided that this problem
has a positive solution for the corresponding ordinary variety OT. More exactly,
suppose that the Restricted Burnside Problem has a positive solution for the variety
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OH in the sense that locally nilpotent groups from 9ft constitute a subvariety and,
moreover, that the associated Lie ring of a free group in Oft satisfies a system of
multilinear identities which define a locally nilpotent variety of Lie rings with a
function f ( d ) bounding the nilpotency class of a J-generator ring in this variety.
We shall prove that if, for an Ω-group G e 9Ji, the semidirect product G Χ Ω
is locally nilpotent, then G belongs to a locally nilpotent variety in which the
nilpotency class of a ύί-generator group is bounded by / id \L'_ ̂  )·

Again we note that the strong condition that G Χ Ω is locally nilpotent is auto-
matically satisfied if both G and Ω are locally finite /^-groups.

Instead of a condition on the identities of the associated Lie ring we could give
an analogous condition on the group identities {va}, but such a condition would
be stronger. An example given at the end of this chapter shows that the word
"multilinear" in this condition is essential.

It is not yet clear whether the condition that the group of operators Ω is finite,
is essential in the second theorem and whether one can choose the function to be
independent of |Ω|.

The main result of [61], which bounds the nilpotency class of a (/-generator
nilpotent group with a splitting automorphism of prime order p (that is, an analogue
of the Restricted Burnside Problem for the variety of groups with operators which
consists of all groups with a splitting automorphism of prime order p was solved
in the positive in [61]) is a prototype for the second theorem. This theorem from
[61] forms the basis for a structural theory of finite /^-groups admitting a partition,
including the positive solution of the Hughes problem for almost all finite p-
groups. This theory is expounded in Chapter 7, where we also give the original
proof of the theorem from [61] which yields some additional information and
illustrates some aspects of Lie ring technique. This original proof uses a rather
complicated transition to Lie rings, where Kostrikin's Theorem 1.3.1 is applied.
Now the theorem from [61] may be obtained as a corollary to a more general
result from this chapter since the identity xp = 1 (obtained from the (<p)-identity

~* / ' - Iχ·χψ·χφ~ ·. . .·χφ = 1) implies that the associated Lie ring satisfies the multilinear
identities

px - 0 and [χο,χπ(\),χπ(2), ··· ,Χπ(ρ-\)\=^
7reS,,-i

(equivalent to identities px = 0 and [*, v, v, . . . , y] = 0) from which the identities
p-\

yielding local nilpotency follow by Kostrikin's Theorem 1.3.1.
The main idea of the proofs of both the theorems in this chapter is an iterative

procedure expressing commutators in terms of commutators of greater weight. The
argument is typical for the theory of nilpotent groups; see, for example, the proof
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of the following elementary fact: if x/t(G) = yk+\(G) in a nilpotent group G then
Yic(G') = 1. Proof: from the hypothesis we obtain by substitution

tt-(G) = xt+i(C) - lx*(G), G] - [n+i(G), (G)] =

and so on, so that yx(G) = yt+.v(G) for all s > 1; but y^(G) = 1 for some TV,
since G is nilpotent. Hence X;-(G) — 1.

The proof of the second theorem is more difficult because of the need to control
the number of generators involved in the iterations. For this purpose we use the
power structure as well as the commutator structure in order to express commu-
tators, not only in terms of commutators of greater weight, but also in terms of
increasing powers of commutators of the same weight.

One of the main tools in the proofs is Higman's Lemma (see § 1.10).

§ 6.1 Preliminary lemmas

We fix notation: Ω will denote the group of operators and V = {va} a set of
Ω-words va = va(x\,X2, . .. , x,,(a>), where x \ , X 2 , ... are free generators of a free
Ω-group F. The group F, as an abstract group, contains a free subgroup F, freely
generated by the elements Χ\,ΧΊ, ____ It is clear that F — (FQ) — [F, Ω] X F.

Definition. The projection of an Ω-word ν — υ(χ\,χι ..... x„) - an element of
F - is the word D e F, obtained from v by replacing all operators from Ω by the
trivial one, that is, if

ω,

then
I t - Vυ — Λ .,-J

For example the projection of the (φ) -word χ · χφ · χφ~ · . . . · χφ1' is the word
χΡ.

We clearly have

6.1.1 Lemma. The projection ft: υ — > ν is a homomorphism of the group F onto
F, which is the identity on F. Its kernel is [F, Ω]. Also &2 = &.

We make several remarks on verbal Ω-subgroups of F.
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6.1.2 Lemma. Let V be a set of Si-words and V(F) the corresponding verbal Si-
subgroup of F. Then V(F) = V(F), where V(F) is the projection of V(F) and
V(F) is the verbal subgroup of F defined by the projection V.

Proof. Immediate from the definitions.

6.1.3 Lemma. IfV is an Si-subgroup of F then V[F, Ω] = V[F, Ω].

Proof. By Lemma 6.1.1 we have #(V) = &2(V) = #(V), that is, the projections
of V and V are equal. Hence their full inverse images are also equal so that
V[F, Si] = V[F, Ω], since Ker# = [F, Si] by Lemma 6.1.1.

6.1.4 Lemma. The subgroups [F, Ω] and yn(FSl) Π F, n = 1, 2, . . ., are verbal
Si-subgroups of F.

Proof. If σ is an endomorphism of F then the mapping which coincides with σ
on F and is the identity on Ω may be extended to an endomorphism σ of the
semidirect product F \ Si. Indeed, for any f\, fa e F, ω\, o>2 € Ω we have

σ((/ια>ι)(/2ω2)) = σ(^ω\^_ωω\α)2)} - Ή/Ί ' ./-

= σ(/ι) · σ(/2
ω' )

2) = σ(/ι) · ω\ · σ(/2)
= σ(/ι) · ω, · σ(/2) · ω2 = α·(/, - ω}) · σ(/2 · ω2),

because <τ(/2 ' ) = (οΓ(/2))ωι , since the action of a homomorphism of an Ω-group
commutes by definition with the action of operators from Ω (see § 1 .9).

Now we have

, Ω]) =σ([Ρ, Ω]) = (a(F ), σ(Ω)] = (a(F), Ω] < [F, Ω],

and also

a(y,,(FSi} Π F) = σίχ,,ί/^Ω) Π F) < ^(/„(f Ω)) Π a(F) < yw(f Ω) Π F.

Hence, the subgroups [F, Ω] and χ,,^Ω) Π F of the free Ω-group F are invariant
under every endomorphism of F, that is, they are verbal.

The lemma is proved.

The following arguments are variations on the theme of Higman's Lemma and
collecting process. We recall that the normal closure of an element a in a group
Η is denoted by ( a " ) .
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6.1.5 Lemma. For every m the image of the subgroup

in F/Y,,,+ \(F) is generated by the images of simple commutators of weight m in
the elements A,· and [jc,·, ω], CD € Ω, which have the form

[[.*/ ] , [ A , 2 , . . . ] , . . . ] , (6.Ι.6)

where { / i , / 2 . · · ·} 2 {1,2, . . . , « } (that is, the commutator (6.1.6) depends on all
of the elements x\, x^, ·. ·, x,,), the dots in simple subcommutators [A·/,, .. .j denote
occurrences of elements ω e Ω (which may not be there, in which case, by definition
[xjt, . . . } = XjJ, and the commutator (6.1.6) has at least one such occurrence.

(In particular, since (6.1.6) has weight > «, we obtain automatically that m > n.
That is,

n

[F, Ω] Π PO <y,,(F).)
7 = 1

Proof. The group F is generated by the elements A,· and xf = A,· · [Α,, ω], ω e Ω,
and hence it is also generated by the elements x·, and [Α/, ω], ω e Ω. Therefore
Ym(F)/Y,n+\(F) is generated by images of simple commutators of weight m in the
generators A-, and [Α-,, ω], ω e Ω, which have the form (6.1.6) (see Proposition
2.1.5 c)). Hence, an arbitrary element

modulo ym+i(F) is a product

g = c{' - c*: · . . . · cj' (mod χΜ+, (F)) (6.1.7)

of the powers of commutators c, of the form (6.1.6). An argument analogous to the
proof of Lemma 1.10.1, shows that each commutator c,· in (6.1.7) may be taken to
involve all the ΑΊ , *2, . . . ,*„. Indeed, for each j 6 {1, 2 , . . . , n) the homomorphism
TJ extending the mapping

Xj -> 1; xk -+ xk for k φ j

takes g to 1 because g € U'ra) and takes to 1 all commutators c,· which involve Xj.
Applying TJ to (6.1.7) we obtain that the product of all powers of the commutators
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occurring in (6.1.7) which do not involve jcy- is congruent to 1 modulo ym+\(F}
and that this product may be omitted (here matters are simplified by the fact that
the commutators c,· of weight m commute modulo ym+\(F)).

In analogous way it is easy to see that in (6.1.7) every commutator c·,, regarded as
a commutator in the Xj and ω e Ω, may be assumed to involve at least one element
ω <Ξ Ω. To show this we apply the projection homomorphism & to (6.1.7). Since
g E [F, Ω], we have #(g) = 1. It is also clear that ϋ takes to 1 all commutators
Cj which involve at least one element ω e Ω. Applying & to (6.1.7) we obtain
that the product of all occurring in (6.1.7) powers of commutators which do not
involve any ω e Ω is congruent to 1 modulo ym+\(F} and this product may be
also omitted.

The lemma is proved.

Definitions. We shall always denote by [ j c , v , . . .J simple commutators of the form

[xis,...] = U,v , ω ) , u)2, ..., ω,], ω·, € Ω, (6.1.8)

where the dots denote occurrences of the elements of Ω (which may not be there,
in which case, by definition f j c , - v , . . . ] = jc,v).

For convenience we introduce the following definition: for an arbitrary com-
mutator in the generators Λ:,· of F and the elements ω 6 Ω the total number of
occurrences of the x\ is called its X-weight and the total number of occurrences
of the ω € Ω is called its Ω-weight. Of course the sum of the X-weight and the
Ω-weight is equal to the weight of the commutator.

We now prove

η
6.1.9 Proposition. For every m the image of[F, Ω] Π f ] ( x ^ n ) in F/ym+\(F) is

generated by commutators in the elements x/ and ω e Ω, having the form

[ U , , , . . . ] , U / 2 , . . . ] , . . . ] , (6.1.10)

where [ i \ , 12, . . . } ~? { 1 , 2 , . . . , « } (that is, the commutator (6.1.10) involves all of
the Χ], Χ2, ..., x,i), all the simple subcommutators [jf,v , . . .] are of the form (6.1.8)
and the Ω-weight of (6.1.10) is at least 1.

Proof. We proceed by induction on m. For m — n the proposition immediately

follows from Lemma 6.1.5 and from the fact that \F, Ω] Π p| (χ?Ω} < y,,(F). For
/ = ! «

m > n + 1 by the induction hypothesis an arbitrary element g e [F, Ω] Π (~] (χ^Ώ}
i = l
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modulo Ym(F) is a product κ of powers of commutators of the form (6.1.10).

Then gx-' 6 x,,,(F) and also gx~! e [F, Ω] Π f|{jc™) < yn(F), because all

commutators (6.1.10) clearly belong to [F, Ω] η Π (-*/") < Xni^). Hence, by
/ = !

Lemma 6.1.5, the element gx~l modulo ym+\(F) is congruent to a product κ' of
powers of commutators of the form (6.1.10). As a result g = x-x' (mod γ,,,+\ (F)).

The proposition is proved.

We record one more result of a technical nature.

6.1.11 Lemma. In an arbitrary nilpotent group the following identity holds for any
elements a\ , 03, . · - , #jt and for any m € Z:

,ι» (6.1.12)
= i , 2 , · . . , Λ - Ι , Ϊ , .v+i . . . . . a*] ·*

where κ is a product of powers of commutators of weight > k + 1 each of which
involves all ofthea\,a2,..., «*.

Proof. This is obtained by repeated applications of standard commutator identities
from 2.1.1 and 2.7.5.

§ 6.2 A Nilpotency Theorem

In this section we prove the first of our results bounding the nilpotency class. We
note that this theorem places no restrictions on the order of the operator group and
so cannot be obtained as a corollary to our second theorem on locally nilpotent
groups, since there the group of operators is finite.

We continue to use the notation from the previous section.

6.2.1 Theorem. Let Ω be a group, V = [va] a set of Ω-words and let VJl be the
variety of Ω-groups defined by the identities V. Suppose that there is a constant c
bounding the nilpotency class of any nilpotent group in the variety of groups 9JI
defined by the set of projections V = {va} of V. Then, if for an Ω-group G e 9JI
the semidirect product G \Ω is nilpotent, the nilpotency class of G is at most c.

Proof. The free Ω-group in ΐΰΐ is the factor-group F / V ( F ) of the free Ω-group F
by the verbal subgroup V(F). Hence the set of Ω-identities V(F) defines the same
variety 371. At the same time the free group in OT is the factor-group F/V(F) of the
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free group F over the verbal subgroup V(F). By Lemma 6.1.2 we have V(F) =
V(F), so that replacing the set of Ω-identities V by V(F) in the hypothesis of the
theorem does not change the varieties 27Ϊ and 27Ϊ. Therefore in order to prove the
theorem one can take V to be a verbal Ω-subgroup of F and we assume this in
what follows.

It is sufficient to prove that all countably generated Ω-subgroups of G are nilpo-
tent of class c. We may therefore assume that G is itself countably generated.
Therefore there is a natural homomorphism of F onto G which extends the map-
ping of the free generators x-, to the generators of G. This homomorphism extends to
a homomorphism of the semidirect product FXΩ onto ϋΧΩ which is the identity
on Ω. If m is the nilpotency class of G Χ Ω, then the kernel of this homomorphism
contains /„,+ι^Ω); it also contains the verbal subgroup V, since G e 9H. It is
therefore sufficient to prove that the nilpotency class of F/V(F Π γη,+\(ΡΏ)) is
bounded by c. Since the subgroups V and F Π ym+1 (ΡΏ) are verbal (the latter, by
Lemma 6.1.4), it is sufficient to show that

where x\, x2, . . . , xc+\ are free generators of F.
The hypothesis of the theorem implies that the following holds in F:

[x\,X2 ---- ,xc+\] e Vy„,+i(F).

Since V[F, Ω] = V[F, Ω] by Lemma 6.1.3, we have

so that

To this we now apply Corollary 1.10.6 with

f+1
[χ?Ω), M = [F,n], yv = v(Fnym + , (Fn)) ,

recalling that [F, Ω] and V(Fny,„+ i(Ffi)) are verbal subgroups by Lemma 6.1.4.
We obtain

[χι,χι, .. . , x f + i ] = κ (mod V(F Π y,,,+1(FQ))),
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r+l
where χ e [F, Ω] Π (~] {χ,ΓΏ}. By Proposition 6.1.9, the element κ may be taken

i = l
to be a product of powers of commutators of the form (6.1.1 0), that is,

[Λ , ,* 2 , . . . , *<-+!] Ξ c{' · , . . ·ί (mod V(Fn/ m + 1 (F ))), (6.2.2)

where each of the elements q is a commutator in the Λ:/ and ω e Ω, having the
form

, · , , . . . ] ,U, : , . . . ] , . . . ] , (6.2.3)

where {i i , / ? , . . . } 2 {1, 2, . . . , c + 1}, the simple subcommutators [jc(i — ] are of
the form (6.1.8) and the Ω-weight of (6.2.3) is at least 1.

Because of the hypothesis { / i , /2, · · ·} 5 {1, 2, . . . , c+1}, the commutator (6.2.3),
as a simple commutator in the simple subcommutators [x^ , . . . ] , has weight > c+ 1 .
We express its initial segment of weight c + 1 with the help of (6.2.2). We first
apply to (6.2.2) the endomorphism of the Ω-group F extending the mapping

*j —> [xij , · · .] for y = 1 , 2 ..... c + 1 , Xj -+ Xj for j > c + I

(this homomorphism may be assumed to have been extended to a homomorphism
of the semidirect product /-Ώ which is the identity on Ω). The image of the left-
hand side of (6.2.2) is the following initial segment of (6.2.3)

and the images of the c, on the right-hand side of (6.2.2) are clearly commutators
in the elements [xjr . . . ] and ω e Ω, having the form

[[[*„„, . . . ] ,***], [[*,„„ . . . ] , * * * ] , . . . ] , (6.2.4)

where { m ^ m i , . . . } ^ {u, 12, . · · , Ύ + ι ) , the stars in the simple subcommutators
[[jc,v , . . .],***] denote occurrences of elements ω e Ω (which may not be present,
in which case, by definition [[jc/ ( , . . .], ***] = [* ( ί , . . . ] ) and (6.2.4) has at least one
such occurrence. We substitute the expressions obtained for the initial segment c,
of the form (6.2.3) into the original congruence (6.2.2) and transform the resultant
right-hand side by applying 2.1.1 and 2.7.5 to get

[x],X2, · · · ,χ(·+\] = ck\ · · · · · (·** (mod V(F Π xm+i(Ffi))), (6.2.5)

where (after changing notation), again, every element a is a commutator in the
elements x, and ω e Ω, having the form

(6.2.6)
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where { i j , «2, . . .} ΞΗ 1 , 2, . . . , c + 1 } and the simple subcommutators [x^ , . . .] are
of the form (6.1.8) - but now the Ω-weight of (6.2.6) is at least 2, that is, (6.2.6)
has at least two occurrences of elements ω e Ω. This is because at least one
occurrence is guaranteed by the dots in the simple subcommutators in (6.2.3), and
at least one more by the stars in the simple subcommutators in (6.2.4).

Applying the same substitutions to (6.2.5) we obtain a congruence of the same
form, where each commutator c, has at least three occurrences of elements ω e Ω
and so on, increasing the Ω-weight. But if the Ω-weight is large enough then all
the Ci have weight large enough to be contained in γιη+\(ΓΏ), and hence also in
F Π γιη+\(ΡΩ), as they belong to F. Hence,

= 1 (mod

as required.
The theorem is proved.

§ 6.3 A Local Nilpotency Theorem

We continue using the same notation.

6.3.1 Theorem. Let Ω be a finite group, V = {va} a set of Ω-words, 9tt the variety
of Ω-groups defined by identities V and 9JI the variety of groups defined by the
set of projections V — {va} of identities V. Suppose that the associated Lie ring
L ( F / V ( F ) ) of the free countably-generated group F/V(F) of the variety 9JI sat-
isfies a system of multilinear identities which defines a locally nilpotent variety of
Lie rings with a function f ( d ) bounding the nilpotency class of a d-generator ring.
If for an Ω-group G e 9JI the semidirect product G Χ Ω is locally nilpotent, then G
belongs to a locally nilpotent variety in which the nilpotency class of a d-generator

( !Ωΐ'" ; — 1 \group is bounded by f ί d · ' ' ,_ 1 1.

Proof. As we saw in the proof of Theorem 6.2.1, replacing the set of Ω-identities
V by V(F) in the hypothesis does not change the varieties OJl and 2JI. Therefore,
to prove the theorem, we may take V to be a verbal Ω-subgroup of F.

It is sufficient to obtain the required estimate f (d · |S^'"' j for the nilpotency
class of each d-generator subgroup Η of G for all natural d. Replacing H by
(ΗΏ] we may consider it to be Ω-invariant (and d-generator as an Ω-group). It
is therefore sufficient to obtain the required estimate for the nilpotency class of G
in the case where G is a d-generator group, and we shall assume that this is the
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case in what follows. Then, since Ω is finite and G Χ Ω is locally nilpotent, this
semidirect product is, in fact, nilpotent of class m, say.

Since finitely generated nilpotent groups are residually finite (see, for instance,
1123]), G has a family {Na} of normal subgroups of finite index with trivial inter-
section. Replacing Na by p| N£ which also has finite index because Ω is finite,

ωεΩ
we may assume the Na to be Ω-invariant. Each factor-group G/Na is also a d-
generator Ω-group in D7 with the property that the semidirect product (G/Na) Χ Ω
is nilpotent. It is clear that it is sufficient to prove the required estimate for the
nilpotency class of each of these groups. We may therefore assume that G is finite.
Each of its Sylow p-subgroups is also a ^-generator Ω-group, because it is the
factor-group by the Hall //-subgroup. Thus, G may be taken to be a finite p-group
for some prime p which we fix for the rest of the section.

Since by Theorem 2.2.2 the identity of nilpotency of given class may be verified
on the generators of the group, it is sufficient to show that any commutator of
weight fid· ^QI "[' j + 1 in the generators of G is equal to 1.

Here, instead of working in G, it is convenient to switch to working in a free
group. Let F be a free Ω-group with a sufficiently large number of free generators
x\, J C 2 , . . . (or countably many of them) - a reserve of generators will be needed
for technical reasons in the proof. There is a homomorphism of an Ω-group F
onto G extending the mapping of x\, x2,..., xj onto a set of generators for G. It
may be also extended to a homomorphism of the semidirect product /-Ώ onto ΟΩ,
which is the identity on Ω. If m is the nilpotency class of ΟΩ then the kernel of
this homomorphism contains ym+\(FQ) and if p" is the exponent of the finite p-
group G then the kernel also contains the subgroup Fp"; since G e 9Ή, the kernel
also contains V. It is therefore sufficient to prove that any commutator of weight
/ (d · η^ρτ) + 1 in j r i , j c 2 , . . . , Jfd is contained in V · F>'" · (F Π ym+, (Ffl)).

The following proposition is the first step towards an iteration process of ex-
pressing any such commutator in terms of commutators of greater weight or in
increasing powers of commutators.

6.3.2 Proposition. For any k any commutator g of weight f ( k ) + \ in the free
generators x\, X2, ..., Xk of F is congruent modulo V · F1'" · (F Π y,,1+1 (FQ)) to a
product

g = cf1 · . . . · c*' (mod V · F1'" · (F n Ym+} (ίΏ))), (6.3.3)

of powers of commutators Cj in the x\,x2, ... ,Xk and elements from Ω where each
Ci has the form

[U,·, , . . .],[*;,, . . . ] , . . . ] , (6.3.4)

where [ i \ , i2, · · ·} C {1, 2, . . . , & } , the simple subcommutators [ x ^ , . . . ] have the
form (6.1.8) and every commutator c, either
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a) has at least f ( k ) + 2 occurrences of the x\ , xi, . . . , Xk (that is, its X-weight
is greater than that of g), or

b) has at least f ( k ) -f 1 occurrences of the x\ , ΧΊ, . . . , Xk (that is, its X-weight is
at least f ( k ) + \) and has at least one occurrence of elements ω e Ω (that is, its
Ώ-weight is at least 1 ).

Proof. Let g denote the Lie ring commutator with the same bracket structure as
that of g in generators Xj of the associated Lie ring L ( F ) of the free (ordinary)
group F, where x,· denotes the image of x, in F/F' considered as an element
of L(F) which is homogeneous of weight 1 (that is, g is obtained from g by
replacing the x\, X2, . . . , Xk by x\, Jca, . · . , Xk, respectively). By hypothesis g is
contained in the verbal ideal of L ( F ) generated by certain multilinear Lie polyno-
mials Uj(x\ , Χ2, . . . , JcM , , ) (homogeneous of degree ιυ/).

It is well-known that the additive group of this ideal is generated by the values
Uj(vn, υ/2, · · · , VjWi) of the polynomials ut(x\ , Jt2, . . . , xWi) at arbitrary elements u,-y
of L(F). Since the M, are multilinear, it is sufficient to take for the u,-y commutators
in the x; which generate the additive group L(F). The Lie ring L(F} is free and,
hence, multihomogeneous. Therefore we have

g = α, ·Μ /(υ/ι, υ/2, · · · , υ/«.-,), «/ e Z, (6.3.5)

where, for every ζ, the sum of the weights of the commutators υ / ι , υ/2, . . . , VjWj in
each variable χ \ , X2, . . . , is equal to the weight of g in this variable; in particular,
the sum of the weights of vi\, u,2, · · · , viw, is /(£) + 1. (In order to simplify the
notation here the w, are not supposed to be necessarily different for different /.)

Let us translate this statement into the language of the group F. We denote by
ϋη group commutators in generators xs with the same bracket structure as that of
Vij in generators xs. Let w, denote the product of powers of group commutators
corresponding to a, as a linear combination of Lie ring commutators (the exponents
of the group commutators are equal to the coefficients of the corresponding Lie
ring commutators), the order of the factors in this product here being irrelevant.
Then, by definition of the associated Lie ring L(F), (6.3.5) is equivalent to the
congruence

= J~] ί ί / ( ϋ / ι , ϋ/2, - - - , ϋ,χΤ1 (mod χ/α·)+2(/Γ)) (6.3.6)

of products of commutators of weight /(£)+! modulo Yf(k)+2(f) (see § 3.2). Here
also, for every /, the sum of the weights of the C / i , u/2, . . . , ViWi in each variable
x \ , X 2 , ... ,Xk is equal to the weight of g in this variable.
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For every polynomial «,· the fact that the associated Lie ring L ( F / V ) of the free
group F/V of the variety ΉΙ satisfies the identity w/ = 0 is, in turn, equivalent to

u i ( x i , X 2 , . . . , x W i ) = 1 (mod yu, .+ , (F/V)) ,

where x, are the images of elements *,· in F/V. Lifting up to F this may be written
as

ui(x\,X2 ..... *«·,) e V · yu,,+i(F).

To this we apply Corollary 1.10.6 with

where it is clear that V and y1(,, +! (F) are verbal subgroups of F and that ui(x\ , JC2,
"''. . . , jru l j) belongs to Dy = Π (jcj7) because Uj(x\,X2, . - . , JcRV) is multilinear. We

7=1
obtain

ui(x\, x2, . . .,*„.,-) Ξ χπ (mod V),

"•Ι·
where x,i € xu,i + i (F) η f) {Λ:|}- By Lemma 1.1 O.I

7=1

_ r / l j/2 _ ,/, , ™

where the J, are commutators of weight > w,· + 1 in the Xj and each di involves
all the elements x\, xj,..., xWi.

We rewrite this congruence as

x~' -ui(xi,x2, ...,xWi) e V,

and apply Lemma 6.1.3 to obtain

x"1 · u i ( x i , x2,..., xw.) € [F, Ω] · V

whence

x~' - ΰ / Ο τ ι , ^ , . . . , J tu · , · ) € [F, Ω ] · V-F 7 ' " - ( F H
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To this we apply Corollary 1.10.6 with

VI ι

recalling that [F, Ω] and FDym + i (Ffl) are verbal subgroups by Lemma 6.1.4 and
it',·

both κ^1 and «,·(·*!> - * 2 , . . . , xw,) belong to Dj = f^ (*|Ω). We get

κ|Ί · Ui(x\, jc2, . . . , *«,,) = x/2 (mod V · F/? · (F Π y f f l+i(Fn)))

,

where x/2 € [F, Ω] Π f] (Χ*Ώ)· By Proposition 6.1.9, the element κί2 may be
J=i

taken to be a product of powers of commutators of the form (6.1.10), that is,

x/2 = e;"1 - . . . . <" (mod V - F"" · (F Π

where each e-, is a commutator in x\ , ^2, · · · , xW! and ω € Ω, of the form

, , , . . . ],[*,,,.. . ] , . . . ] , (6.3.7)

where {i'i, /2, - · ·} 2 { 1 , 2 , . . . , u;,}, the simple subcommutators [jc/s, . . .J are of the
form (6.1.8) and the Ω-weight of (6.3.7) is at least 1.

As a result we obtain

ui(xi,x2, ..., xWi) Ξ κη · κί2 (mod V · Fp" · (F Γ\ yin

We apply to this congruence the endomorphism of F which extends the mapping

#/: X\ -* ϋ / ι , Χ2 -> Vi2, · · · , XWi -* U/uv

where ϋ / ι , ,2, - - - , ΰ/a.,. are subcommutators from the right-hand side of (6.3.6).
The nature of κ·{\ implies that its image under this endomorphism is equal to

a product of powers of commutators #,·(*//) which have weight > f ( k ) + 2as
commutators in jci , jc2, . . . , χ k - the weight f ( k ) + 1 is gained already from the
single occurrences of the elements / ι , ϋ/2, . . . , £,·,„,. in &i(dj), and, since the weight
of dj is at least Wj + 1 , there must be at least one further occurrence. By the formulae
from 2.1.1 and 2.7.5, every commutator uj(dj) may be represented in the form of
a product of powers of simple commutators of weight > f ( k ) + 2 in the Jt, - these
commutators have the form (6.3.4) and satisfy the property a).
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From the description of the element χ/τ given above we see that its image under
#, is equal to a product of powers of commutators #/(e/) which, as commutators
in j t i , JC2, . . . , Xk and ω € Ω, have X-weight at least f ( k ) -f- 1, gained from the
occurrences of all the elements v / \ , ΰ/? ..... ϋ/«.,. , and have Ω-weight at least 1
because the Ω-weight of commutators (6.3.7) is at least 1. By Proposition 6.1.9
each commutator #,·(«/) may be represented as a product of powers of commutators
of the form (6. 1 . 1 0) of X-weight at least /(&) + ! and of Ω-weight at least 1 which
are also commutators of the form (6.3.4) satisfying property b).

It remains to replace in (6.3.6) the elements w , - ( u / i , ϋ / 2 > · . . , u/u·,·) by the ex-
pressions we have obtained and to rewrite the resulting congruence modulo

g = *0 · Y\(&,(xn) · #,(",2)Γ (mod V · F'f · (F Π γιη
i

where KQ is an element of y/(;.)+2(F) which may be represented modulo F Π
in the form of a product of powers of simple commutators of weight

+ 2 in the *,· which are commutators of the form (6.3.4) satisfying property
a). In light of the collecting process (identities 2.7.5) it is clear that powers (#/(κ/ι)·
&i(xi2))ai of products of powers of commutators of the form (6.3.4) satisfying
either property a) or b) are also products of powers of commutators of the form
(6.3.4) satisfying either property a) or b).

The proposition is proved.

Now we are going to apply consequences of the congruences (6.3.3) to com-
mutators appearing on the right-hand sides of them and then to commutators on
the right-hand sides of the resultant congruences and so on. In the proof of The-
orem 6.2.1 similar iterations allowed us to express the ambient commutator mod-
ulo V · (F Π ym+1(FQ)) in terms of commutators of large weight belonging to
F Π y,,I+1(Ffi). Here, however, there is an obstacle: the subcommutators [jc(i. . . .]
appearing on the right-hand side of (6.3.3) may be different elements even for the
same Λ,·, since different elements of Ω are involved (when the weight increases
unboundedly). But to apply the congruences (6.3.3) we require definite dependence
of the weight of a commutator on the number of variables occurring in it. This
dependence is specified by the function f ( d ) from the hypothesis of the theorem.

The growth of the number of variables occurring in the iteration process will be
bounded by means of introducing pk-th powers of commutators into that process;
their exponents will increase, so that these powers will eventually belong to Fr" .

Consider the factor-group X = X/(X'X/J), where X = (ΧΏ} = {*?} for any free
generator x, of F. The group X is generated by |Ω| elements, the images of the
elements χω, ω e Ω, is commutative and has exponent p. Its order is thus at most
ρ |Ω|. The group Ω acts on X in a natural way. The semidirect product Χ Χ Ω is
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nilpotent by the hypothesis of the theorem: this implies that in the series

X > [Χ,Ω] > [Χ,Ω,Ω] > ...

all inclusions are strict until the series terminates at the identity subgroup (see
Theorem 2.2.3 a)). Hence, the length of the series is at most |Ω|.

So, for any elements ω\,ω2, ...,o)t G Ω and for t > |Ω|, the commutator
[χ, ω\, o>2, . . . , ω(] is contained in X'XP. This statement may be elaborated in the
following way.

6.3.8 Lemma. Let χ be one of the generators Xj of F. For any elements ω\, o > 2 , . . . ,
ω, G Ω and for t > |Ω| we have

[χ, ω,, ω2,..., ω,} = d[l · d'22, ·... · 4 (mod F" - (F n ym+l(FQ))) (6.3.9)

where in the
d,=[[x,...],[x,... ] , . . . ] , (6.3.10)

all subcommutators [x, . . . ] have the form (6.1.8) and have weight < |Ω| and for
every factor dt' in (6.3.9) either

1) di has X-weight at least 2, or
2) /,· is a multiple of p.

Proof. We have already noted that [χ, ω\,α>2,..., ω,], for t > Ω|, lies in X'XP.
The subgroup X is generated by the elements χω = x[x, ω], ω e Ω. The elements
χ, [ χ , ω ] commute modulo X' so that their p-th powers generate X'XP modulo
X'.

The group X is generated by elements χ, [χ, ω], where ω G Ω, each of which
has X-weight > 1. Via formulae 2.1.1 and 2.7.5, the commutator subgroup X'
is generated modulo F Π γη+\(ΡΏ) by commutators in χ, [χ, ω], each of which
has X-weight at least two. By Proposition 6.1.9 each of these commutators may
be expressed as a product of powers of commutators di of the form (6.3.10)
having X-weight > 2. If any of the d; again has subcommutators of the form
[jc, (1)1, α>2, . . . , d)t] with t > |Ω|, then we replace them in an analogous way by
products of p-th powers of χ and [χ, ω] and powers of commutators of X-weight
> 2. The resultant expression is then transformed into a product of powers of
commutators of the form (6.3.10). Every such substitution replaces the factor df
in (6.3.9) by a product of factors of a similar form, but where the sum

(X-weight) -I- (power of p, dividing the exponent)

is greater. It is also clear that all resultant commutators of the form (6.3.10) satisfy
at least one of the properties 1) or 2) of the lemma.



§ 6.3 A Local Nilpotency Theorem 171

After a finite number of such steps all newly appearing factors will belong to
F?" · (F Π x,„+i(FQ)) and they may be omitted modulo Fr" · (F Π χ,,,+,^Ω)).
This process will terminate at the congruence (6.3.9), in which, in commutators of
the form (6.3.10), all subcommutators [Λ:, . . .] have weight at most |Ω|.

The lemma is proved.

We now complete the proof of the theorem. Let g be an arbitrary commutator
of weight / (d · η^ρρ) + 1 in the d elements x\,xi ..... xj. We first of all use
Proposition 6.3.2 to express g modulo V FP"(F Π ym+i(F£2)) in the form of a
product

g = c{' - . . . · cf' (mod V · F'}" · (F Π ΧΜ+1(*Ώ))), (6.3.1 1)

of powers of commutators c, of the form (6.3.4) satisfying one of the properties
a), b).

Using Lemma 6.3.8 we replace every occurrence of simple subcommutators of
the form [χ, ω\, a>2, . . . , ω,], for t > |Ω|, in commutators c-, from (6.3.1 1), by its
expression as a product of powers of commutators of the form (6.3.10) satisfying
one of the properties 1 ), 2). Each of the resultant commutators c, may be expressed
by Lemma 6.1.11 and by formulae from 2.1.1 and 2.7.5 as a product of powers
of commutators of the form (6.3.4). This process gives either commutators of
greater X-weight or p-tii powers of commutators of the same X-weight. (Here
formula 6.1.12 and formulae from 2.1.1 and 2.7.5 are applied to the c, regarded
as commutators in variables [jf,v , . .·.] which are not being changed.)

Taking into account the properties of the original congruence (6.3.11) we ob-
tain that g may be expressed modulo V · F1'" · (F Π ym+\(F£2)) as a product of
the form (6.3.11), where all c, of the form (6.3.4) appearing now only contain
subcommutators [;c/s, . . .] of weight < |Ω|, and for each factor c·' , either

a) the X-weight of c, is greater than that of g,
or

b) the X-weight of c, is equal to that of g and the Ω-weight of t, is at least 1,
or

c) the X-weight of c, is equal to that of g and k, is a multiple of p.

Now we can start an iteration process aimed at the desired congruence (6.3.1 1)
with trivial right-hand side. We shall describe its first step in some detail.

The weight of any c,, as a simple commutator in subcommutators [jr/ ( , . . .J, is
clearly equal to the X-weight of c/. Since in each case a), b), c) this weight is
at least / (d · ̂ , "' j + 1, the commutator c, has an initial segment of weight
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f+l=f(d· ^r) + 1 of the form

[[*,·,, . . . ] , [ x / 2 , . . . l , . . . , [ . r , / + 1 , . . .]]. (6.3.12)

Note that, since the subcommutators [jt,v, . . .] have length (weight) at most |Ω| and
jc/( € {x\ , Χ2, · . · , JQ/}, at most

Ι Ω Ι | Ω | -2 Ω- ' ' 'd(\ + |Ω| + |Ω| + . . . + |Ω| |Ω|-') = d ·

of them may be distinct. Hence, each c,·, as a simple commutator in subcommutators
[;t/v, . . .], involves at most a · ̂  ~' variables.

In particular, there are at most d · ^L'_ "' distinct elements among the [*,·,, . . .],
[jf/2 , . . .], . . . , [Xij_t , , . . .]. Let us denote them by >Ί , yi, . · . , y,·, where r < d χ
' . Q ~ . We may therefore apply a consequence of a congruence of type (6.3.3) to
such an initial segment. Namely, let τ be the endomorphism of F extending the
mapping

X\ -*· V], X2 -> y-l, · · · , X,· -» yr', Xr+s -> Xr+s, S > I .

By Proposition 6.3.2 the simple commutator in jc i , X2, . . . , xr, which is obtained
from (6.3.12) by replacing all elements y\, _va, ... ,yr by x\,x2, ..., xr, respec-
tively, is congruent, modulo V · F1'" · (Fn ym+1 ̂ Ω)), to a product of commutators
of the form (6.3.4). The image of the left-hand side of this congruence under τ is
equal to (6.3.12). In the right-hand side of the resulting congruence

/ 1 ' · · ·Κ L-*l'2> · · · ] ) · · · ) lXi, n ι · · - J J — ,' t tt\, , „ (6.3.13)
Ξ jj1 . . . . . d1; (mod V-Fp · (F Π y„I+1

the images i/,· of commutators of the form (6.3.4) are commutators in elements of
the form [>>,·() . . .] satisfying Proposition 6.3.2, the letter χ being replaced by y.

Obviously, subcommutators of the form [y/(, . . .] are also commutators of the
form [JC/Y , . . .]. If among them there are "long" commutators [*,·,, ω\, u>2, . . . ,ω,]
with t > |Ω|, then by Lemma 6.3.8 we replace all their occurrences by products
of powers of commutators of the form (6.3.10) satisfying the conclusion of this
lemma. We then express the transformed commutators as products of powers of
commutators of the form (6.3.4) by applying Lemma 6.1.11 and formulae from
2.1.1 and 2.7.5, regarding the transformed commutators as commutators in variables
[A-/V , . . .] which are not being changed. As a result we obtain an expression for
(6.3.12) in the form (6.3.13), where all commutators J/, however, now contain
only subcommutators [jr/ (, . . .] of weight < |Ω| and, for each factor d1· , either

a') di has X-weight > / + 2,
or
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b') dj has X-weight > / + 1 and its Ω-weight is greater than the Ω-weight of
(6.3.12),
or

c') dj has X-weight > / + 1 and /,· is a multiple of p.
We express the initial segments of weight / id · |sj^, ~ ' 1 + 1 of all commutators

c, from (6.3.11) in this way and replace these initial segments in the same congru-
ence (6.3.11) by their expressions. After transformation using Lemma 6.1.11 and
formulae from 2.1.1 and 2.7.5, we obtain a new congruence of the form (6.3.11),
where, however, every factor cf has a "doubled quality" because of different com-
binations of properties a), b), c) and a'), b'), c'). That is, either

- its X-weight is > / + 3,
or

- its X-weight is > / + 2 and its Ω-weight is > 1,
or

- its X-weight is > / + 1 and its Ω-weight is > 2,
or

- its X-weight is > / + 2 and /:, is divisible by p,
or

- its X-weight is > / + 1, its Ω-weight is > 1 and k, is divisible by p,
or

- its X-weight is > / + 1 and the exponent /c, is divisible by p1.

Note that in the right-hand side of the resultant congruence all commutators c,
of the form (6.3.4) contain only simple subcommutators [ ; c , v , . . . ] of weight < |Ω|.

The latter remark implies that every commutator c, in the new congruence of the
form (6.3.11) also involves at moste/· | sj^_~' different subcommutators [ x i s , . . . ] of
weight < |Ω|. Each of the c, has X-weight > /+ 1 and so again contains an initial
segment of weight / + 1 of the form (6.3.12). Again, to these initial segments we
can apply appropriate consequences of congruences (6.3.3) from Proposition 6.3.2.
Subsequent application of Lemma 6,3.8, formulae (6.1.12) and formulae from 2.1.1
and 2.7.5 will express them as products of powers of commutators of the form
(6.3.4) in subcommutators [ x / s , . . . ] of weight < |Ω| satisfying a'), b'), c')· Inserting
these expressions into the c, in the congruence of type (6.3.11) under consideration
produces a new congruence of the form (6.3.11), but where, for each factor cf,
either the X-weight of c/, or the Ω-weight of c,, or the power of p dividing kj
is greater. At the same time the number of variables occurring in the congruence
(subcommutators [*,·,,...] of weight < |Ω|) will still be at most d · '"' '_~'.

More precisely, we define the height of a factor c*' in the product (6.3.11) to be
the pair

{(X-weight of Q) + (power of /?, dividing £,·); Ω-weight of c,·).
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We order such pairs lexicographically.
In fact, we have shown that subsequent application of Proposition 6.3.2 and

Lemma 6.3.8 to the appropriate initial segment of c, and application of formulae
(6.1.12) and formulae from 2.1.1 and 2.7.5 allow us to express the factor cf in the
form of a product of factors of the same form each of which has greater height.

It is clear that multiple application of such iterations produces new congruences
of the form (6.3.11) in which the heights of all factors increase unboundedly, the
weights of subcommutators [;c i v , . . . ] remaining at most |Ω|. Because of the bound
|Ω| on the weights of the subcommutators [ jc / ( , . . . ] , the Ω-weight of c, is bounded
by a function of its X-weight. Hence, if the height of a factor cf is large enough,
then the sum

(X-weight of c,) + (power of ρ dividing &,·)

is also large enough. When this sum is greater than m + n, the factor cf' belongs
to Fp" · (F Π γη+\(ΡΏ,)) and may be omitted in (6.3.11). As a result, we obtain

g = 1 (mod V · F"" · (F Π

as required.
The theorem is proved.

§ 6.4 Corollaries

First we derive consequences of the Nilpotency Theorem 6.2. 1 .

6.4.1 Corollary. Suppose that P is a soluble locally finite p-group of derived length
s which admits a finite p-group Ω as a group of operators. Suppose also that there
exist elements ω\,α)2, . . . ,ωρ e Ω such that

χω2

for all χ € P. Then Ρ is nilpotent and its nilpotency class is at most ( /?~^~'.

Proof. In order to prove that a group is nilpotent of class k it is sufficient to show
that the identity

[X[, X2, · · · , Xk+\] — 1

holds in it. We may therefore assume that P is finitely generated and, hence, finite.
Then Ρ Χ Ω is also a finite p-group and thus nilpotent. Hence, we can apply
Theorem 6.2.1, which yields the required bound on the nilpotency class of P. This
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is because the projection of the given Ω-identity is the identity xp = 1 and, by
Proposition 3.4.4, soluble groups of derived length s and of prime exponent p are
nilpotent of class < ( / ;~υ,~'.

6.4.2 Corollary. If a soluble group G of derived length s admits a splitting auto-
morphism φ of prime order p, that is,

χ·χφ

for all χ € G, then G is nilpotent and its nilpotency class is at most
max Ι (^~)1·Γ » h(p) \, where h ( p ) is Higman 's function.

Proof. Induction on the derived length s. For .y = 1 the statement is trivial. Sup-
pose that 5 > 1. The condition is obviously inherited by factor-groups modulo
(^-invariant subgroups. Hence, by the induction hypothesis, G/G ( 'V " is nilpotent.
Therefore, G is abelian-by-nilpotent and hence residually finite by P. Hall's the-
orem [31 J. If {Na} is a family of normal subgroups of finite index in G with

,
trivial intersection then j p| N% | is a family of ̂ -invariant normal subgroups of

l / = l J
finite index in G with trivial intersection. It is clearly sufficient to prove that ev-

p
ery factor-group G / P) N£ is nilpotent of appropriate nilpotency class. We may

/=!
therefore assume that G is finite.

By Kegel' s theorem [54] a finite soluble group with a splitting automorphism of
prime order is nilpotent. Hence G is the direct product of its Sylow g -subgroups
all of which are (^-invariant. It is easy to see that a splitting automorphism of order
p is regular on //-groups: if χφ = χ then 1 = χ · χφ · χφ~ · . . . · χφ1' ' = χ!\ whence
χ — 1 if (|.ν , ρ) — 1. Hence, all Sylow «/-subgroups of G for q φ ρ are nilpotent
of class at most min I (/7~|_)

2~1 . h ( p ) I by Theorems 5.1.1 and 5.1.2.
We can apply Corollary 6.4.1 to bound the nilpotency class of the Sylow p-

subgroup of G by (/'^~'.
The corollary is proved.

Recall that a finite p-group is called a p-group of maximal class if, for some
n e N, its order is p" and its nilpotency class is n — 1. Such a group necessarily
contains an element a € P\P' with |C/>(a)| = p2; in particular, a1' e Z(P) (see
[10] or [48, Ch. III]).

6.4.3 Corollary. The nilpotency class of the commutator subgroup of any finite
p-group of maximal class is bounded in terms of p only.
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Proof. Let \P\ = p" and let a e P\P' be such that \CP(a)\ = p2. By the well-
known formula (Lemma 2.4.3) we obtain that

\{\g,a]\g€ P}\= P:CP(a)\ = p"-2.

Since {[g,a]\ g e P}\ c P' and \P : P' > p2 (for any group P), these sets of
equal orders must coincide: {[g, a]\ g e P}\ = P''.

Hence, for any h e P', there is an element g e P, such that h = [g, a] — g~lga,
and therefore

A · A" · Afl · . . . · A" =
1 1 1 "* 1 /' — 1 />

*^~; ( p P I * ( ? ^ ) " ( P ? I * * ( ^ ^ J ~~~ ο ρ ~~~ IVo Ο ' Vo ο J Vo ο ' " * " Vo ο / ο ο

Hence, α induces a splitting automorphism of prime order p of P' by conjugation.
By Corollary 5.2.5 the derived length of P is bounded in terms of p. Hence, by

Corollary 6.4.2 the nilpotency class of P' is also bounded in terms of p.
The corollary is proved.

We now turn to consequences of the Local Nilpotency Theorem 6.3.1.

6.4.4 Corollary. Suppose that P is a locally finite p-group which admits a finite p-
group Ω as a group of operators. Suppose further that there exist ω ι, α>2, . . . , ωρ £
Ω such that

„α>ι ΜΙ ν-ω/' 1χ · χ · ... · χ ' — ι

for all χ e P. Then P belongs to a locally nilpotent variety in which the nilpotency
class of a d-generator group is bounded by k id · .L_~ 1, where k(d) is the func-
tion bounding the nilpotency class of a d-generated (p — l)-Engel Lie algebra of
characteristic p.

(The function k(d) exists by Kostrikin's Theorem 1.3,1.)

Proof. The projection of the given Ω-identity is the identity xp = 1. The associated
Lie ring of a group of prime exponent p satisfies the multilinear identities

px = 0 and \x0, χπϋ), χπ(2],... ,χπ(ρ_}}] = Ο

by the Magnus-Sanov Theorem 3.3.2. These identities imply the identities of a
locally nilpotent variety by Kostrikin's Theorem 1.3.1. The semidirect product
Ρ Χ Ω is a locally finite p-group and, hence, is locally nilpotent. Therefore, we
can apply Theorem 6.3.1.
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6.4.5 Corollary. If a d-generator nilpotent p-group G admits a splitting automor-
phism φ of prime order p, that is,

χ·χφ ·χφ2 ·...· χφ"'' = l

for all χ € G, then the nilpotency class of G does not exceed k I d · ^fp 1 where
k(d) is the function bounding the nilpotency class of a d-generated (p — \)-Engel
Lie algebra of characteristic p.

§ 6.5 Comments

Note that in Corollary 6.4.2 we obtain a slightly better bound for the nilpotency
class than that obtained in the original work [56] - there it was ^£y.

The author would be interested to learn about any other varieties where there is
a positive solution to the Restricted Burnside Problem in the "multilinear" sense
of the hypothesis of Theorem 6.3.1.

Unfortunately, the identities of associated Lie rings of groups of composite orders
pk are not multilinear. Therefore, although ZeFmanov [158-160] has obtained the
positive solution to the Restricted Burnside Problem for such groups, we cannot
apply Theorem 6.3.1 to the corresponding operator groups. We show by means
of an example at the end of this section that it is in fact impossible to bound the
nilpotency class of these operator groups.

Corollary 6.4.5 is the main result of [61], it is the basis for a structural theory of
finite p-groups admitting a partition, including the positive solution of the Hughes
problem for almost all finite p-groups. This theory is described in Chapter 7,
where we also give the original proof of the theorem from [61], which yields some
additional information and illustrates some aspects of Lie ring technique. This
original proof uses a rather complicated transition to Lie rings, where Kostrikin's
Theorem 1.3.1 is applied. Now the main theorem of [61] may be obtained as a
corollary to the more general Theorem 6.3.1 (and, perhaps, with better bounds for
the nilpotency classes) - but, of course, the proof also uses Kostrikin's Theorem
1.3.1.

The main step of the original proof consists in bounding the order of €ο(φ) in
terms of d and p (where G is a i/-generator p-group with a splitting automorphism
φ of order p). This also enables us to obtain another result for a group satisfying
the hypothesis of Corollary 6.4.5. Note that a bound of the same kind follows
also a posteriori from Corollary 6.4.5. Namely, since the nilpotency class and the
number of generators of the group G under consideration are bounded in terms of
d and 77, it follows, via Corollary 2.5.6 and Proposition 2.5.7, that every subgroup
of G may also be generated by a (d, /?)-bounded number of elements. Since CQ(<P)
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is nilpotent of the same (d, p)-bounded class and all of the factor-groups of its
lower central series have exponent p, as does CG (if) itself, the order of CG(<P) is
also bounded in terms of d and p.

We shall see in Chapter 7 how Corollary 6.4.5 is connected with the theory of
finite /7-groups admitting a partition which are exactly those /?-groups which are
different from their Hughes subgroups. It would be interesting to find analogous
applications of the more general Theorem 6.3.1 possibly by defining some subgroup
generalizing the Hughes subgroup.

Another application of the result of Corollary 6.4.5 is the remark on periodic
compact groups in § 7.5, where it is proved that if such a group contains an open
subset of elements of prime order p then it has a subgroup of finite index contained
in a locally nilpotent variety. This implies also that the group is locally finite and
has bounded exponent. Zel'manov, using the techniques of his positive solution to
the Restricted Burnside Problem for groups of exponent pk, proved in [161] that
any periodic compact group is locally finite. It remains an open problem whether
every such group has bounded exponent.

Periodic compact groups may be characterized as periodic profinite groups. It is
sufficient to consider pro-p-groups; the reduction of the above-mentioned problem
to this case is due to Wilson (154].

It is not difficult to show that any pro-p-group has an open subset consisting of
elements of equal order pk. Such a subset can be linked with an automorphism φ
of order pk of some open subgroup Η for which

χ · χφ · χφ2 ·... · χφρί ' = l

for all χ e H. One can conjecture that a result analogous to Corollary 6.4.5
must be valid for groups admitting such an automorphism. As we have already
remarked, although the projection of the given (^-identity is the identity xp = 1,
we cannot combine Theorem 6.3.1 with Zel'manov's solution of the Restricted
Burnside Problem for groups of exponent //', because the corresponding Lie ring
identities are not multilinear. Moreover, even for \φ\ = 4, it is impossible to bound
the nilpotency class of finitely generated groups with such an automorphism - see
the Example below. One can only suppose that if a nilpotent group H admits such
an automorphism then it belongs to a locally soluble variety - this may turn out to
be enough to prove the boundedness of the exponent of a periodic compact group.

6.5.1 Example. Let (φ) be an automorphism of order 2 of the wreath product
G = (b) l (a) of cyclic groups (b) and (a) of orders 2 and 2", respectively, acting
on it in the following way: if

(b) ι (a) = (a,bi,b2,..., b2" \ b\ = b\ = ... = b\n = 1, b,bj = bjbi,
b" = bj+\, where / + 1 is a residue modulo 2"),
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then αφ — a~l and bf = fe_,, where —i is a residue modulo 2". Then G, as a
{</5)-group, satisfies the (^)-identity

χ·χφ·χφΙ ·χφ* = \. (6.5.2)

Indeed, χ · χφ · χψ~ · χφ' = (χ · χφ)2, because φ2 = 1, and, modulo the basis
(b\, b2, · ·., by) of the wreath product, the product χ ·χφ is trivial, since αψ = a ~ ] .
Hence, χ · χψ e (/?,, £2, · · · , by) and therefore χ · χφ · χ*' · χφ* = (χ · χψ)2 = 1,
since (b\, b^_,..., by) has exponent 2.

The projection of the (^)-identity (6.5.2) is the identity x4 = 1 and groups
of exponent 4 constitute a locally nilpotent variety by Sanov's theorem [124].
However, in spite of the fact that G X (<p), being a finite 2-group, is nilpotent, the
nilpotency class of the 2-generator group G increases unboundedly with n.



Chapter 7

Splitting automorphisms of prime order
and finite/?-groups admitting a partition

We have already come across the variety Wlp of operator groups consisting of all
groups with a splitting automorphism φ of prime order p, that is, which satisfy the
operator identities

χφ"=χ and χ ·χφ ·χφ* ·...-χ*1"1 = \.

Corollary 6.4.2 from the preceding chapter states that all soluble groups in 9Jlp

are nilpotent. Corollary 6.4.5 gives a positive solution to the Restricted Burnside
Problem for OT,,: the locally nilpotent groups in ΐΰΙρ form a subvariety or, equiva-
lently, the nilpotency class of a d-generator nilpotent group in Ϊ01ρ is bounded by
a function depending only on d and ρ (there are simple examples showing that no
such bound for the order exists). We give here another proof of this result which
provides additional information on the associated Lie ring of the semidirect prod-
uct G Χ ( φ ) , G e 9Jt/?, and which illustrates some Lie ring technique. This proof
uses Kostrikin's Theorem 1.3.1 on (p — l)-Engel Lie algebras of characteristic
p together with generalizations of Higman's Theorem on regular automorphisms
of prime order applied to the case of a finite /7-group with an automorphism of
order p - the Alperin-Khukhro Theorem 5.2.1. The main technical lemma is an
analogue of the Magnus-Sanov Theorem 3.3.2 on the (p — l)-Engel condition for
the associated Lie ring of a group of prime exponent p.

For finite /7-groups, the study of splitting automorphisms of order p is equivalent
to the study of groups admitting a proper partition (or groups which are distinct
from their Hughes subgroup). Thus, theorems on splitting automorphisms give
rise to a structural theory of finite p-groups admitting a partition. This theory
includes a positive solution of the Hughes problem for almost all (in some precise
sense) finite /7-groups - in spite of the fact that there exist counterexamples to the
Hughes conjecture. In the Comments in § 7.5 we indicate how the existence of these
counterexamples is connected with new identities in Lie rings of free groups of
prime exponent. In the opposite direction, we prove in § 7.4 another positive result
bounding the index of the Hughes subgroup under a certain hypothesis on these
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Lie rings. The proof here yields also unconditional results on any finite p-group
whose Hughes subgroup has index pk.

An important methodological principle in this chapter lies in the fact that we
consider free groups of varieties or varieties of operator groups; Higman's Lemma
is applied several times in different forms. We also introduce certain other universal
groups analogous to free groups of varieties; for example, we prove the existence
of universal counterexamples to the Hughes conjecture.

Different approaches to the study of finite p-groups with a partition are discussed
in § 7.1 where we prove their equivalence. § 7.2 contains the positive solution to
the Restricted Burnside Problem for 9JI/? and § 7.3 is devoted to its corollaries for
finite p-groups with a partition and, in particular, for the Hughes problem.

§ 7.1 The connection between splitting automorphisms
of prime order and finite p -groups admitting a partition

Definition. A group G is said to have a non-trivial (or proper) partition if it
is the set-theoretic union of some of its proper subgroups with pairwise trivial
intersections:

G = |J Ga, Ga < G for all a, Ga ΓΊ G = 1 for α φ β.
a

This definition does not presuppose that G is finite; groups admitting a partition
have been extensively studied both from a general point of view and for particular
classes of groups - see the survey in § 7.5. We are primarily interested here in
finite p-groups admitting a partition. Hitherto the study of such groups has been
carried out exclusively in the context of the Hughes problem. This problem was
posed in 1957 in [45]; to state it, we need the following definition.

Definition. Let p be a prime. The Hughes subgroup H/}(G) of a group G (with
respect to a given prime p) is the smallest subgroup of G outside of which all
elements have order p, that is

(xeG \xp φ 1).

(Here, as usual, a subgroup generated by the empty set is trivial by definition; in
this case Hp(G) = 1 if G is a group of exponent p.)

Note that Hp(G) is a characteristic subgroup of G by definition.
Of course, the Hughes subgroup often coincides with the whole group; on the

other hand, we have observed that the Hughes subgroup is trivial in a group of
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prime exponent p. D.R. Hughes asked: is it true that, if in a finite group G φ.
HP(G) φ 1, then \G : HP(G)\ = pi We shall say that a group G .«ms/fes the
Hughes conjecture (for a given prime p) if either Hr(G) = G or Hp(G) = 1, or
|G : tf/;(G)| = p.

The Hughes conjecture was proved for groups that are not p-groups in 1959 by
Hughes and Thompson [46] on the basis of the fundamental work of Thompson
on normal /^-complements [140]; in particular, it was proved in [46] that a proper
Hughes subgroup of a finite group is necessarily soluble. Kegel in [54] supple-
mented this result by showing that a proper Hughes subgroup of a finite group is
nilpotent.

However, positive results on the Hughes problem for finite p-groups were of
a partial nature. Most interesting were counterexamples to the Hughes conjecture
first constructed by Wall [147] in 1965 for p — 5 with the value p2 for the index
of a non-trivial Hughes subgroup. (See the survey in § 7.5.)

In spite of the existence of counterexamples, one of the aims of this chapter is
a positive solution to the Hughes problem for almost all (in some precise sense)
finite p-groups. Another positive result bounds the index of the Hughes subgroup
under a hypothesis that a certain conjecture on the Lie ring of a free group of
prime exponent is true.

An approach connected with splitting automorphisms of prime order p, which
originates from the works of Hughes and Thompson [46] and Kegel [54], turned
out to be most productive both in formulating problems and in results. We recall
an important definition.

Definition. An automorphism φ of a group G is called a splitting automorphism
of prime order p if

φ" = 1 and χ · χφ · χφ~ · ... · χφ =

for all χ e G. Note that we do not exclude the case φ = 1 where, of course, G
has exponent p.

The following proposition unites three approaches to the study of finite p-groups
admitting a partition.

7.1.1 Proposition. If P is a finite p-group then the following three conditions are
equivalent:

a) P admits a non-trivial partition;
b) P is distinct from its Hughes subgroup: HP(P) φ Ρ;
c) P may be expressed as a semidirect product P\ Χ (φ) where φ is a splitting

automorphism of prime order p of P\; here one can take any subgroup of index p
containing Hp(P)for P\ and any element of P outside P\ for φ.
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Proof, a) =Φ b). Let Ρ = (J Pa where the Pa are proper subgroups of Ρ with
a

pairwise trivial intersections (called components). We prove that all elements of
order greater than ρ belong to a single component. Then, obviously, the subgroup
H,,(P) generated by these elements is also contained in this component and hence
is a proper subgroup. We fix an arbitrary element ζ of order p in the centre of P.
Now, if χ is any element of order greater than /?, then ( x z ) p = xpz!' = xp Φ 1.
Since the components have pairwise trivial intersections, the elements χ and xz,
whose /7-th powers are equal and non-trivial, must lie in the same component
containing this p-th power. This component also clearly contains z. Hence all
elements of order greater than ρ belong to the single component containing z.

b) =Φ· a). If Hp(P) ^ P, then HP(P) together with cyclic subgroups of order ρ
outside HP(P) obviously constitute a non-trivial partition of P.

b) => c). Let HP(P) Φ Ρ and let P\ be an arbitrary subgroup of index ρ
containing HP(P). The following identity holds for any elements φ and χ in any
group:

χ ·χφ ·χφ2 · ...·χφ" ' =(χφ-])ρφρ. (7.1.2)

We choose for φ an arbitrary element from P\P|. Now, if χ is any element of
PI, then neither χφ~{ nor φ belong to P\ and hence neither of them belongs to
HP(P) < PI- By the definition of Hr(P) these elements have order ρ and by
(7.1.2) φ may be regarded as a splitting automorphism of order ρ of PI. It is also
clear that Ρ = Λ Χ (φ).

c) =» b). Let Ρ = PI Χ (φ) where φ is a splitting automorphism of prime order
ρ of PI. By (7.1.2) we get (χφ~ι)ρ = 1 for any χ G PI. Since any non-trivial
element of P/P| which has order p is a power of the image of φ~ι, any element
of P\Pi is of the form y<p~k for some k φ 0 (mod ρ) and v e PI. Since P\ is a
normal subgroup, this implies that any element of Ρ \ PI is a power of an element
of the form χφ~\ which has order p, and hence has order ρ itself. Hence by
definition we have HP(P) < P\ < P.

The proposition is proved.

Finite /^-groups admitting partitions may be regarded as a generalization of
groups of prime exponent p. This makes sense from each of the three points of
view represented in the statement of Proposition 7.1.1. Firstly, any group of prime
exponent ρ admits a partition consisting of subgroups of order p. Secondly, in
a finite p-group Ρ admitting a partition, all elements outside HP(P) - and their
number is at least | Ρ | (p — 1 )/ ρ - have prime order p. Finally, the operator identity
χ · χφ · χφ~ · . . . · χφ1' = \ becomes the identity xp — 1 on putting φ = 1. It is
therefore not surprising that the techniques and results accumulated in the study
of groups of prime exponent may be successfully applied in the study of finite p-
groups admitting a partition. Thus the existence of counterexamples to the Hughes
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conjecture is connected with new identities in the associated Lie rings of free
groups of prime exponent and the proofs of the positive results in this chapter use
Kostrikin's Theorem 1.3.1 on (p — l)-Engel Lie algebras and an analogue of the
Magnus-Sanov Theorem 3.3.2 on the (p — l)-Engel condition for the Lie ring of a
group of prime exponent. The approach connected with splitting automorphisms of
prime order p is more "categorical" as it introduces the variety of operator groups
yjlp defined by the (<p)-identities χψ1' = x and χχφχφ2.. .χφ'"1 = 1. We can
illustrate the methodological advantages arising by comparing the result of Cody
[16] with [56]. Cody proved that if a finite p-group P is metabelian and distinct
from its Hughes subgroup (that is, admits a partition) then Hr(P) is nilpotent of
class < p. In [56] we proved, in particular, that, if in a finite p-group P ^ HP(P)
and HP(P) is metabelian, then Hp(P) is nilpotent of class < p. Comparing with
Cody's theorem, we see that the hypothesis here is weaker while the conclusion is
the same. However, more importantly, the result of [56] may be stated as follows:
metabelian groups in 9#p are nilpotent of class < p. This more "categorical"
formulation in [56] permits the use of induction on derived length to prove the
nilpotency of soluble groups in Tlp - here we can refer to Corollary 2.3.4 or
Theorem 2.3.5. (In Chapter 6 this result on nilpotency of soluble groups in 97lp
was obtained as Corollary 6.4.2 to a more general theorem on varieties of operator
groups.)

Although the nilpotency class of a ^-generator nilpotent group in 9Jlp is bounded
by a function depending on d and p only, there is an example showing that there is
no analogous bound for the order (even if we restrict ourselves to finite p-groups
in yilp, that is, even if the semidirect product is nilpotent). Namely, let

G = (a0) x (o i ) x ... χ (α,,_ι)

be a direct product of p copies of the infinite cyclic group and let φ be the
automorphism of G cyclically permuting the factors: af — α / + ι , where / + 1 is
a residue modulo p. It is easy to see that φ induces a splitting automorphism of
order p of G/(a<)«i · · ·α/>-\} and hence induces a splitting automorphism of P =
G/(GpS-{a0a\ . . .α,,-ι}) for each s e N. It is easy to calculate that \P\ = ps ( / ;~u.

To conclude this section, we prove that the notions of splitting and regular
automorphisms coincide for finite p'-groups.

7.1.3 Lemma, a) If G is α finite p'-group admitting a splitting automorphism φ of
prime order p then φ is a regular automorphism of G.

b) If φ is a regular automorphism of prime order p of a finite group G then φ is
a splitting automorphism of G.

Proof, a) If χφ = x then
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whence χ = 1 since jt is a p'-element.
b) By a well-known formula (see, for example, Lemma 2.4.3) we have

since Cc(<p} = 1 by hypothesis. Hence, since G is finite, these sets coincide:
{χ~~ιχφ\ χ € G] = G. Therefore, for every a € G, there is an χ e G such that
a = χ~}χφ whence

a · αφ

The lemma is proved.

§ 7.2 The Restricted Burnside Problem for groups
with a splitting automorphism of prime order

The purpose of this section is another proof of the following theorem.

7.2.1 Theorem. For every prime ρ and every natural d there exists a number
f ( d , p) such that the nilpotency class of any d-generator nilpotent group admitting
a splitting automorphism of order p is not greater than f ( d , p).

The scheme of this new proof is as follows. First of all there is an easy reduction
to the case of a ^-generator finite p-group P with a splitting automorphism φ of
order p. As we have already said, Kostrikin's Theorem 1.3.1 on (p— l)-Engel Lie
algebras is used. Note, however, that the associated Lie ring of a finite p-group from
931 p can be non-(/? — l)-Engel when p > 5, as shown by the examples constructed
in [57] using the existence of non-(p — l)-Engel identities in the associated Lie
ring of a free group of prime exponent p.

Nevertheless, we show that the associated Lie ring of the semidirect product Ρ(φ]
satisfies "almost all" consequences of the (p — l)-Engel identity. More exactly,
if this Lie ring is represented as the factor-ring L/A of a free (d + l)-generator
Lie ring (over Z) by an ideal A, then A contains pL and "almost all" of the
(p — l)-Engel ideal Ε = ^ ( [ x , v, y]\ x, y e L). (Note that it is impossible

P-\
to prove the inclusion A 2 Ε + pL since the order of P cannot be bounded.)
Next, we consider the "trace" of the subgroup Cp(<p) in L/A - a subring L\/A
corresponding to €Ρ(φ) which, although not the associated Lie ring of Cp (</?),
has the same order as Cp(<p). Applying Kostrikin's Theorem 1.3.1 to the (p — 1)-
Engel Lie algebra L/(E + pL) and using the information about Λ Π Ε, we can
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bound the order of L\ /A by a function of d and p. Next, by the Alperin-Khukhro
Theorem 5.2.1, the bound on \€ρ(φ}\ implies a bound on the derived length of Ρ
in terms of d and p. We finally need only apply Corollary 6.4.2 on the nilpotency
of soluble groups from 2H/;. In addition, Theorem 5.2.1 allows us to assert that a
finite ^-generator p-group Ρ e 9Jlp also contains a subgroup of (d, p)-bounded
index which is nilpotent of class h ( p ) .

We now proceed with a more detailed exposition.

Proof of Theorem 7.2.1. Suppose that G is a d-generator nilpotent group admitting a
splitting automorphism φ of prime order p. If the k elements a\ , «2, . . . a* generate
G as a ((p)-gmup then the pk elements a,·, of, of , . . . , of , i — 1,2, ...,k,
generate G as an abstract group. Therefore, in order to prove the theorem we may
assume that G is ^/-generator as a (φ) -group.

It is not difficult to reduce to the case of finite p-groups, as follows. It is
well-known that finitely generated nilpotent groups are residually finite (see, for
example, [123]). If {Na} is a family of normal subgroups of finite index in G with

f P ,.|
trivial intersection then | f~) N% } is a family of ^-invariant normal subgroups

l /= i I
of finite index in G with trivial intersection. It is clearly sufficient to obtain the

p
appropriate bound on the nilpotency class for each of the factor-groups G / f~) N%' .

i = \
We may therefore assume that G is finite.

The Hall //-subgroup Gp> of the nilpotent group G is normal and φ-invariant.
By Lemma 7.1.3 φ is regular on G/;< so that Gp> is nilpotent of class < h ( p ) ,
where h(p) is Higman's function, by Higman's Theorem 5.1.1. If Gp is the Sylow
^-subgroup of G then G = Gr χ Gp>. Hence Gp is a homomorphic image of the
J-generator group G (by the natural homomorphism with kernel Gp·} and hence it
is also (/-generator. It is therefore sufficient to prove the theorem for a J-generator
finite p-group and we shall consider this case in what follows.

In this situation the semidirect product G (φ} is also a finite p-group which
is nilpotent of some nilpotency class n. Hence, G (φ] may be represented as the
image of the free (d + l)-generator nilpotent group F of class n with free gener-
ators >', jc i , *2, . . . , X(i under the homomorphism & which extends the mapping of
jci, Jt2 ..... Xd onto the generators of G and of y onto φ. Clearly, the full inverse
image of G under this homomorphism is the normal closure ({x\ , x2, · · · , x<i\F} of
x\,X2,... ,Xd- We put

It is easy to see that N is a normal subgroup of F: for any g e F we have

((κ · y- V)« = ((κ · y-')*)" = (κ* - (y~ V)" = <** · [g, v j · y ~ } ) p
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and xg[g,y] e {{*ι,*2, . . . , x < i } F ) since F' <

7.2.2 Lemma. The homomorphism ϋ induces a homomorphism of F/N onto G (φ),
that is, N < Kertf.

Proof. For elements generating Ν we have by (7.1.2)

since #(x) e G, and <p is a splitting automorphism of order p of G.
The lemma is proved.

7.2.3 Lemma. The group F/N is a finite p-group.

Proof. This group is nilpotent and is generated by d + \ elements of order p,
the images of y~l , x\ y"1, ΧΊ\~{ ..... ·*(/>' ' · Hence all factors of its lower central
series are finite groups of exponent ρ (see Corollaries 2.5.4 and 2.5.6).

The lemma is proved.

Actually, F/N is a universal object analogous to a free group of a variety. In
order to prove the theorem, it is sufficient by Lemma 7.2.2 to obtain a bound for
the nilpotency class of the image in F/N of the normal closure ({jci . *2 ..... x j Y ]
which is the inverse image of G; of course, this bound must depend on d and ρ
only.

We consider the associated Lie ring L(F/N~) of F/N. It is also nilpotent of
class n and is generated by d + 1 elements, the images in the factor-group by the
commutator subgroup of the generators of F/N which, in turn, are the images of
ν , . νι ,Λ? ..... *i/ (see 3.2.2 and 3.2.4). Let L be a free «-generator nilpotent Lie
ring of nilpotency class n (over TL} with free generators TJ, £1, £>. · · · > £ < / · There is
a Lie ring homomorphism of L onto L(F/N) which extends the mapping of the
η, i f i , . . . , ξ(ι onto the generators of L(F/N), the aforementioned images of images
of the y, ;ci, . . . , xj. The kernel A of this homomorphism is called the ideal of
relations of the Lie ring L/A = L(F/N). The ideal A is homogeneous; for every
k e N, its homogeneous component of weight k is generated by homogeneous
elements of L of weight k which have the form £]a,c, where a, e Z and c, are

I

commutators of weight k in the generators η. ξι, £>, . . . , £</ such that the product
Y\ c°" of the group commutators c, with the same bracket structure in the generators

I

y, X] , XT, . . . , *d belongs to Ν · yk+\(F) (here the order of the factors in the product
is irrelevant since commutators of weight k commute modulo y/<+\(F)).
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Kostrikin's Theorem 1.3.1 states that the nilpotency class and, hence, also the
order of the (p— l)-Engel (d+ 1)-generator Lie algebra L/(pL + E) over GF(p),
is bounded in terms of d and p. In order to be able to use this, we shall show that
the ideal A contains pL and the larger part of the (p — l)-Engel ideal

E = /£ /{[« , ν,ν, ... , v ] \ u,v e L).

Firstly we find generators of the additive group of Ε modulo pL.

7.2.4 Lemma. The additive group of Ε is generated modulo pL by elements of the
form

vi, i > 2 , . . . , υ,,-1» = ^ [Μ, ν π ( ί ) , υπ(2), . . . , νπ(Ρ-\)\>

where w, v\, «2, · · - , ι> ;>-ι £ L.

(The elements <iCw, H i , ib, . . . , υ/,-ι^> are called Kostrikin elements.)

Proof. In a Lie algebra of characteristic p > 0, the identity [Μ, υ, υ , . . . , υ] = 0 is

equivalent by Lemma 3.3.1 to the identity

Hence £ is generated modulo /?L (as a Lie algebra ideal) by elements of the form

=i , M 2 , . . . , W/j-

MO, "i, "2, · ·· , M/J- I e L.

For any I e L and ττ e S/,_i by the Jacobi identity [[«,&], cj = [[a,c],
[α, [ί>, c]] we have

, « π ( 1 ) > "π· (2),

+ [[«0, "

• · · = Τ"" ("o, «jZ^
;=o
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Therefore summation gives

[<iC«0, M I , «2 ..... «/;-!», /] =

p-l

^ ["_ i (=0

/'-I

/ , / ,
1=0 7T€S,, . ,

/7-1

(=0

where for each / = 0, 1 , 2, . . . , / ? — 1

(«i.O, U j . i , υ/.2, · · · , W i . p - l ) = ( M O , « 1 , « 2 . · · · , ["/,'], - . - , " , , - 1 ) .

So, for every Kostrikin element <&UQ,U\, . . . ,up-i^> and for any / e L, the
commutator [<^MO, M I , . . . , w p _i» , /] is equal to a linear combination of Kostrikin
elements. Hence the additive group of Ε is generated by Kostrikin elements.

The lemma is proved.

The following proposition (Theorem 1 of [75]) will substantially simplify the
notation in what follows.

7.2.5 Lemma. Kostrikin elements are symmetric modulo pL, that is,

««L, U2, · . . , Wp» Ξ «Mjrd), MT ( 2 ) , . . . , M,T(/))» (mod pL)

for any u \ , «2, · · · , « / ? € L and for any permutation π € S^.

Since the Kostrikin elements <5C«i, w?, ____ M / ;^> are invariant under permu-
tations of the elements 1/2. · · · . " / > by definition, it is sufficient to prove that

, M I , MS, . . . , M/;S> (mod pL).

We first establish this congruence in the case where «3 = . . . = up — u, and then
apply "linearization" afterwards.

Recall the notation [a, kb] = [«, b, b, . . . , b]. Note that

[fl, [b, nc}] = (-iyC„[[[a. id bl „_,cl
i=Q
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This formula is easily deduced from the Jacobi identity by induction. We apply it
to obtain

«MI , «2, u, . . . ,«» = (p -2)!

Ξ < 5 C w 2 , M i , M, . . . , w» (mod /?L),

since
p-2

c; ^ (-ix+'cj!:1, = ι (mod />).

We now put u = uj, + ... + ur in

< < C w i , w 2 , M, . . . , Μ» Ξ <ic«2. M I , M , . . . , M » (mod /?L).
p-2 p-2

Now let M I , i/2, . . - , « / , be the free generators of a free Lie ring. Then this
congruence implies the congruence of its multilinear components (which is the
desired congruence). Since the w, are free generators, the same congruence holds
for arbitrary elements of any Lie ring.

The lemma is proved.

7.2.6 Lemma. The ideal A contains pL.

Proof. It is sufficient to prove that pc € A for any commutator c in the genera-
tors ?7, ξι, £>, · · · , &/ of L. Let c denote the commutator with the same bracket
structure in the generators y,x\,X2,... ,xci of F and let k be its weight. If
c € ({ jc i , J r 2 , . . . ,XdY'} then (c · y"1)'' and y;> belong to N by definition. Hence
TV contains their product (c · y~ ' ) / J · yp which is congruent to cp modulo (fc, y]}.
But ([c, y]} is clearly contained in yk+\(F), so that cp e Λ^ · Yk+\(F). This means
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that pc € A. If, however, c & ( { x \ , xi, · · ·, X(i}F), then c — y (recall that c is a
commutator in v, x\, X2, ..., x j ) , but yp e N whence again pc e A.

The lemma is proved.

The following main technical proposition is an analogue of the Magnus-Sanov
Theorem 3.3.2. Its proof is similar, although it requires somewhat more complicated
arguments. Those parts of the proof of Theorem 3.3.2 which fit here without much
alteration will simply be quoted. It is worth noting that the original proof [61] was
short since it used properties of the Baker-Hausdorff formula; here, since we are
aiming for a more self-contained exposition, we cannot use this short cut.

Further we shall consider only Kostrikin elements «[MO, u\,..., M / ; _I^> involv-
ing commutators M, in generators η, ξι, ξι, ..., ξ(ι of L. We shall denote by
Μ ι , . . . , M P _ I 3> a product of commutators

involving subcommutators ΰ·, corresponding to Lie ring commutators M,·, that is,
w, is a group commutator with the same bracket structure as w, in the generators
ν, χ\, Χ2,..., Xd of F. The order of the factors here is irrelevant because these
products will appear only in congruences where the factors commute modulo the
corresponding normal subgroups.

7.2.7 Proposition. Every Kostrikin element involving commutators in the generators
η,ξ\,%2, ... ,ξιΐ of L which is not of the form «α, η,... ,η^> belongs to A, that

p-\
is, ««i, u2 , «;,» e A provided { u } , w2 , . . . , u p ] ^ [ α , η , ..., η}.

Proof. The difficulties which make the proof of this proposition different from the
proof of Theorem 3.3.2 are connected with the special role of the generator ν
and with an asymmetry in the definition of N, which may be said to be "verbal"
only with respect to the generators x\, X2, . . . ,xj. In particular, applying homo-
morphisms to congruences modulo N, one has to take care that Ν is invariant
under them.

For convenience we shall write

«2, . . . , W.s- , (p -.9))?» = - - -«[Ml, «2, . .., W . v , >7, i?, . . . , η», S > l,
(p-s)\ · - , - ·

p-s

where w, are commutators (in the generators η, ξι ..... ξ(Ι of L) different from η
(the case of s = p is not excluded). Here the coefficient ' , denotes an integer
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whose image in the multiplicative group of Z//?Z is inverse to the image of (p—s)\
(this is justified by the fact that L/A is a Lie algebra over GF(p) by Lemma 7.2.6).
In an analogous way we denote the corresponding product of group commutators
by « C w i , M 2 ..... w.s, (p -A)V».

For technical reasons, we shall need the set Rx of all commutators in the gen-
erators y, x\ , jt2, · · · , xj of F which involve at least two equal elements of the set
{x\,X2, . . . ,

7.2.8 Lemma, a) The subgroup {Rx} is a normal subgroup of F and each of its
elements may be written in the form

c 2 - c 3 · . . · · < : · „ , (7.2.9)

where, for each i, the element c/ is a product of powers of commutators of weight
i from Rx.

b) If c is a commutator from Rx in y , x \ , X 2 , . . . , xj which has weight io in y and
weight is in xs (s = 1 , 2, . . . , d) then the commutator obtained from c by replacing
y by νμ and xs by x^s for μ, vv e Ν is equal to CK -r where κ = μ'" · υ|' · ι>2

2 · . . . · \>d'd
and r is a product of powers of commutators from Rx each of which has weight
greater than that of c.

Proof, a) If c e Rx then [c, b] e Rx for any be { y , x \ , X 2 , ... , Xj] so that (Rx} <
F. Since commutators in commutators from R* also lie in Rx, any product of
powers of commutators from Rx may be transformed by formulae of the collecting
process 2.7.5 to the required form (7.2.9). It is also clear that commutators from
Rx have weight at least 2 (or even 3 since [jc,·, jc,] = 0).

b) This follows from formulae 2.1.1 c), d).
The lemma is proved.

We return to the proof of the proposition. First, we prove that for every s =
2, 3, . . . , ρ the Kostrikin element <££i , £ > , · · · , £.<, (ρ ~ $)η^> belongs to A. We
start with the element (x\X2 . · .xpy)'' € W and apply to the product

. ..x,,y)(x\x2 · --xpy) · ·
l'

a collecting process of the following form: we move all elements different from
jci to the left preserving the order of their occurrence by the formula

[x\, «/, air] · b = b · [x\, u,·, , air ]·[*,, a , · , , . . . , air, b],
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where b, aik e (ΧΊ, *3, . . . xp, y}. So, X2,X3, . . . ,xp, y are transferred only by oc-
currences of X] and by commutators of the form [ χ \ , α ^ , . . . , air] appearing at
preceding steps. As a result, we obtain the product

where the product is taken over all commutators appearing (in the order in which
they appear); here the case of r — 0 is not excluded, where [x\ , «,·, , . . . . air \ = x\
by definition.

Since 0*2*3 . . .xPyY e /V, the second factor also lies in N. We rewrite this fact
as

f l t jc i ,^ , ,« / , ..... «i,] = l (modN). (7.2.10)

The number of occurrences of a given commutator [x\ , α,·, , . . . , ai: ] on the left of
(7.2.10) may be calculated. Such a calculation is especially easy if it is conducted
modulo p.

7.2.11 Lemma, a) If the weight of \x\, a, ...... «,,], where aif e {x2,x?,, ...,xp.y]
is less than p, then the number of its occurrences in (7.2.10) is a multiple of p.

b) If the weight of\x\, a,·, , . . . , a,·,], where atj 6 [χι,χι, . . . ,xr. y} is p, then the
number of its occurrences in (7.2.10) is congruent to 1 modulo p.

Proof. It follows from the description of the collecting process which produced the
product (7.2. 10) that the commutator [x\ , α, ...... a,,], a,y e {^2, *3, · · · , */>, v}, oc-
curs in (7.2. 10) exactly the same number of times as the subsequence *i , « , , , . . . , a-lt
occurs in the sequence

0*1, jr2, . . . ,*,,,>'), Ui,*2 ..... *P,y) ---- . 0*1. *2, ---- Xp> v ) . (7.2.12)

We partition the subsequence by brackets according to the brackets in (7.2.12)
(putting into a pair of brackets the segment of the subsequence which is contained
in one bracket in (7.2.12)). For example, for p = 5, for the underlined subsequence
in

- £5- V_),

^ ' ^

we obtain the following bracket structure: ( x \ , x$), (^5, y), (A'T). (Here, of course,
not every bracket structure can appear: it is easy to see that a necessary and
sufficient condition is that the order of elements within a pair of brackets in the
subsequence matches the order *i < X2 < ... < xp < y.)
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Thus the set of all subsequences in (7.2.12) which are equal to a given sub-
sequence is partitioned into subsets which differ according to different bracket
structures. The cardinalities of these subsets may be easily calculated modulo p.
For a given bracket structure in the subsequence x\ , ai} , . . . , ai< (assuming k pairs
of brackets) the occurrence of this subsequence in (7.2. 1 2) is uniquely determined
by the choice of those k brackets in (7.2.12) from which the elements of the cor-
responding brackets in the subsequence x\, a,·,, . . . , a,, are chosen. The existence
and uniqueness of such an occurrence follows from the fact that each bracket in
(7.2.12) contains exactly one of each of the elements x\, Χ.Ί, . . . , xp, y. For ex-
ample, if we choose the 1-st, 2-nd and 3-rd brackets in (7.2.13) (instead of the
2-nd, 3-rd and 5-th ones) then we obtain for (x\,x?,), (^5, y), 0*2) the uniquely
determined occurrence

Therefore, the cardinality of the subset of subsequences which are equal to a
given one and have k pairs of brackets is equal to Ck

p. If k < p then this number
is divisible by p. If the weight of [x\, ait, . . . , ait] is less than p then the number
of brackets is certainly less than p for any admissible bracket structure. Hence the
number of occurrences of this commutator in (7.2.10) is equal to a sum of certain
Ck with k < p and hence is a multiple of p.

If, however, the weight of [ jci , f l , · , , . . . , a<, ,_ , ] is equal to p then there is only
one admissible bracket structure which gives a contribution not divisible by p
to the multiplicity of the occurrence in (7.2.10) - namely, when the number of
brackets is p: (jci), (a,·,), (a,·,), . . . , (a/,,.,)· Hence the number of occurrences of
this commutator in (7.2.10) is congruent to 1 modulo p.

The lemma is proved.

Although at the moment our aim is to prove that

= 1 (mod N · Y p + i ( F ) ) (7.2.14)

for every s > 2, for technical reasons we switch to calculations modulo (Rx) · N ·
YP+i(F). So we first prove that

=l (mod (/?,)· N - y p + i ( F ) ) . (7.2.15)

Since all commutators in (7.2.10) involve ;ti, they commute modulo (Rx).
Note that by Lemma 7.2.1 1 the left-hand side of (7.2.15) is the multihomoge-

neous component of (7.2.10) of weight 1 in *,·,/ = \,2,...,s, and of weight
p — s in y (this means that the product of all commutators in (7.2.10) of weight
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1 in jc,, / = 1 , 2 , . . . , .v, and of weight p — s in >· is equal to the left-hand side of
(7.2.15), the order of commutators here being irrelevant as they commute modulo
{/?,»·

We rewrite (7.2.10) as a congruence modulo (Rx) · N · yp+\(F)\

n [ j t , , a f l , f l ; 2 I . . . , a / , ] = 1 (mod (Rx) · N · Y / ) + l ( F ) ) (7.2.16)

and apply arguments similar to those used in the process of excluding commutators
of smaller weight which appeared in the proof of Theorem 2.8.1 1. Namely, we
apply to (7.2.16) the homomorphism σ of F which extends the mapping

χι — > x·' for all /, y -> y"

where y € Ν is such that its image in Z//?Z has order ρ — 1 with respect to
multiplication (that is, it generates the multiplicative group of the field GF(p) =
Z/pZ). Note that all subgroups ( R x ) , N, yp+\(F) are σ-invariant. Then, taking an
appropriate power v~k of (7.2.16) and multiplying the congruences obtained, we
shall get rid of commutators of weight k < p — I consecutively. Since yp(F)r <
N · yp+\(F) by Lemma 7.2.6, the exponents of powers of commutators of weight
p in congruences modulo (Rx) · N · yp+\(F) may be regarded as residues modulo
P·

Here, however, there are two obstacles which lead to differences between this
and the proof of Theorem 2.8.11 which will be described now. First, it is im-
portant to preserve (modulo p) the multihomogeneous component of weight 1 in
X i , i = 1 ,2 ..... s, and of weight p — s in y. But applying formulae 2.1.1 c), d)
to commutators of weight < p may lead not only to the emergence of commuta-
tors from Rx but also to commutators of weight 1 in JT,, / = 1, 2, . . . , .v, and of
weight p — s in y. However, Lemma 7.2.1 1 a) and the fact that all commutators
containing x\ commute modulo (Rx) guarantee that additional factors from this
multihomogeneous component lie in yp(F)'' < N · yp+\(F).

Secondly, here we cannot get rid of commutators of weight 1, that is, of x\ , sim-
ply by multiplying (7.2.16) by x^p since this element does not lie in N. (Also, ap-
plication of the homomorphism σ does not give the proper result for weight 1 since
v!> — v1 = 0 (mod p ) . ) Instead, we multiply (7.2.16) from the outset by the ele-
ment (x~}yy - y ~ p which lies in N. Since (x^y)p-y-p Ξ x~p (mod y2((x\, y})),
we get rid of commutators of weight 1 . All additional factors will be powers of
commutators in x\ and y only and hence they do not change the multihomogeneous
component of (7.2. 10) of weight 1 in */, / — 1 , 2, . . . , s, and of weight p - s in y
(we remind the reader that s > 2).

As a result we obtain

κ · «*,, jf2, · · · , *.v, (P - ·?)>'» = 1 (mod (R,) · N · yp+l(F)), (7.2.17)



196 Chapter 7 Splitting automorphisms of prime order and finite p-groups

where χ denotes a product of powers of commutators of weight ρ which do not
belong to the multihomogeneous component of weight 1 in jt,·, i = 1 , 2, . . . , s, and
of weight ρ — s in y.

Transition from (7.2.17) to (7.2.15) is carried out by means of linearization in
the variables x \ , X 2 , . . . ,xs,'m practically the same way as in the proof of Theorem
2.8.11.

We apply to (7.2.17) the homomorphisms #,· which extend, respectively, the
mappings

y — > y, jcy — >· 1 and jc, -> xt for / φ j

and leave the subgroups ( R x ) , Ν, γρ+\(Γ} invariant. The image of the left-hand
side of (7.2. 17) under #,· is the product of all powers of commutators from (7.2.17)
which do not depend on the j ry . Hence, firstly, all powers of commutators which
do not involve any of the jti , Χ2, . · . , xs may be dropped in (7.2. 17), and, secondly,
all powers of commutators involving any of the xs+i,xs+2, ... ,xp may also be
dropped in (7.2.17). As a result, the product of the powers of commutators from
(7.2.17) which have weight 1 in each of the x\,x2, ..., xs and weight 0 in each of
the xs+\ , xx+2, · · - , Xp is congruent to 1 . Since the total weight of each commutator
is p, all of them also have weight ρ — s in y. Hence (7.2.15) holds.

Using Lemma 7.2.8 a), we rewrite (7.2.15) as a congruence modulo Ν ·γρ+\(Ρ}\

c2 - C 3 · . . . -cp · <£x\,X2> ...,xx, (p -.sOy» = 1 (mod Ν · γ,,+\(Ρ)), (7.2.18)

where, for every /, c, is a product of powers of commutators from Rx of weight
i. We apply to (7.2.18) the process of excluding commutators of smaller weight
which was described in the proof of Theorem 2.8.11 and which was used just
above. Now we have no difficulties either with weight 1 or with preserving the
multihomogeneous component of weight 1 in x/, i = 1,2, . . . , s, and of weight
p — s in y since here both all commutators of weight < p — \ and all new
additional factors appearing belong to (Rx) by Lemma 7.2.8.

As a result, we obtain

κ , ...,xx, (p -s)y» = 1 (mod Ν · γρ+\(Ρ)),

where κ denotes a product of powers of commutators of weight p which do not
belong to the multihomogeneous component of weight 1 in *,·,/ = 1,2, . . . , s,
and of weight p — s in y. Linearization in the variables x ] t x 2 , ... ,xs, exactly as
applied above to (7.2.17), transforms this congruence into (7.2.14), as required.

We have therefore proved that <iC£i , £2. - · · . £.v> (ρ ~ $}η^> & Α.. Now our task is
to replace the ξ\, £>, · · · , £? here by arbitrary commutators u\, «2, · · · , «.%· (distinct
from η) in the variables η,ξι,ξτ, . . . , £</.
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We rewrite (7.2.14) as a congruence modulo N

! , x2, . . . , xs, (p - Λ·)>'» = c',1 · . . . · c,' (mod ΛΟ, (7.2. 19)

where the c·, are commutators in generators y, Χ\,ΧΊ, . . . ,χ<ι from γρ+\(Γ), that
is, of weight > p+l. Before applying to (7.2.19) the homomorphism of F which
extends the mapping

y — > >', Xj — > u, for i = 1 , 2, . . . , .v, Xj — > χ j for j > s,

we must first use an analogue of Higman's Lemma, as in the proof of Theorem
3.3.2.

7.2.20 Lemma. A congruence of type (7.2.19) holds where all commutators c, in
the generators y, x\, x^ . . . ,x<i have weight > ρ + 1 and depend on each of the
X \ , X2 , . . . , Xx.

Proof. We cannot simply refer to Corollary 1.10.6 and Lemma 1.10.1, since Ν is
not a verbal subgroup. Instead, we apply arguments similar to the proofs of these
results since yp+\(F) and Ν are invariant under the homomorphisms &j defined
above. If, for example, in (7.2.19) there are commutators among the c, which
do not depend on x\, then all their powers may be collected at the start of the
right-hand side. Application of u\ then shows that their product is congruent to 1
modulo Ν since the image of the left-hand side is 1 as also are the images of all
commutators depending on jci. We now repeat the process with respect to X2, etc.

The lemma is proved.

We assume from now on that (7.2.19) satisfies Lemma 7.2.20.
We now complete the proof of the proposition. Let u\ , »2, . . . , us be arbitrary

commutators in the generators η, ξ\, ξτ, · · · - &/ of L which are different from η. If
kj is the weight of «,·,/' = 1 , 2 , . . . , s, then proving that

!, Μ:, — MS, (p - *)»?» e A,

is equivalent to establishing

«MI, M2 , . . . , "ν, (P - *)>'» = 1 (mod Ν · η·,+*2+...+*, +/>-*+! (f)) (7.2.21)

where the u, are the corresponding group commutators in the generators y. x\, XT,
. . . , xj.

We apply to (7.2.19) the homomorphism τ of F which extends the mapping

y —> y. A',· — > M, for / = 1, 2, . . . . s, Xj —> Xj for j > s.
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Since the images of the x\ , x2, · · · , x<i lie in the normal closure ( { x \ , x 2 , ... , Xd}F)
and the image of _y is y, the subgroup N is τ-invariant. Hence we obtain

«M!, «2, · · · , Μ.Ϊ, (p ~ -Ov» Ξ T(ci) r ' · τ(ο2Υζ ·...· r(c,)r' (mod N).

We now need only show that T(C/) belongs to χ^ι+^2+...+/ι ν+ /,_Λ+ι(/Γ) for every /.
Since [γ·,, y/] < y,-+y·, a single occurrence in c, of each of the jc,·, /' = 1 , 2, . . . , s,

contributes £( to the index of that term of the lower central series of F which
contains T(C,). But the weight of c, is at least ρ + 1. Hence other occurrences of
the y,xi,x2, . . . , xj, whose total number is at least ρ — s + 1, increase that index
by at least p — s + l . As a result we have

for all /. The congruence (7.2.21) follows and hence <iC«i, «2, · · · , w s , (ρ—
A, as required.

The proposition is proved.

It is clear that, by Lemma 7.2.4, Proposition 7.2.7 gives the following description
of generators of the additive group (E + A)/ A.

7.2.22 Corollary. The additive group of the (p — \)-Engel ideal Ε is generated
modulo the ideal A by the elements of the form <$Ca, (ρ — \)η^>, where a is a
commutator in the generators η, ξ\ , ξ2, · · · . &/ °f L.

Recall the notation introduced above:

««, (p - 1))7» = [α, η, η, . . . . η] = [α, ρ-{η].
p-\

We now apply Kostrikin's Theorem 1.3.1.

7.2.23 Corollary. The additive group of the (p — 1 )-Engel ideal Ε is generated
modulo the ideal A by the elements of the form

&,αιη], (7.2.24)

where m > p — I and b is a commutator in the generators η,ξ\,ξζ, . . . ,%d of L
whose weight is bounded by Kostrikin's function k(d, p), depending on d and p
only, which bounds the nilpotency class of the (d + \}-generator (p — \}-Engel Lie
algebra L/(E + pL) of characteristic p.

We fix notation k(d, p) for this Kostrikin's function.
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Proof. By the preceding corollary the additive group E is generated modulo A
by elements of the form [α, ρ-\η], where a is a commutator in the generators
rj , £1, £21 · · · - £</ °f L. By Theorem 1.3.1, the factor-ring L/(E + pL) is nilpotent
of (d, /?)-bounded class k(d, p). If the weight of a is greater than k ( d , p), then
a e E + pL and the element a is also equal modulo A (which contains pL) to a
linear combination of elements of the form [ a \ , ρ~\η] where a\ is a commutator
in the generators η,ξι,&ι · · · ·> &/ of L, and hence [α, ,,-ιη] is equal to a linear
combination of elements of the form [01,2/7-2'?]· The same arguments may be
applied to these elements as long as the weight of a\ is greater than k(d, p}, etc.
As a result, every element of the form fa, ρ-\η\ may be represented modulo A as
a linear combination of elements of the form (7.2.24) which therefore generate the
additive group Ε modulo A.

The corollary is proved.

Corollary 7.2.23 yields a description of all homogeneous elements of E.

7.2.25 Corollary. Every homogeneous element of Ε is equal modulo Α ίο an ele-
ment of the form [b, η,η] where m > p — 1 and b is a homogeneous element of L
whose weight is at most k(d, p).

Proof. By Corollary 7.2.23 an arbitrary homogeneous element / € E of weight s
is equal modulo A to a linear combination of elements of the form (7.2.24):

where nij > p — 1 and the weight of b-} is at most k(d, p). Since the element /
and the ideals Ε and A are homogeneous, we may assume that the weight of bj
is s — nij for each j. If r is the maximal weight of the elements bj, then clearly
s — nij < r for all j, that is, m}· — s + r > 0. Hence we may write

1 =
L J

(mod Λ),

where b = ^aj[bj, ,,,.-.+Γη] is a homogeneous element of weight r < k(d, p).
j

The corollary is proved.

Now our main goal is a (d, p)-bounded estimate for the order of the centralizer
CF/N(}'} where v is the image of y in F/N. We shall write /χ. = Yk(F/N), k e N,
for brevity.
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We define the "trace" of the subgroup Cf/^iy) in the additive group of the Lie
ring L to be the full inverse image L \ of the additive subgroup

Φ ( ( C F / N ( y ) Π y,·) · Yi+i)/Yi+i
/= 1

of the Lie ring L(F/N\ where the /-th summand is regarded as a subgroup of the
homogeneous component of L ( F / N ) of weight /'. (In fact, as it is easy to see, L\
is even a subring, but we do not need this fact.)

Although L\/A is not the associated Lie ring of the group CV//v(y), their orders
coincide.

7.2.26 Lemma. We have \ L { / A \ = \CF/N(y)\.

Proof. Consider the normal series

C F / N ( y ) 2 C F / N ( y ) Π y> D C F / N ( y ) n y3 D ... ^ C F / N ( y ) Π y„ 2 1,

of CF/u(y}, whose factors are isomorphic to direct summands of L\/A:

( C F / N ( y ) Π Yi)/(CF,N(y) Π y /+1) =
= (CV/jv(50 n Y i ) / ( C F / N ( y ) ) n y,- n y,+1) = ( ( C F / N ( y ) Π y,·) · y;+,)/y,-+1.

Hence the order of Cp/^i(y) is equal to

- as is the order of L\/A.
The lemma is proved.

The following is the key lemma for bounding the order of L\/A.

7.2.27 Lemma. If a is a homogeneous element of L\ then [α, η] € A.

Proof. Since a is homogeneous of weight /', say, the hypothesis implies that the
element a e F belongs to the inverse image of (CF/N(y) Π y,·) · y,-+i; here a
denotes the product of powers of commutators in the generators y, x\, x-i, . . . , x<j
which corresponds to a as a linear combination of Lie ring commutators of weight
i in the generators η, ξ\, &, · · · , &/ of L. Denoting images in F/N by bars, we
may write this as a = c · g where c e C F / N ( y ) n y,· and g E y, + i . Then we have

[a, v] = [c - g, y] = [c, y]8 · [g, y] = [g, y] e y/+2.
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By the definition of multiplication in the Lie ring L ( F / N ) the image of [α, η] in
L /A, which lies in thejiomogeneous component of L ( F / N ) of weight / + 1, is
equal to the image of [5, y] in γί+[/γί+2 and hence is trivial. Hence [0, η] € A.

The lemma is proved.

This lemma immediately implies

7.2.28 Corollary. For every homogeneous element b, there is at most one value of
m € Ν such that the image of[b, ,,,η] in L/A is a nontrivial element of L\j A.

Now we are ready to bound the order \L\/A\. It is clear that

= |L, /L, Π (£ + A)\ · |(L, Π (Ε + Λ))/Λ)|.

Since L \ f L \ Π (Ε + A) = (L, + E + A) / ( E + A), the order of the first factor is
(d, p)-bounded, since A 2 pL by Lemma 7.2.6 and the order of L/(E + pL) is
bounded in terms of d and ρ by Kostrikin's Theorem 1.3.1.

It therefore remains to bound the order of (L\ Π (Ε + A))/ A. In view of the fact
that the additive subgroups L\, Ε and A are homogeneous, it is sufficient to bound
the number of images of homogeneous elements in this additive factor-group.

By Corollary 7.2.25 all homogeneous elements of LI Π (Ε + A) have the form
[b, ,,,η] (mod A), where b is a homogeneous element of L whose weight is not
greater than k(d, p). For each such element b, there is, by Corollary 7.2.28, at
most one value of m such that the image of [b, ,,,η] is, modulo A, a non-trivial
element of L\. Since A Ξ5 pL, this implies that the number of non-trivial images
of homogeneous elements in (Li Π (Ε + A))/ A does not exceed the number of
homogeneous elements of L/ ' pL of weight < k ( d , p) and hence it is (d, p)-
bounded.

Thus we have proved that the order of L\ /A and hence also, by Lemma 7.2.26,
the order of Cp/N(y), are (d, p)-bounded.

By Theorem 5.2.1 the finite /?-group F / N , which admits the automorphism
of order ρ induced by conjugation by ν which has a (d, /?)-bounded number of
fixed points Cp/^(y), possesses a subgroup of (d, /?)-bounded index which is
nilpotent of class < h(p), where h(p) is Higman's function. In particular, this
group is soluble of (d, /?)-bounded derived length. By the definition of N and by
Proposition 7.1.1 the element y induces a splitting automorphism of order p of
the image of the normal closure ({x[,X2, · . - , XJ}F) in F/N. Hence, by Corollary
6.4.2, the nilpotency class of the image of ({x\ , X2, . . . , XdY ) is (d. /?)-bounded.

The theorem is proved.
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§ 7.3 The structure of finite p-groups admitting a
partition and a positive solution of the Hughes problem

All results in this section describing the structure of finite p-groups admitting a
partition are consequences of the main Theorem 7.2.1. For finite p-groups, it may
be reformulated using Proposition 7.1.1 as

7.3.1 Theorem. Every d-generator finite p-group admitting a partition contains a
subgroup of index p which is nilpotent of (d, p) -bounded class not greater than
f ( d — 1, p) where f is the function from the statement of Theorem 7.2.1.

Proof. If a d-generator finite p-group P admits a partition then by Proposition 7.1.1
it may be represented as a semidirect product P = P\ Χ (φ) where φ is a splitting
automorphism of order ρ of PI. The element φ may be included in a minimal
system of generators of Ρ in such a way that the remaining d — 1 elements belong
to P\. (This follows from the Burnside Basis Theorem 2.8.5: it is clear that the
image of φ in Ρ/Φ(Ρ) is non-trivial and together with the image of P\ generates
the whole factor-group.) These d — 1 elements generate P\ as a (φ)-group. Since
PI is a finite p-group, it is nilpotent and we may apply Theorem 7.2.1.

The theorem is proved.

It is easy to see that the proof of Theorem 7.2.1 yields also another result for
finite p-groups based on Theorem 5.2.1.

7.3.2 Theorem. If a d-generator finite p-group admits a splitting automorphism of
prime order p then it has a subgroup of (d, p)-bounded index which is nilpotent of
class < h(p), where h is Higman's function.

Proof. Let P be a J-generator finite p-group admitting a splitting automorphism
φ of order p. Then, as it was shown in the proof of Theorem 7.2.1, the order
of Cp(<p) is bounded in terms of d and p. (Although, in the proof of Theorem
7.2.1, such a bound was obtained for the universal group F/N, that is, for the
order of CF/N()>), the inequality |Cp(<p)| < |Cf/yy(y)| holds by Theorem 1.6.1.)
An application of Theorem 5.2.1 completes the proof.

The theorem is proved.

A corresponding theorem for finite p-groups with a partition is derived from
Theorem 7.3.2, in an analogous way using Proposition 7.1.1.

7.3.3 Theorem. Every d-generator finite p-group admitting a partition contains a
subgroup of (d, p)-bounded index which is nilpotent of class < h(p), where h is
Higman 's function.
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We shall now prove that the Hughes conjecture holds for almost all finite p-
groups. This is the content of the next two theorems.

7.3.4 Theorem. For a given prime p, the Hughes conjecture holds for all finite
p-groups which contain elements of sufficiently large order pa(p\ where a is a
function depending on p only.

7.3.5 Theorem. For a given prime p and a given number d, the Hughes conjecture
is valid for all finite d-generator p-groups of sufficiently large order > p^((l-^t
where β is a function depending on d and ρ only.

It makes sense to fix the number of generators in the statement of Theorem
7.3.5, since if there is a finite p-group which is a counterexample to the Hughes
conjecture, then there exist J-generator counterexamples for all d > 3. This follows
from the construction of universal counterexamples to the Hughes conjecture which
will be given later.

Proof. It is clear that we may prove equivalently that any finite J-generator /?-group
Ρ which is a counterexample to the Hughes conjecture has p-bounded exponent
and (d, p)-bounded order. We shall in fact prove this under the formally weaker
hypothesis |P : Hp(P)\ > p2. (Although this result includes a positive solution to
the Restricted Burnside Problem for groups of prime exponent as a special case, we
remind the reader that the proof of the main Theorem 7.2.1 is based on Kostrikin's
Theorem 1.3.1.)

We choose a subgroup PI such that P > P\ > HP(P) and |P : PI — p. By
Proposition 7.1.1, the group PI admits a splitting automorphism φ of prime order
p induced by conjugation by an element from P\Pi. We prove that the exponent
of Hp(P) is bounded in terms of p. We fix an arbitrary element a e P\\Hp(P}.
Then for any χ € ///,(Ρ), both a and ax do not lie in Hr(P) and hence have order
p. The subgroup generated by the 2p elements

α, αφ,αφ\..., αφ* ' , αχ. (αχ)φ', (αχ)φ1, ..., (αχ)φ" '

(or, which is 2-generated as a (^)-subgroup by the a and ax) is «^-invariant, that is,
it also admits a splitting automorphism of prime order p. Therefore, by Theorem
7.2.1 its nilpotency class is p-bounded by /(2, p) where / is the function appearing
in the statement of Theorem 7.2.1. Hence the exponent of this subgroup, which
is generated by elements of order p, divides the /^-bounded number p^2·^ (see
Corollary 2.5.4). But this subgroup contains χ — a'1 -ax. So, the order of any
element χ e Hp(P) divides p-f(2-f>). Since the exponent of P/H,y(P) is /?, the
exponent of P itself divides the ^-bounded number ρ/(

Theorem 7.3.4 is proved.
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We now prove that the order of P is bounded in terms of d and p. As in the proof
of Theorem 7.3.1, it is easy to see that P\ may be generated by d - 1 elements.
We can choose these elements to lie outside HP(P) and hence having order p (if,
in some set of generators of P\, the elements b\, bi,..., bk belong to HP(P) then
they can be replaced by ab\,ab2,.,., ab^ where a is an element of the set which
does not belong to HP(P)).

By Theorem 7.2.1 the nilpotency class of P\ is at most f ( d — 1, p), where /
is as above. By Corollary 2.5.3 each factor of the lower central series of P\ has
exponent p and by Corollary 2.5.6 it is generated by a (d, p)-bounded number of
elements. Hence the order of P\, and therefore the order of P, is bounded in terms
of d and p.

Theorem 7.3.5 is proved.

Theorem 7.3.5 yields the existence of universal counterexamples to Hughes con-
jecture which also has the form of a positive solution to the Restricted Burnside
Problem for such groups. By the term, a counterexample to the Hughes conjecture,
we shall always mean a finite /?-group which is a counterexample to the Hughes
conjecture.

7.3.6 Corollary. Suppose that p is a prime for which there exists a counterexample
to the Hughes conjecture. Then, for every d > 3, there exists a universal d-generator
counterexample to the Hughes conjecture such that all d-generator counterexamples
are its homomorphic images.

Suppose that p is a prime for which there exists a 2-generator counterexample to
the Hughes conjecture. Then there exists a universal 2-generator counterexample
such that all 2-generator counterexamples are its homomorphic images.

Proof. At first, we describe a general construction for a universal group analogous to
the group F/N in the proof of Theorem 7.2.1. Let p be a prime, n a natural number
and let F be a free J-generator nilpotent group of class n with free generators
y\, y 2 , x \ , X 2 , . . . , X d - 2 · We set

N = ( ( v f 1 - >v · κΥ \κ € F' · ( x { , x2 *</_2},
where either k\ φ 0 (mod p) or &2 ^ 0 (mod />)> .

It is easy to see that Ν is a normal subgroup of F: for any g e F

((>{' - yf · „)*)« = ((yf1 - yf · *)*)' = (yf1 · y2*2 · κ · [yf1 - y1? ·

and κ · [/' · yf · κ, g] € F' · (χι, χ2,..., Xd-2)·
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Since F/N is nilpotent and is generated by elements of order p, for example,
the images of >Ί, y2, νι*ι, y\X2, · · · , y\x<i-2, it is a finite p-group (see Corollaries
2.5.4 and 2.5.6).

Put F\ = F' · {vf,.v'', J C i , Jt2, ...,Χ(ΐ-2}; then \F : F\\ = p2, the factor-group
F/F\ has exponent p and hence F] > F1' > N. Every g G F\F| has the form
>-*' · >v · κ where χ e F' · (x\ , x2, ____ Xd-2) and either k\ φ 0 or k2 ^ 0 (mod /?),
therefore #;> e Ν by construction. Hence all elements of ( F / N ) \ ( F \ / N ) have
order p, that is, F\/N > Hp(F/N).

Although \FfN : Hp(F/N)\ > p2, it may very well happen that HP(F/N) = 1
and F/N is not a counterexample to the Hughes conjecture.

Suppose, however, that P is a counterexample to the Hughes conjecture. Since
\P : HP(P)\ > /?2, we can choose a subgroup P\ of index p2 containing H,,(P)
and two elements b\, b2 of order p such that they, together with P\, generate P.
Since HP(P) φ- 1, there is an element a & Hr(P) of order p2.

Now if, in the definition of F/N given above, we put η equal to the nilpotency
class of P and d arbitrary > 3, then the mapping

>'i -*· b\, y-2 — >· t>2, x\ — *· . x, — >· 1 for / > 2

extends to a homomorphism ^ of F into P. Its kernel contains N. Indeed, we have

and if either /:ι φ 0 or /:2 ^ 0 (mod p) then fc*1 · b1^ does not belong to P\ while
!?(>f) 6 P\ since #«*ι,*2 ..... ^/_2)) c H,,(P) c Λ and #(F') c P,. Hence
έ > , ' · έ>2

2 · ??(x) has order p whence

that is, Keri? ^ N. So ϋ induces a homomoφhism of F/N into P which is
denoted by the same letter.

It is clear now that the image of x\ in F / N , being an inverse image of a which
has order /?2, has order > p2. So, Hp(F/N) φ 1.

By increasing the value of n in the definition of F/N, we shall also obtain
J-generator counterexamples to the Hughes conjecture, the order of F/N being a
non-decreasing function of n. But, by Theorem 7.3.5, the order of a (/-generator
counterexample to the Hughes conjecture is bounded in terms of d and p. Hence,
the order of F/N stops increasing at some value of n and we shall assume thereafter
that F/N is just the limit group in this sense.

Suppose now that P is any i/-generator counterexample to the Hughes conjecture.
We prove that P is a homomorphic image of F/N. Since F/N does not change
with increasing n, we may assume that the nilpotency class of P is not greater
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than n. We choose elements b\,b2 € P and a subgroup P\ < P as above. Since
the images of (b\) and (b2) are distinct in Ρ/Φ(Ρ), as Φ(Ρ) c P,, the elements
b\, b2 may be supplemented by d — 2 elements 0[, a2, · · · , «£/-2 of PI to give a
minimal set of generators of Ρ (by the Burnside Basis Theorem 2.8.5, see also the
proof of Theorem 7.3.1).

The mapping

vi -> b\ , >'2 -^ b2, x,· -> a/, i = ] , 2 , ... ,d -2

obviously extends to a homomorphism & of F onto P. We must now prove that
its kernel contains N. We have ^((y^y^y) = (b\] bk

2
2 ΰ (κ))Υ and if either

&i φ 0 or &2 ^ 0 (mod p) then ^'b*2 does not belong to PI while ϋ(κ) e P\ as
&((xi,x2, ... ,Xd-i}) = (« i ,o2 , · · · , arf-2> ϋΞ ^i and #(F') C P,. Hence, the order
of b^b^u^) is p, that is, ^((^'/γχ)'7) = 1. So, Kertf 2 W and # induces a
homomorphism of F//V onto P, as required.

Suppose now that there exists a 2-generator counterexample Τ to the Hughes
conjecture. Clearly, we have Hp(T) < Φ(Γ).

Put rf = 2 in the definition of F/N, that is, F = ( y i , y 2 ) and

TV = ((>{'' · >y · χ)'Ί κ e F', and either *! ^ 0, or Λ2 ^ 0 (mod p ) ) .

Let F) = F' · (yf, v^); it is easy to see that Fj > ^V and |F : F,| = p2. Also,
we have F\/N > H,,(F/N) and \F/N : HP(F/N)\ > p2.

We take n now to be the nilpotency class of Τ . If b\, b2 are generators of Τ
then the mapping yi -^ bt, y2 -> b2 extends to a homomorphism & of F onto Γ
whose kernel contains /V. Indeed, we have

and, if either /:ι φ 0 or £3 ^ 0 (mod /?), then ̂ '^ does not belong to Φ(Γ) while
ϋ(κ) eT' < Φ(Τ). Hence the order of b\{bk^(x) is p, so that ϊ?((έ|' -^-x)'') =
1. So Ker # 2 W and # induces a homomorphism of F/./V onto T which is denoted
by the same letter. Since the exponent of T is greater than p, the exponent of F/N
is also greater than p, so that F/7V is a 2-generator counterexample to the Hughes
conjecture.

Increasing the value of n in the definition of F/N, we shall also obtain 2-
generator counterexamples to Hughes conjecture, the order of F/N being a non-
decreasing function of n. But, by Theorem 7.3.5, the order of a 2-generator coun-
terexample to the Hughes conjecture is bounded in terms of 2 and p. Hence, the
order of F/N stabilizes at some value of n, the corresponding limit group F/N in
this sense is the desired universal 2-generator counterexample. The fact that any
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2-generator counterexample T to the Hughes conjecture is a homomorphic image
of F/N has, in fact, already been established above.

The corollary is proved.

Finally, we give an alternative proof of the Hughes conjecture for almost all finite
/^-groups. Theorems 7.3.4 and 7.3.5 may be derived from the following theorem
which is an exact analogue of the Magnus-Sanov Theorem 3.3.2 for counterex-
amples to the Hughes conjecture. Actually, the positive solution to the Hughes
conjecture follows from this theorem directly, via Kostrikin's Theorem 1.3.1, but
its proof uses Lemma 7.2.6 and Proposition 7.2.7 from the proof of Theorem 7.2.1.

7.3.7 Theorem. The associated Lie ring of any counterexample to the Hughes
conjecture has characteristic p and satisfies the (p — 1)-Engel condition.

Proof. Standard arguments show that it is sufficient to prove the theorem for a
universal group F/N, where F is a free nilpotent group of sufficiently large class
n with free generators y\, y2,x\,x2,... and

W = <(>·;·' •y!*.if)i'\x€F'-(xl,x2,...),
where either k\ φ 0 (mod p) or k2 φ 0 (mod /?)).

Let L/A be the associated Lie ring of F/N, where L is a free nilpotent Z-Lie
ring of class n with free generators η\, η2, ξ\,ξ2,... and A its ideal spanned by
the (N n Y i ( F ) ) Y i + i ( F ) / y i + i ( F ) regarded as additive subgroups of homogeneous
components of L = L ( F ) .

The subgroup N obviously contains both

#i = ((>{' · >y · κ)ρ\ κ & F' · (xi,xz, ...), where k\ φ Ο (mod p))

and

N2 = {(yf'1 · y*2 · κ)ρ κ e F' · (ΛΊ, x2, ...), where k2 φ Ο (mod p ) ) .

It is easy to see that both factor-groups F/N\ and F/N2 are universal groups
in the sense of the proof of Theorem 7.2.1 (where the images of y\ and y2 take
the role of the splitting automorphism of prime order p, respectively). Hence, by
Lemma 7.2.6, A contains pL. Furthermore, by Proposition 7.2.7 applied to F/N\,
A contains all Kostrikin elements in commutators in the generators η\, η2, ξ\, ξ2, ...
which are not of the form <^a, η ] , ..., η\ ^>. But the latter ones are not of the form

, η2,. ·. η2 i?> and therefore belong to A, by Proposition 7.2.7 applied to F/N2.
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As a result, we get that all Kostrikin elements in commutators in the generators
171, f?2, £1, £2, · · · are contained in A, which means that the Lie ring L/A satisfies
the (p — l)-Engel identity (see Lemma 7.2.4).

The theorem is proved.

The positive solution to the Hughes problem now easily follows.

7.3.8 Corollary, a) The nilpotency class of a d-generator counterexample to the
Hughes conjecture does not exceed k(d, p), where k(d, p) is Kostrikin's function
depending on d and p only, which bounds the nilpotency class of a d-generator
(p — l)-Engel Lie algebra of characteristic p.

b) The order of a d-generator counterexample to the Hughes conjecture is
bounded on terms of d and p.

c) The exponent of a counterexample to the Hughes conjecture is bounded in
terms of p only.

Proof. Let P be a d-generator counterexample to the Hughes conjecture. The
required bounds for the nilpotency class and the order of P follow from Kostrikin's
Theorem 1.3.1 applied to the associated Lie ring of P whose nilpotency class and
order coincide with those of P. It follows that the exponent of any 3-generator
counterexample is bounded in terms of p only. Now, if b\ and bi are chosen as
in the proof of Corollary 7.3.6 (so that they are "independent" elements outside
Hp(P)), then for any a € H,,(P) the subgroup (a, b\, £2) is also a counterexample
to the Hughes conjecture whenever α1' φ 1. Hence the order of any a e HP(P) is
bounded in terms of p only.

§ 7.4 Bounding the index of the Hughes subgroup

We have already mentioned that the existence of finite /7-groups which are coun-
terexamples to the Hughes conjecture is connected with new identities in the Lie
rings of free groups of prime exponent. All multilinear identities of these Lie rings
were described by Vaughan-Lee [144] and it is conjectured that all of their relations
are consequences of these multilinear identities. Wall has proved that the index of
the Hughes subgroup in the counterexamples to the Hughes conjecture may be the
larger, the more of the Vaughan-Lee's multilinear identities are not consequences
of those of smaller degree (see comments in § 7.5). However, little is known about
which of these identities are really new in this sense. We prove in this section
that if |P : H,,(P)\ — pk in a finite p-group P then the associated Lie ring of P
satisfies all multilinear identities of degrees < (k — \ ) ( p — 1) + 1 of the associated
Lie ring of a free group of exponent p. This result is contained in the proof of
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the following theorem; another consequence of this proof is a lower bound for the
nilpotency class of P in terms of the structure of P / H P ( P ) , provided H,,(P) ^ 1.

7.4.1 Theorem. If the associated Lie ring of a free countably-generated group of
prime exponent p is a relatively free Lie ring all of whose identities follow from its
multilinear identities of degree at most 1 +ko(p — 1) then the index of the non-trivial
Hughes subgroup Hr(G) φ \ in an arbitrary finite group G is at most //'".

Before proceeding with the proof of the theorem, we quote some properties of
the multilinear identities of the associated Lie rings of groups of prime exponent
p from the works of Vaughan-Lee [144] and Wall [152] and fix some notation.
It is convenient to consider the factor-group F / F P of a free countably-generated
(nilpotent of class c, say) group F with free generators x\,x2,..., y\, VT, Then
its associated Lie ring L(F/F / ;) may be represented as a factor-ring of a free
Lie ring L (over Z) with free generators £1, £2, · - ·, *? i , r}2, · · · by an ideal /, the
images of the generators ξ\,ξ2,... ,η\,η2, · · · being identified with the images
of χι, x2,..., yi,y2, ..., respectively, in ( F / F P ) / ( F / F P ) ' = F/(F>' · F') as the
homogeneous component of L(F/F1') of weight 1. According to [144], for each
k € N, there is a multilinear identity V* of degree k which holds in L(F/F!>)
and all multilinear identities of L ( F / F P ) are exhausted by the consequences of
these Vfc. The hypothesis of the theorem means that the ideal / is a verbal ideal
generated by the Lie ring words VJt (£ i , £ 2 , . . . , &) for k < 1 + ko(p — 1). Since
these words are multilinear, the additive group / is generated by the values

ν*(μι,μ2, . . . , μ*), k < l + k0(p - l)

where μ,· e L and, moreover, we can take the μ, to be commutators in the
generators £,, £2, · · ·, η\, V2, · · · of L.

(Note that the same description is valid also for the associated Lie ring of a free
group of exponent ρ with a finite number of generators. An appropriate finitely
generated free group F embeds in F by including its free generators in a set of free
generators of F and the corresponding free Lie ring L embeds in L in an analogous
way. If a homogeneous element μ belongs to 7 where L ( F / F p ) = L/7, then it also
belongs to / since both Fp and x/(F) are contained in F1' and y/(F), respectively.
Hence μ is a linear combination of the values of the V;. at elements of L. It remains
to show that it is sufficient to take only the values of the V; at elements of L. This
is obvious after applying to the resultant equality the homomorphism of L which
is identical on L and which takes the generators of L which are outside L to 0.)

We do not need the explicit form of the identities VJt, but only some of their
properties. We denote the ideal whose additive group is generated by the values

μ2 μ*) of the Vk for k < s, by 7y.
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7.4.2 Lemma [144, Lemma 5]. For every k e N the Lie ring polynomial V^ is a
symmetric function modulo Ik~\, that is,

2, . . . , μ*) (mod /*_))

for any μ, € L and any π e S^.

7.4.3 Lemma [144, Lemma 8]. For every A: € Ν the value of the polynomial
ν*(μι , μ2, . . . , μ*) belongs to /£_] if there are at least ρ equal elements among the
arguments μι, μ2, . . . , μ*.

According to this lemma we can reformulate the hypothesis of the theorem as
follows: the additive group / is generated by the values

νΑ(μ, , μ2 , . . . , μ*), * < 1 + * ο ( / ? - 1 ) (7.4.4)

where the μ/ are commutators in the generators £], £2, · · · > η\, *}2, · · · of L and
neither of the μ, occurs more than ρ — 1 times.

We continue to use the following convention. Let M ( £ I , £2, · · · , * 7 ι , f?2, · · ·) be
a homogeneous Lie ring polynomial of degree s~, it is a linear combination
of commutators of weight s in generators ξ\, ξι, · · · , η\, ί?2. · · ·· We shall de-
note by M ( J C I , *2, .. . , y i , >'2, · · ·) a product of powers of group commutators
with the same bracket structure in generators x\,x2, . . . , y\, >'2, . . . and with
exponents equal to the coefficients in the corresponding Lie ring commuta-
tors (the order in which this product is taken is arbitrary since it will oc-
cur only in congruences modulo Y.+\(F)). So u(%\, £2, · · · ,η\, »?2> · · ·) is the
image of ΰ(χ\, Χι, · - . , y\, >'z, · · .)ys+\(F) under the canonical isomorphism of
Ys(F)/ys+\(F) onto the additive group of the homogeneous component of L of
weight s induced by the mapping jc,· — > ξ, ;, y, — > η, ·, i = 1,2, —

Proof of Theorem 7.4.1. To prove the theorem it is sufficient to show that for any
finite group Ρ the hypothesis Ρ : H,,(P)\ > pko+{ implies that HP(P) = 1, that
is, that Ρ is a group of exponent p. Since the Hughes conjecture is valid for finite
groups which are not p-groups, we may assume that Ρ is a finite p-group.

Here it is also convenient to deal with some universal group instead of P.
However, unlike the construction of the preceding section, we are not able here to
settle for one universal group, but rather we have to construct a universal group
related to P.

We choose a minimal system of generators of P in such a way that its elements
a\,u2, . · · , am do not lie in Hp(P) while the remainder (possibly, empty) is con-
tained in HP(P). Let c be the nilpotency class of P. Let F be a free nilpotent
group of class c with free generators JC] , JC2, . . . , xm, y\· For any element b e P
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the mapping
x,: -» at, i = \,2, ..., m, vi -> b

extends to a homomorphism ̂  of F into P. We denote by ·& the restriction of #/,
to the subgroup (ΛΙ , Χ2, · · ·, xm) which clearly does not depend on the choice of
b. We define the subgroup Ν of F as the normal closure in F of all elements of
the form

(*>·)" (7.4.5)

where χ e {ΛΙ, jc2, . . . , xm) is such that &(x) g HP(P) and v is an arbitrary
element of the normal closure ( y f ) of vi in F. The factor-group F/N is the
required universal group. This means that the following lemma holds.

7.4.6 Lemma. For any b e P, the homomorphism i?/, induces a homomorphism of
F/N into P. If P is not ο group of exponent p, then F/N is also not a group of
exponent p.

Proof. The second statement follows from the first one: it is sufficient to take b to
be an element of order p2 from Hp(P). Then the image of >Ί in F/N has order
divisible by p2 since it is an inverse image of b.

To prove the first statement we consider the image of any element (7.4.5) under
zV We have

&b(xy) = &b(x)&b(y) = &(x)&b(y)· (7-4.7)

By the definition of Ν we also have &(x) & H,,(P) and &h(y) e (bp) < HP(P)
as y € (yf} and b e Hp(P). Hence the element (7.4.7) lies outside HP(P) and
therefore its p-th power, which is equal to the image of the element (7.4.5) under
$b, is equal to 1. This means that Ν < Ker#fc and the lemma is proved.

So, in order to prove the theorem, it is sufficient to show that F/N is a group
of exponent p, that is, Ν > Fp. Let L be a free nilpotent Lie ring of class
c over 2, with free generators £1, £2, · · · , £/«, η\· Let L/J be the associated Lie
ring of F/Fr and let L/J be the associated Lie ring of F/N, in both cases
we identify the images of the generators £1, £ > * · · · . £,„, η\ with the images of the
x\, X2 JC/H, >'i, respectively, as described at the beginning of the section. By
construction, we have Ν < F1' so that J < I. The group F/F1' is finite and
its order is equal to that of L / J . Therefore to prove that Ν > Fp (actually, that
Ν = Fp) it is sufficient to show that J > J. By the description of 7 it is sufficient
to prove that J contains all elements of the form (7.4.4).

For technical reasons we have to increase the number of generators. Changing
notation slightly, we consider a free nilpotent group F of class c with free genera-
tors ΛΙ , X2, ..., χ,,,, >Ί, > '2 , . . . , the corresponding free generators of a free Lie ring



212 Chapter 7 Splitting automorphisms of prime order and finite p-groups

L being ξ\ , ξι, . . . , £ , „ , r\\ , η2, ____ We consider F as a subgroup of F and L as a
Lie subring of L. We define the subgroup N of F as the normal closure in F of all
elements of the form (xy)p where A- € (x\,x2, ... , xm) is such that &(x) g HP(P)
and y is an arbitrary element of the normal closure (\y\, y2, . . . } F } .

We choose commutators am+\ , a,n+2, · · · , <*d (d > m, that is, possibly an empty
set) of increasing weights in the generators a\ , a2, . . . , am in such a way that, taken
together, the images of the a\ , a2, . . . , am, am+\ , am+2, . . . , a^ form a Mal'cev basis
for P/Hr(P) (that is, their images generate different factors of some chief series of
P / H P ( P ) ) . This is possible because, by the choice of the a\ , a2, . . . , am, their im-
ages generate P/HP(P) - see § 2.7. Note that d > 1 +&o by hypothesis. We denote
by xm+\, x,,,+2, ··· ,Xd, respectively, the same commutators as am+\, am+2, . . . , aj,
but in χι, x2, . . . , xm. Since P/H,,(P) has exponent p,

αί1 - aj · . . . · <# e HP(P)

only if each of the i\,i2, ..., id is a multiple of p. In other words,

(7.4.8)

if at least one of the /Ί, i2, . . . , id is not divisible by p.
We denote by degjt, the weight of the commutator */, i = 1, 2, . . . , d, and we

</
put w = (p-\)

7.4.9 Lemma. The factor-group F/(N ·γυ,+\(Ρ}) has exponent p.

Proof. Every / e F may be written in the form / = fx · fy where fx e
(X],x2,...,xm) and /y e {{^,, y2, . . . } F ) . If &(fx) i Hp(P} then (/v · fyy ε Ν
by definition.

Now suppose that i?(/v) e HP(P}. We shall prove that in this case (fx · fy)p e
Ν · ywjf.\(F). By Corollary 1.10.8 of Higman's Lemma we have

Ocf- ' · χζ~1 ·..·· *Γ' · /)" = A · Π «' · ̂  · · · · · ̂ " · /e)±P' (7.4-10)

where ε = 0 or 1, the product involves the factor f±p and h is a product of powers
of commutators each of which contains at least p — 1 occurrences of every element
x\ , x2, . . . , xj and at least one occurrence of /. In particular, h e yw+\(F).

Every element in the brackets in (7.4.10) other than f±p has the form (*"' -x"- ·
. . . . x^'1 · f£ · f*) where 0 < a, · < ρ — 1 for at least one /. In the situation under
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consideration, #(/x
f) € Hp(P) and therefore by (7.4.8) we have

Hence the y?-th power of any element in brackets other than f±p belongs to Ν by
definition. It now follows from (7.4.10) that f 6 Ν · yu.+ i(F).

The lemma is proved.

If L/J is the associated Lie ring of F/N then it follows from Lemma 7.4.9,
according to the description of the associated Lie ring of F/Fr, that for all k

if deg//; < ΐϋ (7.4.11)

where μ, are homogeneous elements of L.
The desired result that J > I will be obtained from (7.4.1 1) by applying homo-

morphisms of F onto F. In order to construct these homomoφhisms we have to
"linearize" using Higman's Lemma. That is why we had to increase the number
of generators.

Let V)t( /z i , μ.2, · · · , μ*·) be an arbitrary element of the form (7.4.4). We shall
distinguish the variables μ/ as commutators in the £,· and the η j . By Lemma 7.4.2
without loss of generality, the first r of them μι, μ2, . . . , μ,·, k > r > 0, may be
assumed to be such that μ/ = Xj(i) for all / < r where j ( i ) € { 1 , 2 , . . . , d}. (See
the definition of the operator ~ at the beginning of the section.) We change notation
for the remaining k — r variables to v, = μ,·+,·, 1 < i < k — r. Each of the u, by
definition either involves at least one ηj or is a commutator in the £s such that
#(v>,) € Hp(P). Recall that there may be at most p — 1 equal elements among the
variables μ,, Vj. We regard this notation as now fixed.

7.4.12 Lemma. The following inclusion holds:

ν*(μι, . . . , μ Γ , / ? ι , . . . , i jk_ r) e J. (7.4.13)

Proof. According to (7.4.1 1), it is sufficient to verify that

deg Xj .
i=\ /=!

This inequality follows from the hypothesis that k < 1 +k()(p— 1), d > 1 +ko and
from the fact that among the μ, (whose degrees are equal to deg μ/ = degjc ; ( l ))
there may be at most ρ — 1 repetitions of any element. Indeed, the maximum of
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the sum Σ deg μ/ + k — r is achieved when among the μ, there are as many
/ = !

elements of greater weights as possible. We now find this maximum. On dividing
we get: k = q (p — 1) + t where 0 < / < p — 1. Suppose that q < d — \. Then,
since the order on the commutators *, agrees with the increase of their weight, the

r

maximum of Σ deg μ,· + & — r is achieved when k = r and is

d
(p — 1) 2_\ deg Xj + t · deg x^-q ·

i=d-q+\

d
This number clearly does not exceed (p — 1) £ deg-x, = w.

So, it remains to show that, indeed, q < d — 1. We have

q — < = ko < d — 1

since k < 1 + k()(p - 1) and d > 1 + k(}.
The lemma is proved.

r
Set n — Σ deg μ, +k — r. Then, by definition of the associated Lie ring, (7.4.13)

is equivalent to

VitG i , . . . , ΑΊ·,3Ί, . . . ,y t - r ) = 1 (mod yv

This may be rewritten as a congruence modulo Ν

\4(μ,, . . . , μ,, y,, . . . , >·,_,) = c?1 · c*2 · . . . · cj" (mod ^V) (7.4.14)

where the c, are commutators in the generators x-t and ̂  which have weight greater
r

than Σ deg μ, + /c — r. The following lemma is a variation of Higman's Lemma,
1 = ]

it is analogous to Lemma 7.2.20.

7.4.15 Lemma. In (7.4.14) all commutators c, may be assumed to depend on all of

Proof. Again, we cannot simply refer to Corollary 1.10.6 and Lemma 1.10.1, since
N is not a verbal subgroup. Instead, we can apply arguments similar to the proofs
of these results, since y,,+1(F) and N are invariant under the homomorphisms &t
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which extend mappings

y, -» 1, >'/-* \'j for j ^ t, x,· -> *,· for all /.

If, for example, in (7.4.14) there are commutators among c,· not depending on y\
then all their powers may be collected at the beginning of the right-hand side. Then
applying ϋ\ we see that their product is congruent to 1 modulo yV since the image
of the left-hand side is 1, as well as the images of all commutators depending on
>Ί. The same thing may now be done relative to VT, etc.

The lemma is proved.

We are now ready to prove that J contains every element of the form (7.4.4) and
to do this we use the detailed notation V/t (μ ι μ,·, ν\,..., v k _ r ) where μ, and
Vj are commutators in the generators £1, £ > , · · · < £/«< >?i (see above). The mapping

_Vy —> Vj f o r j = 1 ,2 k — r. y/ —» 1 for j > k — r.
χ ι —> .v, for all /

extends to a homomorphism p of F into f". It is easy to see that the image of
N under ρ is contained in N. So ρ induces a homomorphism of F/N into F/./V
which is denoted by the same letter.

We apply ρ to the congruence (7.4.14) which satisfies Lemma 7.4.15, to obtain

ν*(μ,, . . . , μ,-, V ) , . . . , D*_ r) - pic,)*1 · p(c2)*- · . . . · p(c.v)*' (mod N). (7.4.16)

We show that the weight of every p(r,), as a commutator in the x, and y i , is greater
r .v—;· r

than Σ deg μ, + ]Γ deg ν,. Indeed, the weight of c, is greater than Σ deg μ, +& — r
ι = Ι (=1 ( = 1

and replacing an occurrence of each of the \j (j — 1,2, k — r) by the Vj
contributes to the weight of p(c,) as much as does replacing 1 by degv/ . So, all

_ /· .v—/·
of the p(c,) belong to yll+[(F), where u = J] deg μ, + ^ deg y, is the weight of

i = l /=!
those commutators, the product of whose powers is the left-hand side of (7.4.16).
That is

Vfc( / i i , ....μ,-, D I , . . . , vk-r) = 1 (mod N · yu+\(F)).

By the definition of the associated Lie ring L/J of F/N this means that

ν*(μι, . . . , μ,-, V| , v k _ r ) e 7.

We have therefore proved that 7 5 7, as required.
The theorem is proved.
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The hypothesis of Theorem 7.4.1 may not be satisfied. Its proof, nevertheless,
yields information on the structure of finite /^-groups with large indices of the
Hughes subgroup. The following result generalizes Theorem 7.3.7.

7.4.17 Theorem. If the index of the Hughes subgroup Hp(G) in a finite p-group G
is pk then the associated Lie ring of G satisfies all multilinear identities of degrees
at most (k — 1 )(p — 1 ) + 1 which hold in the associated Lie ring of the free countably
generated group of exponent p.

Proof. This has actually already been proved in the course of proving Theorem 7.4.1
for the universal groups F/N. But it may be easily shown that the associated Lie
ring of a factor-group of a group is a homomorphic image of the associated Lie
ring of the group.

The following theorem may find an application in bounding the nilpotency class
of the factor-group by the non-trivial Hughes subgroup in terms of p only (see
Comments in § 7.5).

7.4.18 Theorem. Suppose that the Hughes subgroup Hf,(G) in a finite p-group
G is non-trivial and that the minimal number of generators of G / Hp(G) is m and
the nilpotency class of G/Hp(G) is k. Then the nilpotency class of G is at least
(p- \)(m+k(k+

Proof. We recall that the construction of the universal group F/N for the given
group C in the proof of Theorem 7.4.1 starts with a free nilpotent group F whose
nilpotency class c is exactly the nilpotency class of G. By Lemma 7.4.9, in the
notation of the proof of Theorem 7.4.1, the factor-group F/Nyw+\(F) has exponent

p, where w = (p — 1) ̂ degj:, and the jt,· are commutators in the generators
i = l

;ci , Jt2, . . . , x,n· Since the nilpotency class of G/HP(G) is k, there is at least one
such commutator of each of the weights 1, 2, . . . , k. Hence w > (p — \)(m —
1 + 1 + 2 + . . . + k) - (p - \}(m + k(k + l)/2 - 1). Since F/N is not a group
of exponent p by the hypothesis, we have y1t,+\(F) φ 1 which means that the
nilpotency class of G is at least (p — \}(m + k(k + l) /2 — 1) + 1, as required.

§ 7.5 Comments

Infinite groups admitting a partition. The definition of a group admitting a
partition does not presuppose its finiteness. However, although there are some
papers (for example, of P.O. Kontorovich [74]) devoted to arbitrary groups with a
partition, substantial results have only been obtained for particular classes.
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Among infinite groups with a partition there are the groups of prime exponent
p. For them, on the one hand, Kostrikin [76] gave an affirmative solution to the
Restricted Burnside Problem: the nilpotency class (or, equivalently, the derived
length or the order) of an m -generated finite (or, equivalently, soluble or finite)
group of exponent p is bounded in terms of d and p. On the other hand, the Adian-
Novikov Theorem [1, 116] states that for sufficiently large p, free m-generator
Burnside groups B(m, p) are infinite (and nonsoluble). Further important results
on the properties of B(m, p) were also obtained in subsequent works of Adian and
others.

Among infinite groups of prime exponent there are counterexamples, constructed
by Ol'shanskii [1 17], to the problem of O.Yu. Shmidt, that is, infinite groups all of
whose proper subgroups have order p. There also exist variations of these groups
in which all elements outside the commutator subgroup have order p while the
commutator subgroup is neither periodic nor soluble. Such groups clearly also
admit a partition.

Another well-known class of groups with a partition is the class of so-called
Frobenius groups, that is, semidirect products of the form G = N \ A where
A n A" = 1 for all n € N\{\] and G = N U U A". Up to now, all that is

known about infinite Frobenius groups, is what can be obtained by relatively easy
deduction from the theory of finite Frobenius groups: if G is locally finite then N
is nilpotent of class < h(p) where p is the least prime divisor of elements of A;
if N is locally soluble and A has elements of finite order then N is nilpotent, etc.
(see, for example, [24, 55]).

Abelian groups admitting a partition are interesting in connection with the geo-
metrical structures which they define (some generalizations of these geometries are
defined also by non-abelian finite ^-groups admitting a partition).

In view of the above negative results of Adian-Novikov and Ol'shanskii, there
is no real hope for any general theory of infinite groups admitting a partition.

Finite groups admitting a partition. Much greater progress has been achieved in
the study of finite groups admitting a partition. The works of Hughes and Thompson
[46], Baer [4, 5] and Kegel [52-54] give a classification of those finite groups
admitting a partition which have a proper Fitting subgroup (that is, the groups are
non-nilpotent and contain a non-trivial nilpotent normal subgroup). Suzuki, using
his classification of finite simple groups with nilpotent centralizers [138] and his
discovery of a new series of finite simple groups [137], completed the classification
of non-soluble finite groups with a partition in [139].

Finite Frobenius groups may be characterized as semidirect products of the form
N\A, where Λ is a group of automorphisms of N such that each of its elements is a
regular automorphism of N. The structure of such groups is very well understood.
By Thompson's Theorem [140] a finite group with a regular automorphism of
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prime order is nilpotent and the Higman-Kreknin-Kostrikin Theorem provides a
bound for the nilpotency class of N in terms of the least prime divisor of the order
of A (Corollary 4.3.8 and Theorem 5.1.1). Beside this, since all elements of A are
regular, all abelian subgroups of A are cyclic and this implies strong restrictions
on the structure of A.

It is remarkable that the theory of finite groups admitting a partition seems to be
isomorphically embedded in the theory of finite groups itself. Non-soluble finite
groups with a partition are classified and this classification lies at the foundation
of the classification theory of all finite simple groups.

Soluble finite groups with a partition modulo nilpotent groups are exhausted
mainly by Frobenius groups and by semidirect products of the form W Χ (φ)
where φ is a splitting automorphism of prime order ρ of Ν (see §7.1). We recall
that Hughes and Thompson [46], using Thompson's fundamental work on normal
p-complements [140], proved that in this situation Ν is always soluble. Kegel [54]
complemented this result by proving that N is even nilpotent.

At the same time, as noted by Busarkin and Gorchakov in their book "Finite
groups admitting a partition" [13], for a long time almost nothing was known
about finite nilpotent groups with a partition except for certain counterexamples
to the Hughes conjecture. In 1959 Hughes and Thompson [46] proved the Hughes
conjecture for finite groups which are not p-groups. It was also proved in [46] that
the proper Hughes subgroup of a finite group is soluble and in Kegel's work [54]
it was proved that the proper Hughes subgroup of a finite group is nilpotent.

The Hughes problem for finite p-groups. As far as finite p-groups are concerned,
positive results on the Hughes problem have been partial. The Hughes conjecture
was proved for p = 2 (Hughes [44]), for p = 3 (Straus and Szekeres [136]), for
metabelian groups (Hogan and Kappe [43]) and for /^-groups of nilpotency class
2p - 2 (Macdonald [99]).

The construction of counterexamples to the Hughes conjecture has been of great
interest. The first one was constructed by Wall [147] in 1965 for p = 5 with the
index of a non-trivial Hughes subgroup p2. Later in 1973, Wall [148] showed that
the existence of such counterexamples is connected with new non-(p — l)-Engel
identities for the associated Lie algebra L(B(n, /?)) (of characteristic p) of the free
group B(n, p) of exponent p. In fact, Wall discovered a new identity of degree
2p — 1 which holds in this Lie algebra. However, the fact that it is really new in
the sense that it is not a consequence of the (p — 1 )-Engel identity, has to date
been established only for p = 5, 7, 11 with the aid of computer calculations [14].
(It is easy to show, that for p — 2, 3 all identities of L(B(n, p ) ) follow from the
(p— l)-Engel identity which here implies nilpotency of class I and 3, respectively.)

The method of constructing universal counterexamples to the Hughes conjecture
allowed us to achieve in [57] the best possible value 2p — 1 for the nilpotency
class of a counterexample (under the same hypothesis on L(B(n, p)). In [58] we
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also showed that the consequence of weight 2p of the Wall's identity may be not
a consequence of the (p — l)-Engel identity also in L(B(2, /?)) and confirmed this
for p = 1 with the aid of computer. (Note that in [147] the number of generators
was > 3, that for a 2-generator group there are no new relations in L ( B ( 2 , p)) of
degree 2p — 1, as shown by Kostrikin [75], and that for p — 5 there are no new
relations in L(B(2, 5)) whatever, as shown by the computer aided calculations of
Havas, Wall and Wamsley [38].) This new relation of degree 2p was a starting
point for the construction in [58] of even a 2-generator counterexample to the
Hughes conjecture which is a kind of a "monster" in the theory of finite y?-groups.
a finite />group all of whose elements outside the Frattini subgroup have order p
while it itself has elements of order p2 (also for p = 7). Earlier in 1969 Macdonald
attracted attention in a special article [98] to the question of the existence of such
a group by showing that its existence would give negative answers to some other
problems on finite p-groups (arising in [42, 50, 98]).

For 2-generator counterexamples the class 2p is best possible, according to
Macdonald [99], and the prime p = 1 is least possible according to Vaughan-Lee's
computer-aided calculations (private communication).

Recently, Vaughan-Lee [144] found all multilinear identities which hold in the
Lie algebra L(B(n, p } ) . Wall [152] showed that only those of degrees k(p -1)4-1
may be really new, that is, not consequences of those of smaller degrees. In the
same paper Wall proved that if, for some r and all k = 1, 2 , . . . , r, Vaughan-Lee's
identity of degree k(p — 1)4 -1 is really new in this sense, then there exists a finite
p-group with non-trivial Hughes subgroup of index //.

It is conjectured that all relations in L(B(n, p ) ) follow from its multilinear
identities. To date little is known about which of Vaughan-Lee's identities are
really new: only the above cases of Wall's identity of degree 2(p — 1 ) 4 - 1 for
p = 5. 7, 11 and, of course, the (p — l)-Engel identity for all p (which is in fact
equivalent to a multilinear one, as we have seen).

Of course, our Theorem 7.4.1 makes sense only if its hypothesis is satisfied for
the prime p, that is, if all relations of L(B(n. p}) follow from a finite number of
multilinear ones. It is quite unclear whether this is true or not. Note that recently
G. Havas, M.F. Newman and M.R. Vaughan-Lee used a computer to show that for
p = 5 the identity of degree 3(p — 1) + 1 is not new in L(B(3. 5)), but this may
be only because the number of generators is small.

There is also a possibility that the proof of Theorem 7.4.1 may be modified
to yield bounds for the index of the Hughes subgroup in some special classes of
/7-groups.

We remark in addition that the interesting problem of describing the relations
in L(B(n, p)} is connected also with other problems in the theory of finite p-
groups. Under the same hypothesis as in Wall's theorem (that for some r for all
k — 1 ,2 r Vaughan-Lee's identity of degree k(p — 1 ) 4 - 1 is really new) we
have constructed in [62] examples of the so-called "secretive" finite /^-groups P
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of rank r(p - 1) + 1, that is, such that |Ρ/Ί = p and \P : Ω , (Ρ) | = p
r<P-»+l

with Ω ι ( Ρ ) = Φ ( Ρ ) . So, for ρ — 5, 7, 11 and r = 2, this refutes the conjecture
of Blackburn and Espuelas in [12] that if \P!'\ = p in a finite p-group P then
\P : Ώ\(Ρ)\ < pp (they had proved this to be so in the case of P metabelian).
Earlier Wall [149] had constructed examples of secretive p-groups of rank p. It
is worth noting that, although we were able to bound the index of the Hughes
subgroup in Theorem 7.4.1, we could not bound the index \P : Ω ι ( Ρ ) | in a p-
group Ρ with \P''\ — ρ under the same hypothesis: that all relations of L(B(n, p ) )
follow from a finite number of multilinear ones.

In [62], as a corollary to the main theorem, we constructed examples of finite
soluble, non-nilpotent groups in which the generalized Hughes subgroup

HP2(G) = (x € G\ χ"2 ί 1}

is non-trivial and has index y/(/' ' > + ' . This contrasts with the positive solution to
the Hughes problem for finite groups which are not p-groups. Under the same
assumptions it is also possible to construct examples of finite p-groups in which
the generalized Hughes subgroup Hpi(P) is non-trivial and has index p''d' ^+] _

We note that Scoppola [ 128] showed that any finite /?-group Η may occur as a
section of G////;*(G) for some finite p-group G and for some k depending on H.

We exhibit now the evidence for the existence of a bound in terms of p only for
the nilpotency class of the factor-group by the non-trivial Hughes subgroup of a
finite p-gmup. The hypothesis of the following theorem is a well-known conjecture
which is known to be true for p = 5 (while the cases p — 2 and p = 3 are trivial,
as we have seen above). This theorem appeared in the e-mail exchanges of the
author with E.I. Zel'manov, its proof is based on Theorem 7.4.18.

7.5.1 Theorem. If, for a given prime number p, there is a linear function of
d bounding the nilpotency class of a d-generator (p — l)-Engel Lie algebra of
characteristic p then the nilpotency class of a finite p-group by the non-trivial
Hughes subgroup is bounded in terms of p only.

Proof. Lelcx(p)d be the linear function from the hypothesis of the theorem. Suppose
that P is a finite p-group such that the Hughes subgroup H,,(P) is non-trivial and
the nilpotency class of P / H I , ( P ) is k. We fix some minimal system of generators
of P/Hr(P) and consider a non-trivial commutator of weight k in these generators.
The number m of the generators involved in this commutator is obviously at most
k. These m generators together with an element of order p2 from HP(P) generate a
group G which satisfies the hypothesis of Theorem 7.4.18 with parameters m and k
for the number of generators of G/Hp(G) and the class of G/Hp(G), respectively.

By Theorem 7.4.18, the nilpotency class of G is at least (p— \)(m+k(k+\)/2 —
1) + 1. On the other hand, the nilpotency class of G is at most a(p)(m + 1), since
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we may assume that m > 2 which implies, by Theorem 7.3.7, that the associated
Lie ring of G is a (p — l)-Engel Lie algebra over GF(p). Taking into account that
m < k we obtain that

(p- \)(m+k(k + l)/2- 1) + 1 <a(p)(m + 1) <a(p)(k+ 1).

Since the left-hand side is a quadratic function of k and the right-hand side is a
linear one, this inequality implies that k is bounded in terms of p only.

7.5.2 Corollary. There is a number c such that the nilpotency class of the factor-
group of any 5-group by the non-trivial Hughes subgroup does not exceed c.

Proof. It is known from the work of G. Highman on the Restricted Burnside Pro-
blem for exponent 5 that the hypothesis of Theorem 7.5.1 is satisfied for p = 5 with
a(5) = 25. (We note that recently G. Havas, M.F. Newman and M.R. Vaughan-
Lee used a computer to show that α(5) =6 which, together with some additional
information, yields that the factor-group of any 5-group by the non-trivial Hughes
subgroup is, in fact, always abelian.)

Periodic compact groups. We shall consider topological compact groups all of
whose elements have finite orders. Every such a group is profinite, that is, it is an
inverse limit of a spectrum of finite groups. It is easy to show that every periodic
compact group contains an open subset consisting of elements of the same order.
This means that there is a subgroup of finite index such that some of its cosets
consists of elements of equal orders. The following are well-known conjectures:

a) every periodic compact group is locally finite;
b) every periodic compact group is a group of finite exponent.
Recently, Zel'manov [161] proved conjecture a) using his solution of the Re-

stricted Burnside Problem for groups of prime-power exponent pk in [158-160].
Actually, he considered periodic pro-p-groups, that is, inverse limits of spectra of
finite /7-groups, while the reduction to this case is due to Wilson [154].

Conjecture b) remains unproved.
For periodic compact groups containing an open subset consisting of elements

of prime order, Theorem 7.2.1 may be applied to prove both conjectures for this
special case in a strengthened "uniform" setting.

7.5.3 Corollary. Suppose that a periodic compact group contains an open subset
consisting of elements of the same prime order. Then it is locally finite, is a group
of bounded exponent and contains a subgroup of finite index which belongs to a
locally nilpotent variety.

Proof. If G is a group satisfying the hypothesis then it contains a subgroup K of
finite index such that all elements in some coset Kg of K have prime order p. By
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Poincare's Theorem, K contains a normal subgroup N of finite index and, clearly,
for the same g, all elements of the coset Ng also have order p. By (7.1.2) we
obtain that for any n e N

»-' , , -2 ο--/ ' -1- ' , ,,, _„ .n -n^ - « A · . . . ·ηλ = (ng)1 g ' = 1.

Hence /V admits a splitting automorphism <p of prime order p induced by conju-
gation under g~l.

By definition of profinite groups, N is residually finite. Replacing the subgroups

Na of finite index by the «p-invariant subgroups p| N£, we may assume that there

is a family of ^-invariant normal subgroups {Ka} of finite index with trivial in-
tersection. Every finite factor-group N/Ka admits a splitting automorphism φ of
prime order p and therefore is nilpotent by the Thompson-Hughes-Kegel Theorem
[46, 54]. Hence, by Theorem 7.2,1, the nilpotency class of any d-generator sub-
group of such a factor-group is (d, /?)-bounded by f ( d , p). (More precisely, if a
subgroup 5 is generated by d elements then (S^) is ^-invariant and is generated
by dp elements - or by the same d elements as a (<p)-group. Theorem 7.2.1 may
be applied to (S^) and the nilpotency class of S does not exceed that of (S^).)
Since (~}Ka = \, the same property is enjoyed by the whole group N. Thus N is

a
the desired subgroup of finite index which belongs to a locally nilpotent variety.

Since VV is also a periodic compact group, it contains an open subset consisting of
elements of the same order n. This means that there is a subgroup L < N of finite
index such that all elements of some coset Lh, h e N, have orders equal to n. Now,
let / be an arbitrary element of L. As we have shown, the subgroup ({hjh}^}
is nilpotent of /^-bounded class /(2, p) (or f(2p, p) at the other interpretation of
the number of generators). This subgroup is generated by elements of order n and
hence it is a group of exponent dividing n / ( Z / ) ) by Corollary 2.5.4. But ({h, lh}((f>))
obviously contains /. Thus the order of an arbitrary element / e L divides the
(n, p)-bounded number n-f(2-r). Since the index of L in G is finite, G is a group
of bounded exponent.

The local finiteness of G follows from the fact that it is periodic and almost
locally nilpotent.

The corollary is proved.

We conjecture that, in general, every periodic compact group contains a subgroup
of finite index which belongs to a locally soluble variety of bounded exponent.

Splitting automorphisms of composite order. This conjecture on periodic com-
pact group would, perhaps, follow from the following generalization of Theorem
7.2.1 if it held: if, for a prime number p and for natural k and J, a nilpotent
^-generator group G admits a splitting automorphism φ of order pk, that is, such
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that
χ·χφ ·χφ

for all je e G, then the derived length of G is bounded in terms of p, k and d.
As in the case of prime order, the notion of a splitting automorphism of order pk

combines the notion of a group of exponent pk with that of a group with a regular
automorphism of order pk. It seems that any proof of the generalization just stated
must also involve using the properties of nilpotent groups from these two classes.
Now, due to the work of Zel'manov, there is a positive solution to the Restricted
Burnside Problem for groups of exponent //. However, as we noted in §5.4, up
to now, no upper bound for the derived length of nilpotent periodic groups with
a regular automorphism of order pk has yet been obtained. All the same, even in
the case of order 4, where both properties of groups of exponent 4 and of groups
with a regular automorphism of order 4 are well-known, we could not yet combine
them to settle a conjecture on a splitting automorphism of order 4.

We note that E. Jabara has recently proved that a finite group with a splitting
automorphism of order 4 is soluble.

Splitting automorphisms of prime order. If an arbitrary group admits a split-
ting automorphism φ of order 2 or 3 then it is nilpotent of class 1 or 3, respectively.
For \φ\ = 2 this is a simple exercise, while for \φ\ = 3 it follows from calculations
similar to those which prove that a group of exponent 3 is nilpotent of class < 3.

The theories of nilpotent groups of prime exponent and of nilpotent groups
with a regular automorphism are involved not only in the definition of a splitting
automorphism of prime order, but also in the (second) proof of Theorem 7.2.1 in
§7.2 (we have noted before that the first proof in §6.4 also gives an a posteriori
bound for the order of the centralizer of the automorphism). This gives rise to
the following interesting question. By Theorem 7.2.1 all locally nilpotent groups
in the variety 9JI,, of (φ) -groups (of groups with operators (φ)) which consists of
all groups with a splitting automorphism φ of prime order /?, form a subvariety
LN9Jlp. Is it true that LN^ ip is a join of a nilpotent subvariety in^nOT,, (where
the nilpotency class c(p) is, of course, ^-bounded) and a subvariety ίΒ/; Π LN9Jlp
of locally nilpotent groups of exponent ρΊ The join of varieties is, by definition,
the smallest variety which contains them.

This question may be formulated equivalently in terms of a free (0>)-group F.
Let Ν be the verbal (φ) -subgroup of F generated as a verbal subgroup by the
word χ · χφ · χφ" · . . . · χφΙ" ' , that is, Ν is the normal closure

Is it true that there exists a p-bounded number c(p) such that

Nyn(F) = NYc(p)+l(F) Π Ny„(F)Fp
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for all n > c(p) + 1 ? If the answer to this question is affirmative then, in particular,

= 1 and

for any nilpotent group G in 9)1 p. These statements are also interesting conjectures
in their own right. At the moment we are only able to prove a somewhat weaker
proposition in which, however, the bounds for the nilpotency class are best possible.

7.5.4 Corollary. There exist p-bounded numbers k(p) and l(p) such that the fol-
lowing identities hold in any locally nilpotent group G in 9Jlp:

pk(p> pkip> Ai,,)
a) [x( ,x2 ,...,x'h+]]=\

(this means that Gp ' is nilpotent of class h, that is, γ^+\ (Gp '' ) = 1 ) and

b) [x\,X2, . . . , -ϊ/,+iF"'" = 1,

where h — h(p} is Higman' s function.

The author does not know whether b) here may be replaced by an equation of
the form

Proof. By virtue of Mal'cev's Local Theorem, G may be assumed finitely generated
and hence nilpotent and therefore residually finite. If {Na} is a family of normal

f P . ]
subgroups of finite indices with trivial intersection then < P) N%' } is a family of

l i=i I
(^-invariant normal subgroups of finite indices with trivial intersection. It is clearly

ρ
sufficient to prove the corollary for each of the finite factor-groups G / P| N%'

/ = !
which also belong to $31 p. So, we need only prove the corollary assuming that G
is finite and nilpotent.

The Hall p'-subgroup of G is nilpotent of class < h ( p ) , since φ is regular on it.
We may therefore assume that G is a finite p-group.

We denote Higman' s function by h — h ( p ) .
Let x\ , Χ2, . . . , Xh+\ be arbitrary elements of G. We apply Theorem 7.3.2 to the

^-invariant p(h + l)-generated nilpotent /^-subgroup H = ({x\,xz, . . . ,Xh+\}^})
to obtain that H contains a subgroup of p-bounded index r which is nilpotent of
class < h. By Poincare's Theorem it contains a normal subgroup of index < r\

_*(/» ;;*'''' Π*1''1

which, by Lagrange's Theorem, contains all elements x\ ,x2 , . . . , xh+l for
some p-bounded number k(p) < r\. Hence

pkw pt<,,) pk(,,> _
l-^l ·, X2 > · · · > xh \ J —
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But the elements of the form xp "", χ € G, generate Gp "". Therefore this subgroup
is nilpotent of class < /z, since the identity of nilpotency may be verified on
generators. We have proved a).

In view of the existence of a homomorphism of the tensor product of abelian
groups

Υι(Η)/γ2(Η)®...®γι(Η)/γ2(Η\
h + l

onto the factor-group y/?+i(//)/j//,+2(//), the obtained identity a) implies that

U i , x 2 , · ··,*/,+! I''""'""" = 1 (mod

Hence y/,+ i(//)/y/,+2(#) has exponent dividing ^(/1+1 > * < / ; > an(j the same holds for
all factors of the lower central series of //, starting from the (h + l)-st one. Since
the nilpotency class of Η is p-bounded by Theorem 7.2.1, γ/,(Ρ)+\(Η) also has a
p-bounded exponent. In particular, for some /^-bounded number /(/?), the equality
b) holds.

The corollary is proved.

This result also gives corresponding corollaries on the structure of finite p-group
admitting a non-trivial partition by Proposition 7.1.1.

We finally point out one more application of Theorem 7.2. 1 obtained by Kov cs
(80]: if a group G is locally a residually 5/*-group and admits an automorphism
φ of prime order ρ such that G = {g~l · g<f>\ g € G} then G is nilpotent of class
h(p). (The property 57* is one of the generalizations of solubility.)



Chapter 8

Nilpotent p -groups admitting automorphisms
of order pk with few fixed points

The results of Chapters 5 and 7 give a complete, in a certain sense, picture of the
structure of nilpotent groups with automorphisms of prime order close to regular
(splitting or almost regular). As we indicated in the Comments in §5.4 and 7.5,
much less is known about nilpotent groups with such automorphisms of composite
order. This chapter contains the first major breakthrough in this direction. In the
"modular" case where a (locally) nilpotent /?-group P admits an automorphism of
order pk with p" fixed points, it is proved that P is almost soluble with a strong
bound, in terms of p and k only, on the derived length of a subgroup of bounded
index.

The proof is based on Kreknin's Theorem on Lie rings from Chapter 4. It
uses a general group-theoretic corollary to Kreknin's Theorem, obtained with the
help of the Mal'cev correspondence given by the Baker-Hausdorff formula. More
precisely, it is proved in § 8.1 that if a nilpotent group G of class c admits an
automorphism φ of finite order m then, for some (m, c)-bounded number N =
N(m,c) the subgroup (GN)(-t(m]) is contained in (Cc(<p)G), where f ( m ) is the
value of Kreknin's function from Theorem 4.3.2. Another important technique
comes from the theory of powerful p-groups, especially, from Shalev's work [129],
where a weak bound, in terms of p, k and n, for the derived length of P was
obtained. Standard arguments show that, in the proof of the main theorem, P
may be assumed to be a powerful finite /?-group. We then prove, using Kreknin's
Theorem again, that Ρ ^ ( ΐ ' ^ is nilpotent of (p, k, «)-bounded class. This allows
us to apply the general corollary mentioned above. It may seem amazing that a
combination of two "weak" results yields a "strong" one, as if one managed to lift
oneself up by pulling the laces of one's boots.

The resulting bound for the derived length of a subgroup, which is actually
obtained in the proof of the main theorem, is 2 f ( p k ) . This is close to the apparently
best possible value f ( p k ) (if we require that the function depends on the order of
the automorphism only, compare with the problem at the end of § 8.4). On the
other hand, we did not give ourself labour to record an explicit upper bound for
the index of the subgroup, though such a bound may be easily obtained on the
basis of the bound for Kreknin's function in Theorem 4.3.2, of the bound for the
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index of a powerful subgroup in a finite p-group of a given characteristic rank in
[96] and of the p-adic estimation of the denominators of the coefficients in the
Baker-Hausdorff formula, which may be used for bounding the number N(c, m)
above.

The necessary preliminary material on the Mal'cev correspondence and on pow-
erful /7-groups is included without proofs in § 8.1 and 8.2, respectively.

§ 8.1 An application of the Mal'cev correspondence

In this section we derive the following corollary to Kreknin's theorem 4.3.2.

8.1.1 Theorem. Suppose that G is a nilpotent group of class c and φ an automor-
phism of G of finite order m. Then, for some (c, m) -bounded number N = N(c, m),
the subgroup ( G N ) ( f ( m ) ) is contained in the normal closure (€α(φ}°} of the cen-
tralizer Cc(<p}·

The proof of Theorem 8.1.1 uses the theory of Mal'cev completions of torsion-
free nilpotent groups and the Mal'cev correspondence, which is the so-called cat-
egorical isomorphism between the category of radicable (complete) torsion-free
nilpotent groups and the category of nilpotent Q-Lie algebras and which is given
by the Baker-Hausdorff formula, see [89, 106, 153]. It is actually more convenient
to use a special form of this correspondence, where only ττ-roots are adjoined
for an appropriate set of primes π = n(c), which is sufficient for applying the
Baker-Hausdorff formula to nilpotent groups of class c.

The Baker-Hausdorff formula appears when a free (nilpotent) group is presented
in a free (nilpotent) associative non-commutative algebra Λ of formal power series
over Q. Let x\,x2, . . . be free generators of such an algebra A. For any χ e A,
we set

x2 x3 jr1'e* = l+X + - + - + .. . + - + ....

Then

where, as usual,

and where, by definition,

•7- TJ
 7>

tog(,+z,.z-i. + -+ . . . + (_ I ) '+ .L
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It is well-known that if A is a free nilpotent algebra of class c (that is, all
monomials of degrees greater than c are 0), then the Lie algebra C. generated by
the Xj with respect to the Lie multiplication [a,b] = ab — ba (where on the right-
hand side the operations are in A), is a free nilpotent Lie algebra of class c and
the eXi freely generate a free nilpotent group F of class c (with respect to the
multiplication in A}. The elements of L are called Lie elements.

The "Baker-Hausdorff formula" usually means a theorem stating that H(x,y)
is a Lie element in χ and y, that is, that H(x,y) belongs to the Q-Lie algebra
generated by χ and y. Therefore, all elements of F have the form e1 = e'^^^--\
where / = l(x\, *2, · · ·) is a Lie element.

We remark that taking an r-th power of e! is equivalent to multiplying / by r:
(e'y = erl. One can adjoin to F all elements of the form erl, el e F, r e Q. The
resulting set F may be shown to be a group which is nilpotent of the same class
c. Since the same formula (e1}'' = er! holds for any / e £, r e Q, this group F is
radicable (or complete), which means that for every α e F and every k e Z there
is b € F such that bk = a. Since F is a torsion-free nilpotent group, the root b
here is unique, by Theorem 2.6.1 a), so that F may be also called a grow/? w///z
unique roots. The group F may be regarded as an algebraic system, which has,
besides group operations, unary operations of taking powers in Q. Moreover, F
is, in fact, a free radicable nilpotent group of class c and it may be regarded as an
abstract universal radicable closure of the free nilpotent group F which is unique
up to isomorphism (a special case of the Mal'cev completion).

It can be shown that the mapping / -»· e1 (the exponential map) is a one-to-one
correspondence between C and F. While the Baker-Hausdorff formula expresses
the group operations in F in terms of the Lie ring operation in £, there are inver-
sions of the Baker-Hausdorff formula which reconstruct the operations in the Lie
algebra £, addition and Lie bracket, in terms of the group operations in F. The
exponential map is a so-called categorical isomorphism of £ and F: every state-
ment in terms of a Q-Lie algebra £ may be translated into the statement in terms
of the radicable group F and vice versa. In particular, the (radicable) subgroups
in F correspond precisely to the subalgebras in £, a subgroup is normal in F if
and only if the corresponding subalgebra is an ideal in £, the automorphisms of F
are exhausted by those which are induced by the automorphisms of £, and so on.
It may also be easily shown that the normal closure of a subset in F corresponds
to the ideal in £ generated by this subset and that the terms of the lower central
series of F correspond to those of £. The same is true for the terms of the derived
series.

Since the operations are expressed by formulae in free nilpotent groups admitting
exponents in Q and free nilpotent Q-Lie algebras, the same correspondence may
be established for arbitrary nilpotent radicable torsion-free groups and nilpotent
Q-Lie algebras. The sets may be simply identified: for any nilpotent Q-Lie algebra
L, one can define the structure of a radicable torsion-free nilpotent group G on
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the same set G = L with respect to the group operation χ · y = H(x, y) and, vice
versa, the structure of a Q-Lie algebra may be defined on any radicable torsion-free
nilpotent group using the inversions of the Baker-Hausdorff formula.

It is clear that if Λ is a nilpotent algebra of class c, then the denominators in
the above formulae are divisible only by the primes not greater than c. It may be
shown that the same is true for the inverse formulae. This allows us to establish
an analogous category isomorphism between the π -radicable nilpotent torsion-free
groups of class < c, where π is the set of all primes not greater than c, and the
nilpotent Q^--Lie algebras of class < c, where Q.T is the subring of Q consisting
of all rational numbers whose denominators are divisible only by the primes in π.
(This generalization of the Mal'cev correspondence is due to Lazard [89].)

For a given set of prime numbers π, a π-completion of a free nilpotent group
F may be constructed within the algebra A in essentially the same way: {ekl\ e1 e
F, k e Q.T}.

We note at last that the Mal'cev completions and the Mal'cev-Lazard corre-
spondence may be defined for free nilpotent groups with operators, since for any
group of operators Ω a free (nilpotent) Ω-group, as an abstract group, is also a
free nilpotent group (see § 1.9).

Proof of Theorem 8.1.1. Let F be a free nilpotent (φ) -group of class c on free
generators x\,x2,... ,x^f, where / = f ( m ) is the value of Kreknin's function
from Theorem 4.3.2, that is, / is a number such that H(-t) c ,f/{C//(i/0} for any
Lie ring H with an automorphism ψ of order m, provided mti — Η (one can
take, in particular, /(m) = 2"'~' — 1). We set π = n(c\) U π(ιη), where TT(C!)
is the set of all primes not exceeding c and n(m) is the set of prime divisors of
m. Let F denote the π -completion of F and let L be the Q,T-Lie algebra which
corresponds to F under the category isomorphism of Mal'cev-Lazard given by the
Baker-Hausdorff formula and its inverses. We may regard φ as an automorphism
of L acting on the set F = L in the same way.

We have L ( J ) < υ(€^(φ)) by Kreknin's Theorem 4.3.2, since mL = L by
the choice of π. Since Cf.(<p) = C/,(ip), we have also ij(CL((p)) = (C/- (</?) f ) ,
so that we get F(-f) < (CF(<pY] in terms of F. In particular, the normal closure
(Cf,-((p)p) contains the commutator 8f(x\, x2,..., *2') of weight 1 in each of the
j f i , JC2, JC2/, which is the left-hand side of the identity of solubility of derived
length /. We rewrite this fact as

Sf (X\,XT. X2J) = c?1 · c*2 · · · · · if - (8.1.2)

where c, G Cp(<p), g, G F. This equation is, in fact, an identity in a free π-
radicable nilpotent group F and the elements c, and #,· depend only on c and m.
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We claim that, for some (c, m)-bounded n = n(c, m), the value 8f(x", x'2, . . . , x'2f)
of the same commutator Sf belongs to (Cf.-(<p)F). We need the following

8.1.3 Lemma. Let g = g(x\, X2, · · · , xzr) be an arbitrary element of F regarded
as a group word in x\ , XT, . . . , x2f with exponents in Qn. Then there is a natural
π -number s, depending on g (and on c and m), such that replacing all of the Λ;,
by their s-th powers transforms g into an element g of F. If g e €ρ·(φ), then
g € €ρ(φ}. All multiples of s inherit these properties of s.

Proof. We use induction on the nilpotency class c. If c = 1 , then g(x\, x2, . . . , x'2f)
Λ

= g-\ and gs e F for some π -number Λ- by the definition of the π -completion F.
It is clear that every multiple of s has the same property.

Now let c > 1. By induction hypothesis applied to the factor-group F / y c ( F ) ,
which may be identified with the completion of F/yc(F) = F / ( F n yt.(F)) =
FYc(F)/Yc(F), there is a 7r-number t such that the image of g(x\,x2 ..... x'-,f)
belongs to the image of F. Hence

g(x\,x'2, ... ,x'2f) · h ( x ] , x 2 , . . . ,X2f) — z e

where h(xi,xi, . - - , -*2/) € F (and h(x\, x2, . . . , x2f) may be taken to be a group
word in the jc, with exponents in Z) and where z = z(x\, X2, · · · , %2f) is a product
of powers of commutators of weight c with exponents in Q^ . It follows from the
standard commutator identities that z(x'l,x2, •••,x'2f) — zs< in a nilpotent group
of class c (see, for example, Lemma 6. 1.1 1). Since zx< € F for some π-number s,
we have

σ — f j f v" r·" *-ν'Λ — h~lfrx YX rv } . 7* f Fg — 8\x\ ' X2 ' · · · ' X15> — n \xl ' ·*2' · · · ' X2-f ' Z fc '

so that 5T is a τΓ-number with the required property. Every multiple of st has the
form stu, and we also have

p<Vvr" r'vr" rs7'M — ft~'Cr-v" r'v" r'"'1» · 7s'"' (= Fg\X] , Λ2 , . . . , Λ2/ ^ — « 1,Λ| , Λ2 ! · · · , ^/V -2 t /^ .

In order to show that g € CF(<P) if g € Cp(<p), we consider the set €ι(φ} —
Λ

€ρ(φ) as a subalgebra of L. Recall that taking the .v-th power in F is equivalent
to multiplying by s in L: F 9 ;cv = s;c e L. Since L is a free nilpotent (φ)-Lie
algebra over QjT, it is clear that C/,(</?) is a homogeneous subalgebra of L. Hence
any g e C/.(^) may be expressed in the form

£ = «i +S2 + ··· +gc,
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where g,· is a homogeneous element of weight / and g,· e Ci(<p) for all i. We now
have

g(sx ι , SX2, · · · , SX2i ) = Sg] + S2g2 + . · · + 5cgc G C/.(<p).

Hence g e CL(<f>) if g e Cz.(<p). As a result g &€·ρ(φ)Γ\Ρ = €/.·(φ), as required.
The same argument is also valid for any multiple of s.

The lemma is proved.

We now apply Lemma 8.1.3 to each of the elements c,, g, occurring on the
right-hand side of (8.1.2). Let N\ be the least common multiple of all numbers
which are given for the c,·, g·, by Lemma 8.1.3. Then

. . . - c f , (8.1.4)

where c, e C>(<p), g, e F for all /'. This is also an identity in the free nilpotent
group F.

It is natural to try to obtain consequences of the equation (8.1.4) by substituting
arbitrary elements of the subgroup FN> instead of the xt ' . However, although FN>

is generated by the elements of the form gNl , the derived subgroup (FN])(f} may
not be generated by the values of <5/ at these generating elements of F /V| only.
In order to overcome this difficulty, we use the following lemma of Blackburn
[N. Blackburn, Conjugacy in nilpotent groups, Proc. Amer. Math. Soc. 16 (1965),
143-148] which was also anticipated in the work of Mal'cev [106].

8.1.5 Blackburn's Lemma. For every prime number p and natural number c there
exists a (c, p)-bounded number b(c, p) such that, in any nilpotent group of class
< c, any product of pr-th powers of its elements is a p''~b(c-p)-th power for any
r > b(c, p).

We return to the proof of Theorem 8.1.1. If N\ = p*1/?*2 . . . pk^ is the decom-
position of Λ/Ί in the product of prime-powers, we put

\7 _ ] 7 f , / J | · 2 > < · . / > 2 · ,
'* — l>\ ' l'2 · · · "Λ

where the b(c, /?,) are as in Lemma 8.1.5.
It is convenient to prove Theorem 8.1.1 at first for a free nilpotent (<p)-group F\

of class c. It is easy to see that any product of /V-th powers of elements of F\ is
an ΛΊ-th power of an element of F\. Indeed, by Lemma 8.1.5, such a product is a
pf-th power for each i. We need only apply the following elementary lemma.

8.1.6 Lemma. Suppose that for coprime numbers u and v an element g of F\ is
both a u-th and a v-th power. Then g is also a uv-th power.
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Proof. The completion P\ of F\ is a group with unique roots by Theorem 2.6.1.
Let h"v = g for some h e F\. It suffices to show that h e F\. We have (hu)v — g
and hence h" e F1 by the hypothesis, and also (hv)u = g and hence hv e F[
by the hypothesis. But there exist integers s and t such that su + tv = 1. Hence
h = hsu+tv e F\, as required.

The lemma is proved.

The subgroup (F/v)(/) is generated by the values of 8f at the products of W-th
powers of the elements of F\. Since, as shown above, such products are N\-th pow-
ers, the subgroup (F}

N)(·^ is contained in the subgroup generated by the elements
of the form <5/(gf' , g^, · · · » < ? ^ / ' ) , £/ e F\. An application of the homomoφhism
of F into FI, which extends the mapping jc,· —>· g,·, / = 1 , 2 , . . . , 2Λ to (8.1.4)
shows that 8 f ( g ^ , g^ · · · · - #2/) belongs to (CV, (<p)F l) (which contains the image
of (CF(<p-)F)) for any g,, g 2 , . . . , g2f e F,. Hence (F/V/' < (C,-»F'}.

Finally let C be an arbitrary nilpotent group of class < c admitting an automor-
phism φ of order pk. Since there is a homomorphism & of F] onto G, we obtain
that

(GN)(-f] =

as required.
The theorem is proved.

§ 8.2. Powerful /7-groups

The theory of powerful /^-groups, anticipated in Lazard's work [90] on analytic
pro-/?-groups, was recently created by Lubotzki and Mann [96]; see also the book
[18]. It has already found a number of applications in the theories of pro-/?-groups,
residually finite groups, groups of finite rank and /^-groups of given coclass. The
notion of a powerful y?-group seems to be a more successful attempt in defining
a "more linear" class of finite /^-groups than that of regular p-groups (and it is
actually, in a sense, more general, since the /?-th power of a regular p-group is
a powerful /?-group). One can say that the theory of powerful p-groups reflects
the properties of the "linear part" of a finite />group all of whose abelian sections
have a given bound for their ranks. The relevance to finite p-groups admitting p-
automorphisms with few fixed points is due to the fact that their ranks are bounded,
by Corollary 1.7.4.

Definition. A normal subgroup Ν of a finite /?-group G is said to be powerfully
embedded in G if Np > [N, G] for p odd (if N4 >[N,G\ for p = 2).
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Definition. A finite p-group G is called powerful if it is powerfully embedded in
itself.

The following basic lemma will be frequently used, often without reference.

8.2.1 Lemma [96, Theorem 1.2J. If M and N are powerfully embedded subgroups
of a finite p-group, then [M, N] and Mp are also powerfully embedded subgroups.

Shalev has strengthened Theorem 1.6 of [96] about powerfully embedded sub-
groups having proved the following remarkable formula (see also the proof of
Lemma 2.6 in [A. Shalev, The structure of finite p-groups and a constructive
proof of the coclass conjecture, Preprint, Jerusalem Univ., 1992]).

8.2.2 Lemma [129, Lemma 3.1]. If M and N are powerfully embedded subgroups
of a finite p-group, then [M, N\'' = [M!>, N].

Definition. A group is said to be a group of (special or sectional, or Mal'cev)
rank r if all of its finitely generated sections may be generated by r elements.

It is clear that the rank of a finite abelian group coincides with the minimal
number of its generators (and so it was defined in § 1.1).

The following theorem is of fundamental importance for the study of groups of
given rank.

8.2.3 Theorem [96]. a) If G is a finite d-generator powerful p-group, then each
subgroup of G may be generated by d elements.

b) // all characteristic subgroups of a finite p-group G may be generated by r
elements then G contains a subgroup of (p, r)-bounded index, which is a powerful
p-group of rank at most r.

Although in [96] an analogue of b) is proved in which the bound on the ranks
is imposed on all subgroups of G, it may be seen from the proof that it suffices
to restrict the ranks of the characteristic subgroups only. We note also that in [96)
there is an explicit upper bound for the index of a powerful subgroup which appears
in Theorem 8.2.3 b).

8.2.4 Corollary. If a finite p-group P admits an automorphism φ of order //
having exactly p" fixed points, then it contains a subgroup of (p, k,n)-bounded
index, which is a powerful p-group of (p, k , n)-bounded rank.

Proof. If Η is a characteristic subgroup of P then, by Theorem 1.6.1, we have
< p" so that the rank of Η/Φ(Η) is at most npk by Corollary 1.7.4.
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Thus, all characteristic subgroups of P may be generated by npk elements and, by
Theorem 8.2.3 b), P contains a subgroup of (p, k, n)-bounded index, which is a
powerful p-group of rank at most npk.

We recall some further properties of powerful p-groups.

8.2.5 Lemma [96J. If G is a powerful p-group then, for each i, the subgroup G1'
generated by the p'-th powers consists, in fact, of p'-th powers, and (Gp'}p} =
G1'"1 for alii, j.

The sections Gp' /Gp'"* are elementary abelian for all i. Taking the p-th powers
of elements induces a homomorphism of Gp / Gp ontoGp" / Gp' and therefore
|G /y/G /y> ' > |G / y + ' /G / y t 2 | for all i.

We now give the definition of a special class of powerful p-groups which possess
even more linear properties.

Definition. Suppose that p' is the exponent of a powerful p-group G, that is, t is
the least number such that G/y = 1. If |G'y' /G^' \ = |G'y+ '/G /y42 | for all ι < r-2
then G is said to be uniformly powerful.

We shall need the following property of such groups.

8.2.6 Lemma [18, § 4.1]. Let G be a uniformly powerful p-group of exponent p'.
Then xp' € Gpl implies χ e GpJ" whenever 0 < i < j < t.

§ 8.3 A weak bound for the derived length

We consider here a special case, where P is a uniformly powerful finite p-group
and φ an automorphism of P of order pk having exactly p" fixed points. For the
rest of the chapter we fix notation / = f ( p k ) for the value of Kreknin's function
from Theorem 4.3.2 (we may actually put / = f ( p k ) = 2//'1 - 1).

8.3.1 Theorem. Suppose that P is a uniformly powerful p-group admitting an
automorphism φ of order pk with exactly pn fixed points. Then the f-th derived
subgroup P(^ is nilpotent of (p, k, n)-bounded class.

Proof. Taking s arbitrary we apply Kreknin's Theorem 4.3.2 to the associated Lie
ring L = L ( P p i } of the subgroup Ppi which also admits the automorphism φ of
order pk . We obtain that

(8.3.2)
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Since \CYi(p)/Yi^(p}(<p}\ < p" for all / by Theorem 1.6.1, we have ρ"€^(φ) = 0
in additive notation and therefore ρ"υ(€^(φ)) = 0. Applying this to (8.3.2) we
get pn+k2 L(-t} = 0. In terms of the group P1' this means that

[ ( p p ) . (8.3.3)

Repeated application of Lemmas 8.2.1 and 8.2.2 yields that

(pp*)M = (P^y"-' and y, (P;/) = (χΛ/5))7'"'

for all a, b. c, d e N. Hence it follows from (8.3.3) that

' · ' " < ρι^'·\ (8.3.4)

Let now p' be the exponent of P. We take 5 to be the maximal number satisfying
s2f +s <t, that is, s = [ t / ( 2 f + 1)]. It may be assumed that s2f +n + k2f <
s2-f + s. Otherwise the exponent of P is bounded in terms of 77, k and n. Since
the rank is ( p , k , n)-bounded, the order of P is then also (/?, k.n) -bounded (see
Lemma 8.2.5) and the result follows.

Thus, we may apply Lemma 8.2.6 to "cancel" the exponent //'-' in (8.3.4), that
is, to obtain that

By Lemma 8.2.2 we get also that (P'y )(f) < P/r' for some (p, k, n) -bounded
number r.

We may assume that s(2f + 2) > (s + 1)(2/ + 1) o s > 2f + 1 (otherwise
the order of P is (p, k, «Abounded - see above). Applying Lemma 8.2.2 again we
have

2/+2 2/+2

The last equality holds since s(2* + 2) > (s + 1)(2^ + 1) > r by the choice of s.
By Lemma 8.2.2, we now have

1 = [P, ( P ' ' " ) ( f \ . . . , ( P p r ) { f } } = [P, P(f\...,P(fY,
2/+2 2·'' +2

where h is a (/?, k, n)-bounded number. Since the rank is also (/?, k, o)-bounded,
this gives a (p, k, rc)-bound for the order of [P, P{J\ . . . , P(/)]. Since P is a

2 -1+2
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nilpotent p-group, this normal subgroup is therefore contained in an appropriate
term of the upper central series with (p, k, n)-bounded number. Hence

\p p ( f ) p(/)i _ ι
L * 1 L 1 · · · 1 * J l

for some (p, k, n)-bounded number u, which implies that P^1 is nilpotent of class
w.

The theorem is proved.

This theorem already implies a weak bound, in terms of p, k and n, for the
derived length of an arbitrary nilpotent p-group P admitting an automorphism
of order pk having exactly p" fixed points. Indeed, P may be assumed to be a
finite /?-group (by Mal'cev's Local Theorem). By Corollary 8.2.4, P may be also
assumed to be a powerful /?-group. We now consider the inequalities

\P/P''\ > \P'}/pr\ > ... > \Ppi/P''^\ > . . . (8.3.5)

which hold for the orders of the elementary abelian sections Pr' /Pp'+ by
Lemma 8.2.5. Since, by Theorem 1.6.1, φ has at most p" fixed points acting on
each of the Pp> fPp" , the ranks of the ^-invariant sections pi'' /P'}'+1 are bounded
in terms of p, k and n. Therefore, strict inequalities separate the chain (8.3.5) into
(p, k, n)-boundedly many segments with equalities. This means that P possesses a
series of (p, k, /?)-bounded length with uniformly powerful sections. Each of them
satisfies Theorem 8.3.1 and this clearly gives the desired bound for the derived
length of P.

Such a (p, k, n)-bounded solubility of P was earlier proved by Shalev [129]
using a Lie ring of another kind defined by a uniformly powerful /?-group (this
construction comes from the theory of analytic pro-/?-groups, see [18]). It is claimed
in [129] that the usual associated Lie ring cannot be used in this situation. However,
it is the usual associated Lie ring that we were using above, and it seems that both
constructions carry essentially the same information. We note also that the idea
of using the "cancellation property" of uniformly powerful /7-groups given by
Lemma 8.2.6 which is used in our proof goes back to Shalev [129].

§ 8.4 A strong bound for the derived length
of a subgroup of bounded index

In order to obtain a strong bound for the derived length of a subgroup of bounded
index, we first of all extend Theorem 8.3.1 to arbitrary powerful p-groups.
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8.4.1 Theorem. Suppose that P is a powerful p-gwup admitting an automorphism
φ of order pk with exactly p" fixed points. Then the f-th derived subgroup P(f) is
nilpotent of (p, k, n)-bounded class.

Proof. Just like at the end of the preceding section, we consider inequalities

1 > ... > \P<J'"/pi'">\ > . . . (8.4.2)

which hold for the orders of the elementary abelian sections P1'' /P1'' by
Lemma 8.2.5. Since, by Theorem 1.6.1, φ has at most p" fixed points acting on
each of the P1'' /P1'' , the ranks of the ^-invariant sections Pp /Pr"] are bounded
in terms of p, k and n. Therefore, strict inequalities separate the chain (8.4.2) into
(p, k, n)-boundedly many segments with equalities. This means that P possesses
a series of (/?, k, n)-bounded length with uniformly powerful sections.

We use induction on the number of uniformly powerful sections of P, that is, on
the number of strict inequalities in (8.4.2). The case where P is uniformly powerful
itself is covered by Theorem 8.3.1.

Let now P1'"' be a uniformly powerful subgroup of P such that P/P/y" has fewer
"steps" - uniformly powerful sections - than P. Then by the induction hypothesis
we have

[P, P ( / ) , . . . , P ( / )J < P''"1 (8.4.3)

for some (p, k, /z Abounded number c.
On the other hand, by Theorem 8.3.1, we have

for a (p, k, n)-bounded number u. By repeated application of Lemma 8.2.2, we
get

One further application of Lemma 8.2.2 yields

'' - 2 / 1 " , / > < / > / > < / > ] = l. (8.4.4)
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But taking several, (p, k, /z)-bounded, times the mutual commutator with
of both parts of (8.4.3) we get

[P, P ( f } , . . . , P(f}] < [P!'"\ P(f\ ..., P(f]] = [P, P ( f ) , . . . , pW]P"' < p
2c

and so on. By an obvious induction,

for the (p, k, «)-bounded number v = c(l + 2-fu). We need only use (8.4.4) to get

[P,P(f\...,P(f)]= 1

for the (p, k, ^-bounded number w = u + v, as required.
The theorem is proved.

We now state the main result of this chapter.

8.4.5 Theorem. If a locally nilpotent p-group P admits an automorphism of order
pk having exactly pn fixed points, then it contains a subgroup o f ( p , k , n)-bounded
index which is soluble of (p, k)-bounded derived length 2 f ( p k ) .

Proof. By Mal'cev's Local Theorem, we may assume P to be finitely generated
and therefore finite. By Corollary 8.2.4, P may be assumed to be a powerful p-
group. Then the derived subgroup P(-t} is nilpotent of (/?, &, «)-bounded class by
Theorem 8.4.1.

Applying Theorem 8.1.1 to P ( f } we get ((Ρ(^γ')(·η < (€Ρ,η(φ)ρ1/>) for some
(p, k, n)-bounded number /. But the subgroup (CPm(<p}p(1)} is generated by the
elements conjugate to the elements of CP(.f>(<p) all of which have order < p".
Since it is also nilpotent of (p, k, n)-bounded class, the exponent of {C /></)(<^) / > ( '}
is (/?, k, Ai)-bounded by Corollary 2.5.4.

This implies that

for some (p, k, n)-bounded / and m. An application of Lemma 8.2.2 yields
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for some (p, k, «)-bounded number q. Since both the rank and the exponent of
P/P1'" are (p, k, /^-bounded, the order of \P/Pp" \ is also (/?, k, rc)-bounded. Thus
P1''' is the desired subgroup of (p, k, «)-bounded index which is soluble of (p, k)-
bounded derived length 2/.

The theorem is proved.

Concluding this chapter, we remark that in the particular case where n = 1, that
is, where the number of fixed points of an automorphism of order pk acting on
a finite p-group P is p, Kiming [72] and McKay [109] proved that P contains
a subgroup of (p, &)-bounded index which is nilpotent of class 2. This gives rise
to the following problem: Does there exist a function d(m) depending on m only,
such that every finite p-group admitting an automorphism of order pk with exactly
p'" fixed points contains a subgroup of (p, m, £)-bounded index which is soluble
of derived length J(m)?
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